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Abstract

Understanding the geometries of points in space has been attractive to mathemati-
cians for ages. As a model, twelve years ago, Kurz and Meyer [32] considered point
sets in the m-dimensional affine space F;* over a finite field F, with ¢ = p" elements,
p prime, where each squared Euclidean distance of two points is a square in F,. The
latter points are said to be at integral distance in F ", and the sets above are called
integral point sets.

In exploring this phenomenon, graphs of integral distances have prominently fea-
tured. A graph of integral distances in F,* contains points in F* as vertices, and
{x,y} is an edge if and only if x and y are at integral distance.

The thesis aims to explore some pertinent properties of integral distance graphs
and their generalizations. In particular, they will be explored as Cayley graphs
and strongly regular graphs. The thesis further explores some factorizations of the
integral distance graph to determine the constituents having the same properties
as the original graph. In particular, those constituent graphs will also be explored
as Cayley and strongly regular graphs. In addition, it will further delve into the
Boolean algebra of the Cayley sets of the constituent graphs of the integral distance
graphs as well as their strong regularity.

Having looked at strong regularity of various small orders of integral distance graphs,
Kurz and Meyer [32] conjectured that integral distance graphs are strongly regular
exactly for m =0 (mod 2). We will prove the conjecture.

Finally, the thesis will look at the automorphism groups of the constituent graphs of
integral distance graphs in comparison with the automorphism groups of the original
graphs. Since the m-dimensional case for symmetries with m > 2 was given in [32],
our focus will restrict to the dimension m = 2. Basically, we deal with ¢ =1 (mod 4),
where only the constituent graphs from the two base subsets of Fg (see Chapter D
will be in consideration. In particular, we show that the automorphism group of one
constituent is isomorphic to the direct product of the group of translations by the
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elements of Iﬁ‘g with the wreath product of the symmetric group Sy,_1; by Sp, and
that of the other constituent is isomorphic to the automorphism group of the original
graph.

September 2021.
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Chapter 1

Introduction

1.1 Introduction and background

Two points in an Euclidean space are said to be at integral distance if their squared
Euclidean distance is a perfect square. Integral point sets were defined in m-dimensional
Euclidean spaces as sets of points with pairwise integral distances in Euclidean met-

ric. (See [201[21}[27/[29/[32]).

Characterisation of integral point sets in an Euclidean space has always been one of
the mathematicians’ enterprise since the time of Pythagoreans, who studied rectan-
gles with integral side lengths and integral diagonals [21}[32]. Applications originate
in Chemistry (molecules), Physics (Wavelengths), Robotics, Architecture; just to

mention a few; see ,.

There are a lot of unsolved problems concerning integral point sets that persist
Section 5.1] . For example, it is not known whether a perfect cuboid, that is
a box with integral edges, face diagonals and body diagonals exists , Problem
D18] [21]23,32]. Another famous problem of integral point sets in an Euclidean space
is that posted by P. Eldds, who asked for the existence of seven points in the plane,
no three on a line, no four on a circle with pairwise integral distances , Problem
D20] ,. Several conjectures and incorrect proof circulated that such a point set
cannot exist, see . Recently, the problem has been imported to understanding
integral distances of inner product spaces .

A lot of work on integral point sets has been done in Euclidean spaces; see for

instance ,, 32]. Some authors also consider other spaces. For instance,
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Banach spaces [15], integral point sets over rings [25], or integral point sets over finite
fields [10,21,32] have been considered.

In this thesis, it is our focus to examine the properties of the inner product space
;" over a finite field F, with ¢ = p", p prime, and examine the graph of integral
distances over the finite field F,.

For m = 1 or g even, all distances in affine spaces are integral and therefore offer
nothing interesting. It is therefore self-evident that the focus has been on m > 2 and
q odd. Hence we would like to examine if the properties of integral distances over a
finite field F, differ for dimensions m = 2 and m > 2. We are keenly interested in
the properties of the squared distance between zero and a point for ¢ = 1 (mod 4)
and ¢ = 3 (mod 4) in two dimensions. There, such a distance will be shown to be a
reducible polynomial in the former case, and an irreducible polynomial in the latter
case for q. We will also like to extend the results to dimensions greater than two
and investigate if the squared distance between zero and a point is an irreducible
polynomial for all cases of q.

An approach we will like to consider in this thesis is to construct graphs from the set
of inner product spaces F*. This has been called the integral distance graph denoted
by &,,,. Our aim here is to examine if such a relational structure is a Cayley graph
as well a strongly regular graph for some cases of m.

We will further consider the Boolean algebra of the Cayley sets of the constituents
graphs of integral distance graphs, and investigate the properties of those constituent
graphs which are Cayley for all ¢ = p", p prime and p > 2.

Paley graphs denoted by P(q); ¢ = p", p prime, and ¢ =1 (mod 4), are defined
as graphs with vertex set I, a finite field with ¢ elements, and whose vertices are
connected by an edge if their difference is a perfect square in that field [12}[29).
Such graphs were shown in [12, Propositions 2.2.1-2.2.3 and Corollary 2.2.1] to be
connected, symmetric, self-complementary, and strongly regular. In two dimensions
and ¢ = 3 (mod 4), the integral distance graph is isomorphic to a Paley graph of
square order, see Theorem In some sense, therefore these graphs generalize Paley
graphs [32].

Finally, we will consider the action of automorphisms of integral distance graphs in
relation to the automorphism group of the constituents.

In m dimensions with m > 2, it has been shown in [27,|32] that the automorphism
group of the integral distance graph &,, , is contained in the affine semi-linear group
ATL,,(F,). The former contains Aut(F,), consisting of Frobenius homomorphisms
and the group of all translations. Hence the linear automorphisms of &,,, were

2
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shown to be only the elements A € GL,,(F,) such that AA” (with A" the transpose
of the matrix A) is a scalar matrix al,,, with a € F; and I,,, the m xm identity matrix,
with further details. (See [32, Theorem 3.2]). Additionally in two dimensions, further
details of automorphism of &, , were given in [29] for ¢ = 3 (mod 4), and in [26]
for ¢ =1 (mod 4). Hence our point of interest for symmetries will only focus on the
two-dimensional case for ¢ = 1 (mod 4). Here, we shall only deal with automorphism
groups of the constituent graphs of &, .

In this thesis, we deal with finite structures only.

1.2 Overview of the thesis

The purpose of this thesis is to present what we consider as the building blocks of
integral distance graphs and all its pertinent properties. We shall focus on integral
distances over a finite field whose order is an odd prime power.

In Chapter we begin by defining some basic concepts of graph theory, graph
automorphisms and Cayley graphs. We shall look at the Boolean algebra of Cayley
sets. We shall also consider integral distances and some of their properties. We shall
present primitive groups and their characterizations.

In Chapter [3| we look at the integral distance graph &,, , and we show that it is a
Cayley graph. First, we define the two base subsets of Fg, ¢ =1 (mod 4); namely,
S7 and S5. The former set consists of all non-zero vectors of Fz with a zero product
of components, and the latter consist of vectors of Fg whose product of components
is a non-zero perfect square. We will show that S; and S, are Cayley sets and see if
they form the basis of a Boolean algebra of Cayley sets, so that the corresponding
constituent graphs of &, , to each element of the Boolean algebra is a Cayley graph.
There, we will show that &, , is a Cayley graph for every prime power g.

In Chapter [4 we show that all the constituent graphs of the integral distance graph
&, , mentioned above are strongly regular. We deduce that &5,, ¢ =1 (mod 4), is
strongly regular, and then we determine if we have a Boolean algebra of Cayley sets
for strong regularity of the corresponding Cayley graphs. In addition, we show the
strong regularity of &y, for ¢ = 3 (mod 4). Finally, we prove the conjecture given
in [32], showing that the integral distance graph &,, , with m > 2 is strongly regular
exactly for m =0 (mod 2).

In Chapter |5 since the m-dimensional case for m > 2 in terms of symmetries of
&, has been studied in [27,32], we will restrict to the case of m = 2. Basically,
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we shall look at the automorphism groups of constituent graphs I['; = Cay(IFz, Si),
© = 1,2, of the integral distance graph &, , with some details of the automorphism
groups of the latter graph for ¢ = 1 (mod 4). In addition, we shall present some
details of automorphism group of &, , for ¢ = 3 (mod 4) in comparison with the
automorphism group of the Paley graph P(¢?).

Chapter [g] provides a summary of the study and give an outlook for further studies.
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Chapter 2

Preliminaries

In this chapter, we present the necessary preliminaries relating to graph theory,
integral distances and primitive permutation groups. ~Naturally, we begin with a
formal definition of a graph. Thereafter, we define various concepts that pertain
to our study. We also present definitions and basic properties of integral distances
in two dimensions and extend the exploration to m > 2. Finally, we present some
definitions and results related to finite primitive permutation groups to be used in
Chapter 5]

2.1 Graphs, Cayley graphs, automorphisms of a
graph and Boolean algebra of sets

Definition 2.1 A graph is a pair of sets I' = (V| F) such that £ C Py(V), where
Po(V) is the set of all subsets of V' with two elements. The elements of V' are the
vertices of the graph I' and the elements of E are its edges.

Elsewhere, a graph I' = (V| F) is a set of V' vertices together with a binary relation
E., which is irreflexive and symmetric. There is a one-to-one correspondence between
irreflexive and symmetric relation on a set V' and Py(V). We use these definitions
interchangeably.

The vertex set of a graph I' is denoted by V(I') and its edge set by E(I"), whenever
there is a possibility of ambiguity.

Let I' = (V, E) be a finite graph. The complement of I is a graph I'Y with V(I'Y) =

http://etd.uwc.ac.za/



V(T) and E(I'Y) = Po(V)\E(T). That is, {z,y} € E(I')if and only if {z, y} ¢ E(T).

The order of a graph I' is the number of its vertices and is denoted by |I'|. If ||
is finite, then it is said that the graph is finite; otherwise, the graph is infinite. If
IT'| =0, then T is called the empty graph.

Two vertices z,y of I' are adjacent or neighbors if {z,y} is an edge in I'. The set of all
neighbors of z is denoted by N(x). Similarly two edges e = {z,y} and ¢’ = {2/, 4}
are adjacent or incident if they have a vertex in common; i.e., {z,y} N{z',y'} # @.

If in T' = (V, E), the symmetry of the binary relation is not insisted upon, then we
speak of a directed graph or digraph. In this case, the adjacency is represented by
the pairs of the form (u,v) joining u to v. Those pairs are called arcs. In the latter,
the vertex u is called the tail and the vertex v is called the head.

The order of the set N(x) is called the degree of = and is denoted by deg(z). It is
said that a vertex is isolated if deg(z) =0. A graph I is called k-regular if all the
vertices of I' have degree k. If {V(I')] = n and I' is an (n — 1)-regular graph, then I'
is called a complete graph. The complete graph on n vertices is denoted by K.

Theorem 2.1 [2,5] Let T' = (V, E) be a graph. Then

2ABI) = 3 deg(a).
)

zcV (T

Theorem is referred to as the handshaking lemma. As can be seen, it states that
the sum of degrees of vertices of each graph is twice the number of edges. It is easy
to see that, in a k-regular graph I', we have 2| E(T")| = k|V(I')]. This means that k
or |[V(I')| is even.

We now define various types of sequences of vertices that are used in exploring
connectivity in graphs.

Definition 2.2 Let I' = (V, E) be a graph.

(a) A walk is a sequence of vertices vy, vy, -+ , v such that {v;,v;11} is an edge for
every i € {0,1,--- ,k — 1}; and k is called the length of the walk.

(b) A trail is a walk in which every edge is distinct.
(¢) A path is a trail in which every vertex in {vg, vy, -+ ,v5_1} is distinct.
(d) A cycle is a path in which vy = vg. An n-cycle is a cycle with n vertices.

Let I' = (V, EY) be a graph. Define a relation ~ on V by = ~ y if and only if there

6
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exists a path from x to y. If  ~ gy, then x and y are said to be connected. It is not
hard to see that ~ is an equivalence relation. Each equivalence class [z] is called
a component of the graph. If a graph has more than one component, then it is
disconnected; otherwise, it is connected.

A class of graphs which is at the core of our thesis display a certain kind of symmetry.
We now define it.

Definition 2.3 Let I" be a k-regular graph with |T'| = n. If there exists two non-
negative integers A, u such that every two adjacent vertices have A common neighbors,
and every two non-adjacent vertices have 1 common neighbors; then I' is called a
strongly regular graph with parameters (n, k, A, u). I' is denoted by srg(n, k, A, u).

Amongst others, the parameters of strongly regular graphs satisfy the following equal-
ity whose proof is in [2, Theorem 11.10.3].

Proposition 2.2 [2] Let T be a srg(n,k,\, p). Then

pun—k=1)=k(k—Xx—1).

It is obvious to see that the complement of a strongly regular graph is strongly
regular, and to figure out the relationship between their parameters. The latter
relationship is given in the following result with a proof in [2| Theorem 11.10.4].

Theorem 2.3 |2, |4} |16] The complement 'Y of a strongly regular graph T with
parameters (v, k, A\, i) 18 strongly regular with parameters (v, k' N 1) = (v, — k —
Lv—2—=2k+ p,v—2k+ \).

Graph homomorphisms are maps between graphs that respect the essence of rela-
tional structures. We now present the concepts.

Definition 2.4 Let I' and A be graphs. Let ¢ : V(I') — V(A) be a mapping.
(a) If {x,y} € E(T) implies {z?,y*} € E(A), then ¢ is called a homomorphism.

(b) If ¢ is a bijective homomorphism and ¢~' is an homomorphism, then ¢ is called

an isomorphism. In this case, I' and A are said to be isomorphic and denoted by
A

(c) A graph T is self-complementary if it is isomorphic to its complement.

(d) If ¢ is an isomorphism from a graph to itself, then ¢ is called an automorphism.
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The automorphisms of a graph I' form a group under composition. The automor-
phism group is denoted by Aut I'.

As alluded to, in this thesis we shall consider the automorphism groups of graphs of
integral distance. Since the automorphisms form a group, we consider the action of
this group on the set of vertices or edges. For any vertex z € V' and automorphism
v € Aut I', we define the action of v on z as z”. Similarly, for an edge {x,y} € E,
we define the action of v on {z,y} as ({z,y})” = {«7,y”}. If for any two vertices
x,y € V there exists an automorphism v € Aut I' such that 27 = y, then the group
Aut T is said to act transitively on V. Edge-transitivity is similarly defined. Formally,
we have the following.

Definition 2.5 Let I' = (V, E) be a graph.
(a) If Aut I acts transitively on V(I"), then I' is said to be vertez-transitive.
(b) If Aut I' acts transitively on F(I"), then I is said to be edge-transitive.

(c) Let H be a subgroup of Aut I which acts transitively on V(T'). If H has the same
order as V(I'), then H is said to act reqularly on V(T).

It is to be noted that, if a graph is vertex-transitive, then every vertex has the same
degree. Further, every vertex is contained in the same amount of cycles of each size.
For these reasons, vertex-transitivity is a measure of symmetry of graphs.

Graphs have been defined on various algebraic structures [36]. Most commonly,
graphs have been defined on groups. In doing so, the vertices of the graph are
naturally defined as the elements of the group. In order to define the irreflexive
and symmetric relation, subsets of the group elements are chosen in a certain way,
satisfying certain conditions. These subsets are known as Cayley sets and defined as
follows.

Definition 2.6 Let GG be a group and 14 be the identity element of G. Let S C G.
If 1o ¢ S and s7' € S whenever s € S, then S is called a Cayley set on G.

Now let G be a group and S a Cayley set on G. We define a relation £ on G by
(r,y) € & if and only if y = xs where s € S. Since 1¢ ¢ S, it is impossible that
x = xs for some s € S. Thus (z,x) ¢ &, and so £ is irreflexive. In addition, we have
ys~' = x so that (y,z) € & since s7' € S. Hence £ is symmetric. Therefore this
brings us to the following definition of a Cayley graph.

Definition 2.7 Let G be a group and S a Cayley set on G. By the Cayley graph
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I' = Cay(G, S), is meant the graph defined by

V() = G;
ET) = {{z,zs}:2€G,se S}

57! is understood as —s in an additive group whenever it is applicable.
Example 1 Consider the symmetric group Ss. U = {(12), (123), (132)} is clearly a

Cayley set on Sj3 since it is closed under inverses and does not contain the identity
permutation. The Cayley graph Cay(Ss, U) is illustrated below.

(1)

(132) (123)

It is easy to show that the edges correspond exactly to the set £ = {{z,zs} : x €
53, S € U}

Example 2 Let G = Zj, n copies of Z,, and S = {ej, ey, - ,e,}, where e; is the
vector with 1 at the i*® position and zeros everywhere else. It is easy to see that S
is a Cayley set in G. The graph Cay(G, S) is the classical hypercube.

Example 3 Let G be any group and S = G \ {1g}. The complete graph K, is the
Cayley graph Cay(G, S).

It is a classical result that being a Cayley graph is preserved under complementation
of sets. The latter is stated as follows.
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Proposition 2.4 Let G be a group and S a Cayley set. For the Cayley graph
[ = Cay(G, S), the complement T¢ is Cayley.

For the rest of this section, we present a theorem regarding vertex-transitivity of
a Cayley graph, and a proposition regarding isomorphism of Cayley graphs. For
completeness, we give proofs.

Theorem 2.5 [1},]16,36] Let G be a group and S a Cayley set of G. The Cayley
graph T' = Cay (G, S) is vertez-transitive.

Proof. For a fixed g € G, let A\, : V(Cay(G, S)) — V(Cay(G, S)) be defined by
v gu

for all v € V(Cay(G,S)). Clearly, A\, permutes the elements of V(Cay(G,S5)). T
show that A\, € Aut(Cay(G,S)), we must show that {v,u} € F(Cay(G,YS5)) if and
only if {gv, gu} € E(Cay(G.,.9))-

Suppose that {v,u} € E(Cay(G,S)). Then we have that v = us for some s € 5,
or equivalently v 'v = 5. But (gu)"'gv = u~tg 'guv = u~'v. Therefore {v,u} €
E(Cay(G,S5)) if and only if {gv,gu} € E(Cay(G, S)), and Ay is in Aut(Cay(G, 5)).

Now given any vertices v,u in Cay(G,S), the mapping \,-1, maps v to u since

vv~'u = u. Thus any Cayley graph is vertex-transitive. [

Proposition 2.6 [16] Let ¢ be an automorphism of the group G and let S be a
Cayley set of G. Then Cay(G, S) = Cay(G,S?).

Proof. Given any two vertices v;u € V(Cay(G, S)), we have that v and u are adjacent
if u v € S. Indeed,

u v e S = (u)? = (u)%? = (u?)? € S°.

Thus v? and u? are adjacent if v and u are connected.

Conversely, assume that v?, u® € V(Cay(G, S®) are adjacent for some v, u € V(Cay(G, S)).
Then (u®)"'0? € S?. Indeed, (u?)'v® = (v 'v)? € S® = u'v € S since ¢ is an
automorphism of G. Thus v and u are adjacent if v® and u® are.

Therefore ¢ is an isomorphism from Cay (G, S) to Cay(G, S?). O

After we have defined all the pertinent concepts of graphs related to our work, we
now turn to another object which shall be used in all the remaining chapters.

10
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Definition 2.8 A concrete Boolean algebra or a field of sets is a collection B of
subsets of some set X which contains the empty set and is closed under the set
theoretic operations of finite union, finite intersection, and taking complements. In
other words,

(i) AcB= A cB (A = X\ A);
(i) A,Be®B = ANB e B; and
(ili) A, BeB=>AUBcB.

It follows easily that the concrete Boolean algebra is also closed under the operation
of taking differences. The concrete Boolean algebra generated by a family A of
subsets of X is defined as the smallest Boolean algebra B of subsets of X containing

A.

Let G be a group, X = G\ {l¢}, and B = {S C X : S is a Cayley set}. It has been
shown in [36] that 95 is a Boolean algebra in the following terms.

Theorem 2.7 [36] Let G be any group and X = G\ {1g}. Let S and S" be Cayley
sets in G. Then the following are Cayley sets:

(i) SN S’
(i) SUS’; and,
(iii) X\ S.

2.2 Basic definitions and properties of integral dis-
tances in IFCQ]

In this section, ¢ will always be a power of a prime p. Unless otherwise noted, p will
be assumed to be odd. F, denotes the finite field of order g. The set of all perfect
squares in F, including the zero element will be denoted by [J,. When we speak
about points and lines in Fg, we refer to the affine plane over [F,. In the context of
integral distance in Fz, the metric used to define distance is the following.

Definition 2.9 The norm N : ]Fg — F, of a point x = (x1,29) is defined by
N(x) = 27 4+ 23. Two points x and y in Fg are said to be at integral distance if

11
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N(x —y) € O,. A point set P is called integral if all pairs of points are at integral
distance. An integral point set P is called maximal if there is no integral point set
in Fz containing P properly.

For two points x and y, N(x—y) can be interpreted as the squared Euclidean distance
between x and y. If ¢ is the power of even p, then, for the sake of completeness, we
give our own proof that the matter is trivial when ¢ =0 (mod 2).

Theorem 2.8 [21] Let Fan be a finite field. Then Can = Fon.

Proof. We have to show that every element of Fay» is a square root of some element
of an .
2

We need to show that, given & € Fon, there exists a € Fon such that x = a”.
If x =0 or x =1, the case is trivial.

Let 8 be the multiplicative generator of 5, .

If x = 5, we have the following cases.

Case 1: 7 is even; i.e., i = 2k with & € N.

Consider @ = 8*. Then a® = % = z.

Case 2: i is odd; i.e., t = 2k + 1 with & € N.

We have z = %+, Multiplying both sides by 8% ~!, we get

$62"71 = 62]@’«}1[32"71 = r = 62k+1+2”71;
.y W /j2k+2”,

. n—1
paatd ! ﬁ2(k+2 I

Consider a = 2",
Then a* = ﬁ2<k+2n_1) = .
Therefore the result follows. ]

The above case shows that, if ¢ is even, then every point set P C Iﬁ‘g is integral.
Hence the only maximal integral point set is Fg. For this reason, as alluded to, we
only pay attention to the case when ¢ =1 (mod 2).

In counting arguments, we constantly use the number of elements which are perfect
squares in I} for which we present below.

12
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Theorem 2.9 Let Fy be a finite field of order q with q odd.

1
Then |0, = at
2
Proof. For 007 = O, \ {0}, we first have to show that [J; is a subgroup of F;, and
IF*
that | ‘i| =2.
[

Now 1 € [ since 12 =1.

Secondly, let =,y € L1}; i.e., there exists a,b € F, such that z = a® and y = b°.
Then zy ' =a?(V*) ' =a*(b"" ) =a-a-b' b =ab'-abt = (ab”')? € O
Therefore LI} is a subgroup of F.

It is a classical result that the multiplicative group I, is a cyclic group , Theorem
2.8]. Hence, by the Fundamental Theorem of Cyclic Groups, all its subgroups are
cyclic.

Let a be a multiplicative generator of F; =¥, \ {0}.
Since |F;| = ¢ — 1, it follows that Ff = {1,a,a? -+, a?"?} because a?" =1 (¢ odd).

Consequently, as [} is the set of all squared elements of I, then a’ is the generator
of L0y ie., L) = {1,a a*,---}. By the Fundamental Theorem of Cyclic Groups,
|
[
Therefore

=2

Dgqu\{O}:Dq:D;U{O}
q+1

— 0= u o = S =

[

We now present sets of directions of lines in ]Fg. This will help us understand maximal
integral point sets in ]Fg.

For aline L =P +F, - Q with {P,Q} C Iﬁ‘g, Q # (0,0), D =F, - Q is called the
direction of L. If N(Q) € 0O,, then D is an integral direction. If N(Q) = 0, then

D is a vanishing direction. Notice that the set of integral directions is completely
determined if two arbitrary points x and y in it are at integral distance.

13
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For a point set P C Fg, a direction D is called a direction determined by P if
D=F, (P - Q) with {P,Q} C P. For the sake of completeness, we give our own
proof of the following statement in order to determine the slopes of such directions.

Lemma 2.10 [21] The slopes of direction determined by P C Fg are elements of

F,U{oo}.

Proof. Consider the direction D = F,(z,y) with x,y € F,. D has slope ¥ yr ' e
x

F, provided that x # 0. If = = 0, the direction D is of slope oo.

Now we have a bijection between the slopes and F, U {oo}. Consider the directions

D = F,(x,y) and D' = F,(z/,%'). The slope of F,(x,y) is the slope of F (1,yz™"),

and the slope of F,(2',1/) is the slope of F (1, z'y/ ™).

It is enough to consider the slope z of D and the slope 2’ of D'. If F (1, z) # F,(1, 2"),
then z # 2/, and therefore there-is a bijection between the slopes and F, U {oo}. O

There is a critical difference between fields IF, with ¢ = 1 (mod 4) to those with ¢ = 3
(mod 4). The following important result is used to discuss the pertinent matter that
ensues from this fact. For completeness, we give our own proof for it.

Theorem 2.11 [29,32] For a finite field F, with ¢ = p",p # 2, —1 € O, if and only
if g =1 (mod 4).

Proof. We have ¢ =1 (mod 4); i.e., 4 | ¢ — 1. Let g be a generator of the group IFy.
Then q—1 1s the least positive integer such that ¢7 ' = 1. We can rewrite this as

—1=(¢"7 —1)(y e i 1) =0, Since g% cannot be equal to 1, it follows that
—l 1
q = (g7 ) = —1. This means that ¢ Tisa square root of -1. O

Corollary 2.12 For ¢ =3 (mod 4), —1 ¢ 0OJ,.

Corollary 2.13 For ¢ =3 (mod 4), 2* + 1 is irreducible.

The set Fz can be considered as F,[i], where i is a root of the polynomial z2+1 € F[].
FF,[i] is considered as a ring since F,[i] & F,[z]/(z* + 1), and 2% + 1 is reducible for
g =1 (mod 4). The following results, in which we prove for the sake of completeness,
are very important for IF[i].

We can identify [(F,[i],-)] as a monoid under multiplication.

14
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Theorem 2.14 The norm N : F,[i] — F, is a monoidal homomorphism
N @ (Fo[i], ) — (Fy, ).
Proof. Let z = a + bi and 2’ = ¢+ di. Then

N(zz'") = Nl(a + bi)(c + di)]

= N(ac + adi + bci + bdi?)

= Nlac — bd + (ad + be)i] = (ac — bd)* + (ad + be)?
a’c® — 2achd + b*d* + a*d® + 2adbc + b*c?
a*( + &%) + b*(d* + )

= (a® + b*)(* + d?)

= N(2)N(2").

Thus N is a monoidal homomorphism. ]

When ¢ =3 (mod 4), the norm takes a simpler form in the following corollary with
a similar proof as that given in [26].

Corollary 2.15 Let ¢ =3 (mod 4). Then N : F,[i] — F, is ezactly the map
x +— 27 s0 that N(z —y) = (v —y)?! for all z,y.

In addition, we give our own proof of the following corollary for completeness.

Corollary 2.16 An element z = x+yi € F,[7] with x,y € F, is a zero-divisor
if and only if N(z) = 0.

Proof. Let z =z +yi € F,[i], z # 0. Then z is a zero-divisor of F[i] if there exists
2 =a'+y'i € F,li], 2/ # 0, such that zz' = 0. Then we have

N(zZ')=0= N(2)N(z') =0
= N(z)=0or N(2') =0.

Therefore z and 2’ are zero-divisors.

Conversely, if N(z) = 0, then N(z) can be expressed as N(z) = 2z with z = x + yi
and zZ =z — yi; i.e., 2 # 0 and z # 0. It follows that z is a zero-divisor. O

If ¢ =3 (mod 4), Fp2 can be identified with F,[i], which is a field.

15
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Corollary 2.17 [21] If ¢ =3 (mod 4), then there is no vanishing direction.

Denote by w an element of F,, ¢ =1 (mod 4), with w? = —1. For completeness, we
now analyse ideals in F,[i] in the following result with our own proof.

Lemma 2.18 [21] F,[i] is a finite ring with two non trivial ideals I = Fy(w + 7)
and Iy =F,(w—1) if g=1 (mod 4).
Proof. Since —1 € O, for ¢ =1 (mod 4), it follows that

w41 =w?—i* = (w—1i)(w+i), and that F,[i]/(w?+ 1) admits two non-trivial ideals
F,li]/{w + i) and F,[i]/(w — 7). The latter are of the form F (w + i) and F,(w — 7).
Hence we are done. ]

It was observed that there is no vanishing direction in F,[i] whenever ¢ = 3 (mod 4)
[21]. In the case of ¢ = 1 (mod 4), we have preecisely two ideals, and consequently,
we get the following with our own proof for completeness.

Proposition 2.19 21| F,(w+1) and Fy(w —1) are exactly vanishing directions and
consist of zero-divisors of F,li].

Proof. Let P = a(w+1) and Q = f(w — 7). Then
N(P) = N(a(w + i))=N(aw=+ai) = (awFai)(aw—ai) = o*w? — a?’
=a*(w?+1)=0a"-0.

Thus N(P) = 0. By similar argument, we get N(Q) = 0.

Therefore P and () are zero-divisors of IF,[i]. O

Like in complex numbers, for z = x+yi € F,[i] with {z,y} C I, we use the notation
zZ = x — yi. In this case, we get N(z) = zZ.

The following parametric representation of pairs of Fg is very important. It will be
a very useful result in most counting arguments in Chapter [4] and Chapter [5]

Theorem 2.20 [21,32] Let ¢ € Fy and denote P, = {(a,b) € F. : a* + b* = ¢’} for
c# 0. Then

— {{(t’ +tw) 1t €Fy} ifg=1 (mod4),
’ {(0,0)} ifq=3 (mod 4);

16
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2 —1 2t

and P. = {(&¢c,0)} U {(0,%c)} U {( c, c) teFt° # il} .

Pyl Y1’
Moreover
2q—1 ifq=1 d4 -1 ifg=1 d4
Ry = 42 i (mod 4), and [P = 4 i (mod 4),
1 ifg=3 (mod 4); g+1 ifg=3 (mod4).

This leads to the following corollary with a proof given in [32, Corollary 3.7]
Corollary 2.21 [32] If I, = {(a,8) € F2: &® + > =7}, then

2¢g—1 ifg=1 d4 -1 ifqg=1 d4
TR Fa (mod 4), L) =41 i/ (mod 4),
1 ifq=3 (mod 4) qg+1 if¢g=3 (mod4)

for v #0.
Definition 2.10 By the unit circle in ]Fz, is meant the set

C, #HIV 1]

In the following lemma whose proof is given in |29, Lemma 9|, we present an indica-

tion that C, shares some important properties with the unit circle in the Euclidean
2

plane R~

Lemma 2.22 [29] The unit circle C, considered as a subset of Fy[i] is a cyclic
subgroup of Fy[i]*. The order of C, is given by

C.l = q—1 ifg=1 (mod4),
T lg+1 ifqg=3 (mod 4).

For ¢ =1 (mod 4), the points P € ]FZ can be represented in another basis of Fz that
yields a simple representation of the norm and the vanishing lines. Those points are
said to be given in hyperbolic coordinates. In this representation, the coordinates
(v, B) in which the norm of P in that new basis is N(P) = «f with vanishing
directions (F,,0) and (0,F,). (See further details in [21] and Lemma [3.9).

17
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2.3 Basic definitions and properties of Integral dis-
tances in F,' (m > 2)

At the core of our discussion, we look at integral distances in affine spaces F,*. We
now present and prove some of their elementary properties to be used in Chapter

Let I, be a finite field with ¢ = p" and consider the m-dimensional affine spaces F".
These spaces are equipped with the natural metric which generalizes the Euclidean.

Definition 2.11 For two points u = (uy, -+ ,Un), v = (v, -+ ,vy) in F'; the
squared distance is defined as
P, v)=Nu-v)=u-v,u-v)=u-v)(u-v)= Z(ui —u)?* €T,

i=1

m
where (u,v) =u’v = Z u;v; 18 a bilinear form over F}".

i=1
The cases where d*(u, v) is contained in the set O, of squarcs in [F, are of the greatest
interest in what follows.

Definition 2.12 Two points u = (uy, - ,Up), V. = (v1, -+ ,v,) in F" are at
integral distance if d*(u,v) iscontained inthe set- 0, ={a?: a € F,} consisting of
the squares in IF,. A set [P of points in F;" is called an integral point set if all pairs of
points are at integral distance; i.e., if d*(u,v) € Uy for all u;v e P

As a shorthand, a map A : F)" x Fi" — {0, 1} is defined by

1 if u and v are at integral distance

A(u,v) — {

0 otherwise

As a generalization in m-dimension, similarly to the case of m = 2, we need to define
these important sets. Again, they are used for counting arguments.

Consider the sets

P, = {uGF;”:Zu?:()};
i=1

18
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Pt = {uqu“ > ul eD;};
=1
and P~ = {uer:Zu§¢Dq}.
=1

The following three functions are in consideration.
S(m,q) = [P*]; Z(m,q) = |Pol; and N'(m, q) = [P,

The first three functions are given by

S(l,q)=q—1; Z(1,9) = 1; N(1,q) = 0;

—1)?
(a—1) ifg=1 (mod 4);
52, 0=A72%
= if =3 (mod 4),
2¢—1 ifg=1 (mod4);
Z(2,9) = BT ; ]
1 if g=3 (mod 4),
and e
el | ifg=1"(mod 4);
2 if g=3 (mod 4).

For the sake of completeness, we give our own proof of the following equations that
determine the relationship between the above three parameters.

Lemma 2.23 || Let I, = {(a,b) € Fg L a* + b = 4,7 € F,} as defined in
Corollary [2.21. Then for dimension m > 3, we have

Z(m,q) = Z(m —2,q)|lo| + (¢"* = Z(m — 2,q))|11|;

S(m.a) = (15 ) Wl = 2.0)+ 2m =2 )l + (15 ) Som - 2.0l

+8(m = 2,q)|lo|; and

N(m,q) =q" = S(m,q) — Z(m, q).

19
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Proof. We prove the two first equations:

m m
We rewrite the equation E ul =Tasuj+us=T1— E u?

i

i=1 i=3
m m
For Z(m, q), we have Zuf = 0, which gives 7 = 0 and u} + u; = —Zuf
i=1 i=3

To = {(u1,us) : 2 +uj = 0}; ie., uf +u5 =0 and so Zuf = 0.
i=3
We obtain Z(m — 2, q)|ly| elements.

L= {(ug,up) ud +us =1} ud +uj = —Zuf
i=3

Let m
Zu?:n, P (2.1)

=3
We have u] +u3 = —r, K € i
By definition of L,, we have ¢" % — Z(m 2, q) elements for Equation (2.1)) and thus
(¢ — Z(m — 2,q))|I,| elements.
Therefore Z(m, q) = Z(m —2,¢)| Lo} + (¢"> = Z(m —2,9))|1;].
For S(m, q), we must have 7 € [J}.
If uf +u3 = 0, we have 7 = Zuf = r € 07 and we get-S(m — 2, q)|Io|.
i=3
If u +u3 # 0, we have u] +uj3 =7 — K.

Let 7 = % ie., u? +uj = v* — Kk, V> # &k, and v* # 0. So we have different cases.
-1
First, & = 0: u? + u2 = 1. This yields to (%) Z(m —2,9)|1].
Second, k # 0: u] + u3 = v* — k. This yields to two cases: k € Oy and x ¢ O,
(a) k € O Let k = ¢? and consider 1 — &2 = uf +u3, £ # v?, €% # 0. Here we
1 ~3
have (QT — 1) S(m—2,9)|L] = (QT) S(m — 2, q)|I;| solutions.

-1
(b) k ¢ O,: We have the remaining a

non-squares for s yielding to

20
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2

Summing all up, we obtain

-1
(q_> N(m — 2,q)|1;| solutions.

Stm.a) = (15 ) Wl = 2.0)+ 2m =2 )l + (15 ) Som - 2.0l
+S(m —2,9)|1o|.

Therefore N (m, q) easily follow. O

To facilitate our discussion, we now give our own evaluation of Z(m, q), S(m, q), and
N (m, q); with m > 1 in the following by induction.

Theorem 2.24 Let m > 1 be arbitrary.
For g =1 (mod 4), we have

ZmITE i ~ for m odd,
7 " Yt qr=q 2 form even,

]. m. m—

_(qm 7" TH ¢ ;l—q 21> for m odd,
S<m7 q) = % 1 m m—=2

3 (qm H" T 22 i qT> for m even,

1 m m—1 m—+1 —1

7<q —q —q 2 -|-qz) for m odd,
N(m7 q) a % 1 m m—=2

5 <qm X TR gl 2 qT> for-m even.

Z(m.q) ¢! for m odd,
VT (0F (0" form even,
1 m+1 m—1
o (30 07) s
m,q) = m m—2
("= = (0% = (=) form even,
Nim.d) % (qm — "+ (-0 + (¢ mTfl) for m odd;
m,q) = -2
3 <qm — "= (—q)7 — (_q)mT> for m even.
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Proof. For Z(m,q) and S(m,q), we prove by induction on m and we use Lemma

2.23]

To calculate Z(m, q), we have the following.

(a) m odd:

(i) g=1 (mod 4): |Ij| =2¢ — 1 and || =q— 1.
Base: m =1: Z(1,q) = 1.

Assume that the result holds when m = 2k — 1.
Hence we have Z(2k — 1,¢q) = ¢** 72

Let us show that it is true for m = 2k + 1.

We have

Z(2k+1,q) = Z2k — L@l +(¢®*~ — Z(2k — 1,9))| 11|
o )t (g e Ty 1)
T RUE NS SIS RN
=¢* (2 -1+¢ —2¢+1)
L -2l

|1 q2k.

Thus Z(m,q) = ¢™ .
(ii) ¢ =3 (mod 4): |Iy| =1 and |[;| = ¢+ L
Base m = 1: Z(1,q) = 1 =4¢".
Assume that this is true for m = 2k = 1. Hence we have Z(2k — 1,q) = ¢** 2. We
show that it is true for m = 2k + 1.
Z2k+1,9) =2 14+ (' =) (g + 1)
="+ g - 1)(g+ 1)

— P2 2 k2 g2k

Thus Z(m, q) = ¢™ " for m odd.

(b) m even:

(i)g=1 (mod 4): |Iy| =2¢—1and || =¢q— 1.
Base m =2: Z2(2,q) =2¢—1=q+q— 1.

22
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Assume that this holds for m = 2k; i.e.,

2k—2

22k q)=¢* " +qT —q T =P g =g
Now we show that the result holds for m = 2k + 2 = 2(k + 1).

Z(2k +2,q) = Z(2k,q)| o] + (¢** — Z(2k, q))| 11|

=@+ =2 - D)+ (- =+ (e 1)

_ P g g

2(k+1)—1 +qk+1 _ k1)1

=4q q

Thus Z(m,q) = ¢™ ' +¢% — qu_Q if m is even.
(ii) ¢ =3 (mod 4): |Io| =1 and |[;| =q+ 1.
Z212,q9)=1=q—q+ 1.

In a similar way as previously, we have Z(m, ¢) =¢™ 4 (=q)

For the evaluation of S(m.¢q) and N (m.q), we get the following.
(a) m odd:

(i) g=1 (mod 4): |ly]| =2¢—1; || =¢q— 1.

Base m =1: S(1,¢q) = ¢ —1; N(1,q) = 0.

LS,

+1 m—1

To show that S(m, ¢) = = (qm e =T g qT>, we find AV (m, q) from S(m, q)
by using Lemma [2.23]

[\

m 1 m m—1 m+1 m—1 m—1
= *§<q —q +q2*q2>*q
_om 1 m+ m—1 1 m;rl_i_l Tfl m—1
=dq 2(] 2(] 2(] 2(] q

1 m m—1 m—+1 m—1
=§(q " g +q2>-

Assume that the result is true for m = 2k — 1; i.e.,

1 _ _ _
S(Qk—17q):§(q2k l_qQk 2+qk_qk 1)’

N@k—=1,q) == (""" = ¢ —¢" +¢"");and 22k — 1,¢) = ¢ 2

N | —
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For m =2k +1=2(k+ 1) — 1, we show that the result is true.

—1 -3
) (2k — 1,q) + Z(2k — 1, q))\]1|—|—< 5 >S(2k—1,q)|]1|
+S(2k — 1,9)|1|

q— - - _
( . ) 1 2k2_qk+qk1)+q2k2:|<q_1)

l\')

1, & - -
+ (TR R

1 .
_ Z(2q2k+1 E 2q2k i 2qk+1 i zqk)

1
_ §(q2k+1 S LI R
1 % E L
_ §(q2(k+1) e q2(k+1) 2 4 gt q(k+1) 1).
Thus !
S(m.q) = 5 (qm R qufl) /
and ]
m m— m+1 m—1
N(m,q):§(q —q" =g —q )

(ii) ¢ =3 (mod 4): |Io| =1, || = ¢+ 1.
Base m = 1: 8(1,¢q) =q—1, N(1,q) = 0.

1
To show that S(m, q) = 3 (qm —¢" = (—q) 2 —(—q) 7
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from S(m, q):

N(m,q) =q" —S(m,q) — Z(m,q)
1 _ m+1 m—1 —
Zq"‘——(qm—qm P (—q)" — (—q)™ )—q !
1 _ mt1 m—1
Assume that the result holds for m = 2k — 1; i.e.,

1
S@2k—1,0) = 5 (@ =7 = (=) = (=0)*1); 22k — 1.q) = ¢ %;

2
1
and N'(2k = 1,¢) = 5(¢*" = ¢ + (=0)" + (=0)").
Now we show that it holds for m = 2k + 1.

Sk +1,q) = (q;1> (N (2k =ds Q) FZ(2k—1, ¢))| I1]

S
+ (%52 ) st = nolnl+ seE=1n|

= (%l) B(q%‘1 R O ) P (@ + D)

<q—;§) T 2 - HO* H(F9) e+ 1)

(q2k— = q2k—2 — (_q)k — (_q)k—l) 1

LANPET S PR Lk (L) 2677

1

+ Z(QQ & 2C] y 3)(q2k—1 1 q2k—2 Ik (_q)k M (_q)k_l)

4@ = P (g = (—9)

1
— Z(261219—1—1 o 2q2k . 2(_q)k+1 o 2(_q)k)

— 1<q2k+1 _ q2k o (_q>k+1 _ (_q)k)

+

1 2
_i(q

1
2
1
2

2
1 _ _ _
_ §<q2(l§+1) 1 q2(k+1) 2 (_q)k-i-l . (_q)(k:-i-l) 1>.
Thus )
m m— mtl m—1
Stm.q) =3 (" = ¢ = (—)" = (=0T ) ;

http://etd.uwc.ac.za/



and

(b) m even:
(i) g=1 (mod 4): |Iy|=2¢—1, || =qg— 1

(q—1) (a—1)*

Base m = 2: §(2,¢q) = i

and N (2,q) =

1
That is, S(2,¢) = 5(¢" =g —q+1) = N'(2,q).

1 m m—2
To show that S(m,q) = = (qm —g" =+ qT>, we first find A(m,q) from

2
S(m, q).

Assume that the result holds for m = 2k; i.e.,

1
S(2k,q) = 5((12'“ — T = T 2@k ) =T+ =
1 L "
and N (2k, q) = 3 (= = + ).
Then we show that it is true for m = 2k + 2.
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Stk +2.0) = (157 Wizka) + 2@kl
( ) (2k,q)| 11| + S(2k. o
( ) — P 4 g - )

— " =+ (2 - 1)

[\.’)IP—‘ l\DIb—

(@ —2¢+ (@ + ¢+ ¢

.&l»—*

1 - -
+ — (=3 — ¢ )

4(
1 [ E
+ 5(612’“ — N "+ N2 1)

(2q2k’+2 1 2q2k+1 b 2qk'+1 =t 2qk)

N DN = | =

(q2F 2 L @+l L gkt L oy

(qQ(lH—l) = q2(k+1)—1 = qk+1 T q(k+1)—1)‘

Thus
S(m,q) =

[NSRINE

and

N(m,q) =

N | —

(ii) g =3 (mod 4): |Ih| =1, || =q+ 1.
2_1 2_1
Base m = 2: S(2,q):q 5 and/\/'(Q,q):q 5

1
That is, S(2,¢) = 5(¢" —q+q—1) = N(2,q).

1
To show that S(m,q) = 3 (qm — " = (—q)

m -2
2

— (—q)T>, again we first find
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N(m,q) given S(m, q).
N(m,q) =q¢"™ —S(m,q) — Z(m,q)

Again by induction hypothesis, the result holds for m = 2k; i.e.,

1 _ _ _ _
S(2k,q) = 3¢ = = (=0)* = (=) ) 22k, 0) = ¢ + (—0)" + (=)
1 _ _
and N'(2k,q) = 5 (0™ = "' = (=9)" = (=0)*7").
For m = 2k + 2 we show that the result holds.

S(2k+2,q) = (g—l) F(q% e e =

N TRERSTT Yfohe -0
1 B ¥
ST RN AP
1
= L2047 — 2~ 2(—) — 2(—g)Y
1
_ §(q2k+2 o q2k+1 . (—q)kH _ <_q)k)
_ 1<q2(k+1) S L )
2
Thus 1
m m=2
St = = - - 0%
and
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2.4 Primitive groups, examples and characteriza-
tion

In this section, we collect all definitions and results related to finite primitive per-
mutation groups, that will be used in Chapter [f] As an example of a permutation
group, we begin with a very important type of group in this thesis, namely, the affine
group over a field F. See [11],38|40] for further details on all notations, concepts, and
useful facts related to abstract groups and Permutation Group Theory, that will be
used throughout this section and Chapter [5

Definition 2.13 An automorphism of the affine space AG,,(F') is a permutation of
the set of points which maps each affine subspace to an affine subspace (of the same
dimension). In other words, an affine automorphism is a permutation of the points
that preserves or respects the affine geometry. By the affine geometry (denoted by
AG,,(F)), is meant the set consisting of points and affine subspaces constructed from
the vector subspaces of F' of row vectors of dimension m over the field F.

An affine transformation is an affine automorphism of an especially simple form. For
each linear transformation A € GL,,(F) and vector v € F™, the affine transforma-
tion Mgy @ F™ — F"™ is defined by A4y ru+—uA +v.

Each of the mapping is an automorphism of the affine geometry AG,,(F). The set
of all Ayy (A € GL,,(F) and v € F'™) forms the affine group denoted by AGL,,(F)
of dimension m > 1 over F. It is a classical result that AGL,,(F') is a 2-transitive
subgroup of the symmetric group Spm.

For any vector v € F*, the associated translation A7, with I the m x m identity
matrix, is a permutation, mapping the vector u to the vector u + v. Denote by A
the set of such elements called the translation group of F™. For any A\;y, € A and
any Aap, an element of GL,,(F) mapping the vector u to uA, it is easy to show
that )\Z}OA[,V)\AD = Arva € A so that A < AGL,,,(F). It follows that AGL,,(F) =
A(GL,,(F)). Clearly, the stabilizer in AGL,,(F") of the zero vector is GL,,(F") since
no non-trivial element of A fixes this vector; thus A N GL,,(F) = 1. In summary,
AGL,,(F) is the semi-direct product of A by GL,,(F).

Further affine automorphisms are derived from the automorphisms of the field F.
For each field automorphism ¢ € Aut(F'), there is a permutation of F™ defined
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by A, : u — u’, where ¢ acts componentwise on the vector u. The mappings A,
(o € Aut(F)) form a subgroup of Sgm isomorphic to Aut(F'). This subgroup, together
with AGL,,(F'), generates the group AI'L,,(F) of affine semi-linear transformations.
The elements of AT'L,,(F") are precisely the permutations of F™ of the form Mgy, :
u+— u’A + v, where A € GL,,(F), v € F™, and 0 € Aut(F). When m > 2
it turns out that the group AI'L,,(F") is the full automorphism group of the affine
geometry AG,,(F'). (See [11, Exercises 2.8.10 and 2.8.12]). It can be easily shown
that the subgroup isomorphic to Aut(F') normalizes AGL,,(F'), so that AT'L,,(F) =
AGL,,(F) x Aut(F). In the case that Aut(F') =1 (For example, if |F'| is a prime or
if =R or Q), we have AT'L,,(F) = AGL,,(F).

In particular, if F' = F, a finite field defined in Section with ¢ = p", p prime,
then by [33], it has been shown that the only automorphisms of F, are those called
Frobenius automorphisms. Those automorphisms are of the form £ —— &P so that
the order of Aut(F,) is r. Since A is isomorphic to the additive group Fy", then
|A| = ¢™. Clearly, it can be deduced that the order of AI'L,,(F,) is r¢"|GL,,(F,)|
with |GL,,(F,)| = (¢" = 1)(¢™ = q)-(¢™ = q¢™ ). (See [38, 3.2.7] for the latter
equality).

The group AGL,,(F") has several important classes of subgroups. One of them is the
subgroup denoted by ASL,,(F) [11], namely, the affine special linear group defined
by

ASL,.(F) = {Mav € AGLy(F) : det(A) = 1}.

From the linear groups GL,,(F) and SL,,(F'), the center of each of them has been
defined in [38] 3.2.6]. The former has center Z which consists of scalar matrices al,
a € F\ {0} with I the n x'n identity matrix. The latter has center Z N SL,,(F).
From there, the groups; namely, the projective general linear groups PGL,,(F'), and
PSL,,(F) of dimension m over a field F, were defined to be the quotient groups
GL.(F)/Z and SL,,,(F)Z/Z (see [38] 1.4.4 and 3.2.6] and [11]). The latter projective
groups have been shown to be non-abelian simple groups if d > 2 and |F| > 3.
See [38, 3.2.9].

Finally, we present some definitions and results related to primitive groups. These
will be the main tools that will be mostly used in Chapter [5]

The action of G on € can be extended to subsets of Q by defining I'* = {1* : v € I'}
for each I' C Q).

Definition 2.14 Let G be a group acting transitively on a set 2. A non-empty
subset A of € is called a block for G if for each x € G, either A* = A or A*NA = .
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If G is a group acting transitively on the set €2, it is clear that (2 and the singletons
{a} (a € Q) are blocks for G. These are called the trivial blocks. Any other block is
called non-trivial or system of imprimitivity. A block which is minimal in the set of
blocks of size greater than 1 is called a minimal block.

The importance of blocks arises from the following observation. (See |11, Exercise
1.5.3]).

Proposition 2.25 [11] Suppose that G acts transitively on 0 and that A is a block
for G. Put ¥ := {A” : x € G}. Then the sets in X form a partition of §2, and each
element of ¥ is a block for G.

We call ¥ in Proposition the system of blocks containing A. Now G acts on ¥ in
an obvious way, and this new action may give useful information about G provided
A is a non-trivial block.

Definition 2.15 Let GG be a group which acts transitively on a set €). The group
G is said to be primitive if it has no non-trivial blocks on §2; otherwise, G is called
imprimative.

To describe relation between blocks and subgroups, the following notation which
extends the notation for a point-stabilizer is required.

If G is a group acting on a set {2 and A C Q, then the elementwise stabilizer of A
in GG is defined by
Ga={reG:"=¢forall § € A},

and the setwise stabilizer of A in GG by
G{A}:{xeG:Ax:A}.

It is easily shown that Ga and G{a} are both subgroups of G, and that Ga <1 Ga;.
Note that G{a} = G, for each a € €. More generally, for a finite set A = {ay --- , oy},

G is often written as G, ... o, instead of Gyq,... a1

Now we have a very important result with a proof given in |11, Theorem 1.5A], which
is useful in Chapter [5] This represents the relation between blocks and subgroups.

Theorem 2.26 [11] Let G be a group which acts transitively on a set Q and let
a € Q. Let B be the set of all blocks A for G with o € A, and let S denote the
set of all subgroups H of G with G, < H. Then there is a bijection ¥ of B onto
S given by U(A) = Gyay, whose inverse mapping ® is given by ®(H) = o''. The
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mapping V is order-preserving in the sense that, if A,T" € B, then A C T" if and only
if W(A) < U(I).

Note that from Theorem [2.26, it can be deduced that G is primitive if and only if
each point-stabilizer is a maximal subgroup of . In addition, it has been shown
by [11, Lemma 1.6A(i)] that the orbits of elements for a normal subgroup of any
transitive permutation group G on €2 are blocks for GG. It follows that every non-trivial
normal subgroup of a primitive permutation group is transitive, see [11, Lemma

1.6(v)] and [38, 7.2.5].

In terms of wreath products, we have the other examples of primitive and imprimitive
actions which are very important in this chapter and Chapter |5l These are the two
standard actions of a wreath product.

Let H act transitively on A, and let K act transitively on I' = {1,2,--- ,r} a finite
set. Then H ir K acts on A" by sending (01,02, -+ ,0,) to (5?5,5g§,~~ ,(5?5) for
every (61,682, ,0,) € 8" and (hy, ho, -+ , hy)&™ € Hip K. This is called the product
action [11,]13]. If H is primitive but not regular on A and K is transitive on I', then
the product action is primitive [11, Lemma 2.7A].

On the other hand, H i K acts on A x I by sending (3,4) to (6", ") for every (4,7
in A x ', and (hy,hs, -+, h.)k € H i K. This action is transitive, and the sets
I, = {(0,i) : 6 € A} for i € I' are blocks that partition A x I', so this action is
imprimitive. Indeed, let I; = {(6,4) : 6 € A} and I'; = {(,7) : 6 € A}.

If (6™,4%) = (6", %) for some 4,5 € I, then 0" = §" and i" = j* & i = j.
This is because # is a permutation of I. Thus h; = h; so that §" = . Hence
thl’""h*)” = F§h1""’h"")“, so that T'; is a block for H ) K. Therefore this action is
imprimitive.

In fact, if H is any imprimitive subgroup of Sp,; with 7 blocks of size m, then H

is permutation isomorphic to a subgroup of Sp,) ;) Sp in its imprimitive action on
[m] x [r] with [m] ={1,2,--- ,m} and [r] = {1,2,---,r}. (See [11,]13]).

Now we look at the definitions and results related to the analysis of finite primitive
groups, which will be most useful in Chapter [3]

The socle of a group denoted by Soc(G), is the subgroup of G generated by all its
minimal normal subgroups. By usual convention, Soc(G) = 1 if G has no minimal
normal subgroups.

Since the set of all minimal normal subgroups of GG is mapped into itself by every
automorphism of G, the socle Soc(G) is a characteristic subgroup of G. Every non-
trivial finite group has at least one minimal normal subgroup, so it has a non-trivial
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socle.

It is a classical result that the socle of a group is a direct product of some of its
minimal normal subgroups [11, Theorem 4.3A]. If the latter are all non-abelian,
then they are the only minimal normal subgroups. In addition, every minimal normal
subgroup K of a group G is a direct product of some of its simple subgroups, which
are conjugate under G. If the latter are also non-abelian, then they are the only
minimal normal subgroups of K. Consequently, it follows that every minimal normal
subgroup of a finite group is either an elementary abelian p-group for some prime p,
or its centre is trivial. (See [11, Corollary 4.3B] and [38, 7.2.6]). All the above leads
to the following general result on socles in the special case of finite primitive group
with a proof given in [11, Theorem 4.3B].

Theorem 2.27 [11] If G is a finite primitive permutation group acting on 0, and
K is a minimal normal subgroup of G, then exactly one of the following holds:

(i) For some prime p and some integer d, K is a reqular elementary abelian group

of order p®, and Soc(G) = K = Cg(K);

(ii) K is a regular non-abelian group, Ce(K) is a minimal normal subgroup of G
which is isomorphic to K, and Soc(G) = K x Co(K);

(iii) K is non-abelian, Cq(K) =1 and Soc(G) = K.

Consequently, this leads in turn to the following with a proof given in |11, Corollary
4.3B].

Corollary 2.28 [l1] If G is a finite primitive group, then H = Soc(G) is a di-
rect product of isomorphic simple groups. If N denotes the normalizer of H in the
symmetric group, then H is a minimal normal subgroup of N. Moreover, if H is not
reqular, then it is the only minimal normal subgroups of N.

With the above results, we have the main central theorem related to the analysis of
finite primitive permutation groups in terms of their socles. This is known as the
O’Nan Scott Theorem.

Theorem 2.29 [11}26] (O’Nan Scott Theorem) Let G be a finite primitive permuta-
tion group acting on a set §2, and let H be the socle of G. Then H 2T x---xT =T
for some simple group T', m > 1, and one of the following holds:

(1) Affine type (A): H is an elementary abelian p-group of order p™, it acts reqularly
on Q, and G < AGL,,(F,) is an affine group.
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(2) Regular non-abelian type (RN): H is non-abelian, it acts reqularly on € and
m > 6.

(3) Almost simple type (AS): H = T is non-abelian, it acts non-reqularly on Q, and
G < Aut(H).

(4) Diagonal type (D): H is non-abelian, m > 2, and G is a subgroup of a wreath
product with the diagonal action, and || = |T|™ .

(5) Product type (P): H is non-abelian, m = rs and s > 1. The group G is iso-
morphic to a subgroup of the wreath U S with the product action, where U is a
primitive permutation group of degree d such that |Q)| = d°, U has socle T", and U
is of type AS or D.

The proof of the above theorem has been done in various parts through |11, Sections
4.5, 4,6 and 4.7].

In summary, the types A and RN are characterized by regular socles. The former
is related to Theorem [2.27|1), and turns to a problem in Linear Algebra (see [11]
Theorem 4.7A]). The latter corresponds to Theorem [2.27] (ii), where the socle is
regular and a direct product of non-abelian simple factors. Such a group has a
point-stabilizer with no non-trivial soluble normal subgroup, so that its action by
conjugation on the set of factors is transitive and faithful. So the point-stabilizer is
isomorphic to a subgroup of \Si,,,;. The normalizer of one factor in the point-stabilizer
must contain a composition factor isomorphic to a finite non-abelian subgroup 7.
(See [11, Theorem 4.7B]).

The remaining types; namely, AS, D, and P, are related to non-regular socles. They
correspond to Theorem (iii). For the product type, namely P, the socle H is non-
regular and a direct product of non-regular simple groups. For that, the normalizer
of H in Sq must be equal to the wreath product in (5) from Theorem with a
product action. (See |11, Lemma 4.5A]). For the type D, the construction is again
from the product action of a wreath product, but the simple non-abelian group 7T, for
which all factors of H are isomorphic to, is taken as a regular subgroup. It has been
shown that the normalizer Ng,(H) of H in the symmetric group Sg is the extension
of T2 S by Out(T) = Aut(T')/Inn(T'). (See |11, Lemma 4.5B]). Further details are
in |11, Theorems 4.5A and 4.6A]. The former type is related to m = 1. The details
of the proof for the three last cases of Theorem are found in [11, Theorem 4.6A].

It has been shown that a transitive permutation group can be seen to act as groups
of automorphisms of a directed graph.

Let G denote a finite group which acts transitively on a set 2. Then G acts on
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Q x Q) coordinatewise, and the respective orbits are called the orbitals of G. Since
G is transitive on €, the set {(w,w) : w € Q} is an orbital, also called the diagonal
orbital of G. Given an orbital A of G, the orbital digraph Graph(A) is defined to
have vertex set () and arc set A. The number of orbits of the stabilizer G, is equal
to the number of the orbitals of G for any w € €. This number is called the rank of
G. In addition, the sizes of the G-orbits do not depend on w, and these parameters
are called the subdegrees of Q. The set {w} is trivially a G,-orbit, and we refer to
the sizes of the remaining G,-orbits as the non-trivial subdegrees.

The following theorem with a proof given in |11, Theorem 3.2A] gives another char-
acterisation of primitivity to be used in Chapter [5]

Theorem 2.30 [11] Let G be a group acting transitively on a set Q). Then G acts
primitively if and only if Graph(A) is connected for each non-diagonal orbital A.

In addition, from the above definitions, we shall use the following theorem about
transitive actions of simple groups proved by R.M. Guralnick |17, Corollary 2].

Theorem 2.31 [17,[26] Let G be a non-abelian simple group acting transitively on
Q with |Q] = p®, p prime. Then G acts 2-transitively on Q unless G = PSU4(F2),
and |QY| = 27, in which case G has rank 3, whose subdegrees are 1, 10 and 16.

Finally, one cornerstone of the proof will be the following classification of finite prim-
itive affine permutation groups of rank 3 obtained by M. W. Liebeck [34, Theorem
1.1]

Theorem 2.32 [26,34] Let G be a finite primitive affine permutation group of rank
3 and of degree n = p?, with socle V =2 ZZ for some prime p, and let Gy be the
stabilizer of the zero vector in V. Then one of the following holds:

(i) Infinite classes (A): G is in one of 11 infinite classes of permutation groups
labelled by (A1)-(A11). If G is in class (A1), then Gy is isomorphic to a subgroup
of TLy(Fyn); and if G is in class (A2)-(A11) (see Table [1] from Appendix [A]), then
d = 2r and G has non-trivial subdegrees listed in Table 2] from Appendix [B]

(ii) "Extraspecial’ classes (B): G is in one of a finite set of permutation groups whose
degree is equal to one of the following numbers (see |34, Table 1]):

20,3430 3% 5% 72 74 132 177,192,232 292 312 472 (2.2)

(iii) "Exceptional’ classes (C): G is one of a finite set of permutation groups whose
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degree is equal to one of the following numbers (see , Table 2]):

20,98 oll 212 34 35 36 312 54 56 74 312 412 712,797, 892 (2.3)
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Chapter 3

Constituent graphs of integral
distance graphs as Cayley graphs

3.1 Introduction

In this chapter, before we define the integral distance graph and explore it as a Cayley
graph, we shall first consider the constituent graphs of integral distances graphs in
two dimensions over a finite field F,, ¢ = 1 (mod 4). We will also explore them as
Cayley graphs and deduce that the integral distance graph for the above case is a
Cayley graph. By defining and exploring the integral distance graph as a Cayley
graph in all dimensions; we shall-also deduce that it is Cayley for ¢ = 3 (mod 4) in
two dimensions.

It is going to be shown that the integral distance graph is contained in a certain set
of graphs. The class of Cayley graphs containing the integral distance graph has it
that the Cayley sets form a concrete Boolean algebra. The latter is generated by the
two base Cayley sets of the constituent graphs that we are going to define in this
chapter.

As alluded to in Chapter [1} it turns out that it is useful to model integral point sets
as cliques of certain graphs. The graphs in question are generalizations of graphs
called Paley graphs in certain cases. We now first present Paley graphs as follows.

Definition 3.1 By the Paley graph P(q) with g a prime power, ¢ = 1 (mod 4), is
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Figure 3.1: Paley graph of order 13.

meant the graph given by

V(P(g))| = Fg
E(P(q)) = He vt o yeFo—yel}

Example 4 Let P(13) = (V,E) be the Paley graph of order 13. Here we have
q = 13. Then
V(P(13)) = {0,1,2,3,4,5,6,7,8,9,10,11, 12};

and
07, =4{1,3,4,9,10, 12}.

It follows that each vertex in V(P(13)) (see Figure is adjacent to exactly six
vertices v + 1, z+ 3,z +4, x + 9, x + 10, and x + 12. So

E(P(13)) = {{z,z+1}, {z,z+3}, {z, x+4}, {z, 249}, {z, x+10}, {z, x+12} for all = € Fy3}.
It remains to see that the Paley graph is another example of a Cayley graph.

Lemma 3.1 The Paley graph P(q) defined in Definition is a Cayley graph.
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Proof. For Fy, consider it as an additive group and let S = [J;. Since —1 € LI} for
q =1 (mod 4) and [J; is a subgroup of F,, we deduce that —s € S for all s € S.
Thus the Paley graph P(q) = (V, E) is a Cayley graph Cay(F,, [17). O

Having defined the Paley graphs, we now define graphs of integral distances. From
the definition, it will be seen that the latter are indeed generalization of the former.

Before graphs of integral distances are defined in general, we begin with a particular
case of constituent graphs of integral distance graphs in two dimensions for ¢ = 1
(mod 4).

3.2 Constituent graphs of integral distance graphs
in two dimensions as Cayley graphs

In this section, we shall consider the case of integral distance graphs in two dimensions
and show that they are Cayley graphs. First of all, we introduce a set of Cayley
graphs whose Cayley sets constitute a concrete boolean algebra of sets. We will
form a boolean algebra of two base subsets S; and S5 of IFS, g =1 (mod 4), that
we are going to define. After proving that each of the latter sets is Cayley, we
shall deduce that the integral distance graph with a connecting set contained in the
boolean algebra of those Cayley sets is a Cayley graph. Finally, after defining the
Cayley sets of integral ‘distance graphs in all dimensions, we shall deduce that the
two dimensional integral distance graph is Cayley for ¢ =3 (mod 4).

The two base sets of Fg mentioned above are defined as follows:
S1={(z1,7s) € F?] ¥ {00, O} oy = Ot (FZ,O) i) (O,IF:;); (3.1)

and
Sy = {(z1,12) € Fg rxxg € O (3.2)

Let U =F2\ {0} be the universal set for Cayley sets and
S3=U\S, S=5US,. (3.3)
Now we consider the boolean algebra B = (S, S3) generated by the sets S; and Sy

defined above. Clearly, S; NSy = & since from Equation (3.1)) and Equation ([3.2)
we can not have xy € O, \ {0} and zy = 0 at the same time. It follows that S is a

39

http://etd.uwc.ac.za/



disjoint union of S; and Ss. The elements of B are &, Sy, Sy, S3, S, U\ S1, U \ Se,
and U, since S3=U \ S and S = S U Ss.

In view of Theorem [2.7] it is enough to show that S; and Sy are Cayley sets.

Lemma 3.2 Let F, be a finite field with ¢ =1 (mod 4). Then Sy and Sy defined by
Equation (3.1) and Equation (3.2), respectively, are Cayley sets.

Proof. (i) For Sy, it is clear that (0,0) ¢ Sy. Let s = (s1, s2) € S1. Then by Equation
(13.1)), s152 = 0; i.e., sy =0 or s =0, and —s = (—s7, —S2). Thus

(—s1)(—$2) = s150 = 0.

Hence —s € S; and therefore S is a Cayley set.

(ii) For Sy, since zy is a non-zero square by Equation (3.2)), it follows that = # 0 and
y # 0; and hence (0,0) & Ss.

Let s = (s1,82) € Sy; i.e., 518, € .

Then —s = (—s1, —s3), which implies that
(—51)(—82) = (=1)*s18p = 5183 € ;.
Thus —s € S, and hence S is a Cayley set. ]

This leads immediately to the following result.

Corollary 3.3 Let I'; be the graphs whose connecting sets are generated by the base
sets S;, i =1,2, of B defined in Equation (3.1) and Equation (3.2). Then

(i) every element in B is a Cayley set;
(i) every graph I'; = Cay(IFZ, S:), 1 =1,2, is a Cayley graph; and
(iii) any graph with a connecting set in B is a Cayley graph.

Proof. (i) and (iii) follow immediately by Theorem and Proposition [2.4] (ii)
follows from Lemma [3.2] O

We illustrate the above results by the following.
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Example 5 Let ¢ = 5. Then F5 = {0, 1,2,3,4} and [0 = {1,4}.

The connecting sets are
S1={(0,1);(0,2);(0,3); (0,4); (1,0); (2,0); (3,0); (4,0) };

and
Sy = {(1,1);(1,4);(2,2); (2,3); (3,2);(3,3); (4,1); (4,4) }.

For each graph I'; = Cay(IFg,SZ-); i = 1,2; in Figure , vertices are labelled by
vectors (a,b) of F..

As we have seen the constituent graphs of a two dimensional integral distance graph
over F,, ¢ =1 (mod 4), as Cayley graph, now we define the integral distance graphs
in all dimensions. We will show that the latter is also a Cayley graph for any odd
prime power q.

Definition 3.2 By the graph of integral distances &,, , for a prime power ¢ and a
given dimension m, is meant the graph given by

V(Qjm,q) = F?%
E(6n,,) = {{xy}ixy€eF d(xy) =Nx—-y) €O}

Graphs of integral distances can be considered as Cayley graphs in the following way.

First we define Cayley sets of the graphs in question.

Lemma 3.4 Let 5™ = {s ¢ F.': N(s) € O, s # 0} be a subset of F". Then Sm)
is a Cayley set in T, where F[* is considered.as an abelian group under addition.
Proof. Consider Fi* as an abelian group under addition.

(a) Clearly from the definition of S, 0 ¢ S,

(b) Let s € S™); ie., N(s) € O,.

Then N(—s) = N(—1-s) = (=1)*- N(s) = N(s) € OJ,.

Thus —s € S and hence S is a Cayley set. ]

The following theorem will be used in Chapter [4]
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Figure 3.2: Constituent graphs Iy = Cay(F%,S;) (above) and 'y = Cay(Fz,S,)
(below).
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Theorem 3.5 Let Fy be a field and p a generator of F,. Let Sy = (p*). For w € F,,
if w* = —1 has a solution, then

(i) Sk is a Cayley set in F; and
(ii) Sk is a connecting set if (k,|F,|) = 1.

Proof. Sy, = (p*) < F:.

Let —s be the additive inverse of s € S; i.e., s = (p"). If w* = —1 for w € F; ie.,

wh = (p")'' = —1, then —s = —1- 5 € Sj. The rest is clear. O

Corollary 3.6 Let F, be an additive group with q an odd prime power. Then

(i) for g =1 (mod 4), the set LT, of all non-zero perfect squares in ¥y is closed under
taking inverses under addition; and,

(ii) for ¢ =3 (mod 4), O, is a Cayley set.

Proof. (i) follows from Lemma

(ii) For ¢ = 3 (mod 4), since F s is-a cyclic group by Lemma [2.22} i.e., F. = (p) for
some p € Fpo, it follows that 7, < T, is also cyclic and [ = (p*). Clearly, ¢* = 1
(mod 4). It follows from (i) that [17; is a Cayley set, and hence S = (07, for ¢ = 3
(mod 4). O

Consider the Cayley graph Cay(F*, .S (m))_defined by
V(Cay(Fy', St™)) = |Fy%
E(Cay(F,", S™Y)) = {{x,y}:x,y e F™" y =x+s,N(s) € O,}.

q

We will show that the graphs of integral distances defined in Definition [3.2] and the
Cayley graphs defined above are isomorphic.

3.3 Isomorphism between &,,, and Cay(F;', S (m>)

In this section, we are going to show the isomorphism between &,, , and Cay (F7", S (m)).
First, we need the following technical lemma.

Lemma 3.7 N(x —y) € O, if and only if there exists s € F" such thaty = x +s
and N(s) € O,.
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Proof. Assume that N(x —y) € ;. Then there exists s' € Fy" such that
x—y=s&ey=x-¢,and N(x—y)=N(s) e O,

Put s = —s; i.e.,, 8 = —s. Then y = x +s and N(s') = N(—s) = N(s) € O, by
Lemma [3.4]

Conversely, assume that there exists s € F;" such that y = x +s, and N(s) € 0.
Theny =x+s&s=y—x, and
N(S>:N(y—x):N(—(X—y))ZN(X—y)EquyLemma. O

We now prove the isomorphism between Cay (F,", S (m)) and &,, ,.

Theorem 3.8 I' = Cay(F", S™)) as given in Definition is isomorphic to &,, 4.

Proof. Define 0 : V(&,,,) — V/(I') by o(z) = z.
Clearly, o is a bijection. It follows immediately that
{x,} € E(Gpyg) = Nx—y)=N(s) el
& y=x+s,N(s) € O, by Lemma [3.7]
< {x,y} € E().

Therefore Cay(Fy', Smy=e, . O

Now, consider the set S = §@ = {x e IFZ rx # 0 and N(x) € O,}, ¢ =1 (mod 4).
In order to prove that the two dimensional integral distance graph is a Cayley graph
for g =1 (mod 4), we consider the following result.

Lemma 3.9 Let ¢ be an F,-linear mapping defined by
¢ (z1,29) — (21 + wro, 11 — WTy) with w® = —1. Then
(i) ¢ is a switch to hyperbolic coordinates; and

(ii) ¢ is an isomorphism between the sets S and S = S; U Sy, where Sy and Sy are
the two base sets of IF?I defined by Equation (3.1) and Equation (3.2]), respectively.
Hence S is a Cayley set.

2

Proof. (i) We show that ¢ : (1, 22) — (21 + wxe, 1 — wxe),w” = —1, is a switch to

hyperbolic coordinates.
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Put a = 21 + wzs and b = x; — wx,. Then it follows that
1
T = §(a+ b) and xy = —g(a —b).

Thus N(z1,x9) = ab (see [21]), and hence ¢ is a switch to hyperbolic coordinates.
(ii)Put N?(zy,29) = 7125. Then we have

S? ={x € F2:x = (21,22) # 0 : 212, € O,}.

Clearly, ¢ is a bijection of Fg over itself, and S® = S;US, = S by combining Equation
(3.1) and Equation (3.2)). It follows that ¢ is an isomorphism between S and S. The
rest follows from Corollary [3.3(i) and Proposition O

In particular, all the above results lead to the main result of this chapter in the
following.

Proposition 3.10 The integral distance graph &, , is a Cayley graph for every prime
power q.

Proof. (i) Forg=1 (mod 4), I' = Cay(IF?], S) is a Cayley graph in view of Corollary
3.3(iii). By Lemma [3.9] it follows that S is a connecting set, and I is isomorphic to
Cay(F2,S) by Proposition .

(ii) For ¢ = 3 (mod 4), the result follows immediately from Corollary [3.6{ii).
Finally, in both cases for ¢, the result follows immediately from Theorem [

By combining the two Cayley graphs I';, i = 1,2, in Example[f] we obtain S = S1US,

as a Cayley set. Now we have the following example of an integral distance graph in
two dimensions.

Example 6 Let ¢ = 5. We have F5 = {0, 1,2,3,4} and 05 = {0, 1,4}. The vertices
of the integral distances graph I' = Cay(F2, S) = 8,5 in Figure are labelled as
in Example [5]
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(4,3) (0,2)
(4,2) (0,3)

(4,1) (0,4)
(4,0) (1,0)
(3,4) (1,1)
(3,3) (1,2)
(3,2) (1,3)
(3,1) (1,4)

(3,0) (2,0)

(2,4) (2,1)

(2,3) (2,2)

Figure 3.3: Integral distance graph I' = Cay(Fz, S) & &, 5.
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Chapter 4

Constituent graphs of integral
distances graphs as strongly
regular graphs

In this chapter, we shall explore the integral distance graph as a strongly regular
graph. First, we begin with the case of two dimensions. In this case, we explore
the three constituent graphs I';, 7 = 1,2, 3, defined in Chapter |3| as strongly regular
graphs. The latter are constituent graphs of the integral distance graph over the
finite field F, with ¢ =1 (mod 4). We also determine the strong regularity of the
integral distance graph for each case of ¢ in two dimensions.

Finally, we consider the case of the higher dimension. In'[32], it was verified for small
values using computer calculations that integral distance graphs of orders p < 2029,
p <283, p <97, p <59 p <31 for m = 3,4,5,6,7; respectively, are strongly
regular.

Inevitably, it was conjectured that all integral distance graphs of even dimensions
are strongly regular. In this chapter, we prove this conjecture.

4.1 Constituent graphs of &, , as strongly regular
graphs

To show that the graph &, , of integral distances is a strongly regular graph, we
begin with the case of ¢ = 1 (mod 4) in hyperbolic coordinates. In this case, we
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shall begin with constituent graphs I'; = Cay(Fz, S;), 1 = 1,2, defined in Chapter .

In addition, we consider another graph I's = Cay(IFg, S3) with S3 = Fg \ (Su{0}),
where S = S; U Ss. Obviously, I's is the complement of the integral distance graph
I" defined in Chapter [3] and thus a Cayley graph by Theorem [2.7]

To show that I' is strongly regular, first we show that each constituent graph I';
is strongly regular for ¢« = 1,2. After this, we show that I' is strongly regular. It
will therefore follow that I's is strongly regular since it is the complement of I' by
Theorem [2.3] Because of the isomorphism established in Lemma [3.9] we will have
that B9, with ¢ = 1 (mod 4), is a strongly regular graph. Finally, we show the same
for B4, with the remaining case ¢ =3 (mod 4).

Now we begin with the constituent graph I'y = Cay(]Fg, S1).

Theorem 4.1 Let 'y = Cay(IE‘z, S1) be-a eonstituent graph of an integral distance
graph T with Sy = (F;,0) U(0,F7), ¢ =1 (mod 4). Then I'y is a strongly regular
graph with parameters (v, k, X, ;1) =(¢*2(q="1);0—2,2).

Proof. Obviously, v = |F,| = ¢°. To evaluate the degree k = |S,| of each vertex in
'y, we have S; = (F;,0) U (0,FF;). The sets (IF;,0) and (0,F}) are disjoint, and each
of them is of size ¢ — 1. Thus it follows that k = |Si| = 2(¢ — 1).

To calculate A, we first consider the vertex (0,0) and its neighbor (z,0) with = € F;
since 'y is Cayley, and hence by Theorem vertex-transitive. Let s € Fg be the
common neighbor to (0,0) and (x,0). Since s € Sy, then it is of the form (s,0) or
(0, s) because it is adjacent to (0,0).

In addition, s = (x,0) + s; for some s; € 5 since I'y is Cayley. Either s; = (s1,0)
or s = (0,s1); i.e., s = (& +51,0) or s = (z,s1) ¢ S;. Thus the common neighbor
to (0,0) and (z,0) can only be of the form s = (s,0) with s € I, \ {z}, and hence
A=qg—2.

To evaluate 1, we consider the non-adjacent vertices (0,0) and (z,y), where z,y € F;.
We have that (z,y) = s; +s;, 4,5 = 1,2. If s;,8; € (F},0), then (z,y) = («',0) for
some x' € ;. Similarly, if s;,s; € (0,F;), then (z,y) = (0,%') for some ' € F;. To
each case, (z,y) becomes a neighbor of (0,0) because either z = 0 or y = 0.

Thus we should have, without loss of generality, (v,y) = s; +s; with s; € (F},0) and
s; € (0,F), i, j = 1,2,

In the following diagram, it follows that the common neighbors to non-adjacent
vertices (0,0) and (x,y), with « and y non-zero fixed elements of F,, are (z,0) and
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(0,y). Hence pu = 2 elements.

Therefore the result follows. O

For the constituent graph I'y = Cay(F2,S;) with Sy = {(z,y) € F; : ay € O},
since v = |IF§| = ¢?, each of the remaining parameters is dealt with separately in the
following lemmas.

Lemma 4.2 Let I’y = Cay(IFz,SQ) be the constituent graph of the two-dimensional
integral distance graph T' for ¢ = 1 (mod 4) with Sy defined as in Equation ([3.2)).

—1)2
Then the degree of 'y is (g 5 ) :

Proof. Let deg I's = k. This is the same as the size of the Cayley set Sy to be

evaluated.

Because of the isomorphism of Cayley graphs Cay(IFg, S) and Cay(JFg, S?), where a

switch to hyperbolic coordinates ¢ : (x,7) + (z + wy,r — wy), w* = —1, is an

automorphism of the vector space IF?, it follows that the size of Sy is the same as
1

the size of {(z,y) € F : N(z,y) € (0!} equal to i(q — 1)? by Corollary [2.21| and

]
Theorem [2.9|in Chapter Thus k = |Ss| = é(q —1)% O

Because of vertex-transitivity, to determine A and u, we focus on the neighborhood
of the vertex (0,0).

Lemma 4.3 Let (o, 3) be the neighbor of the vertex (0,0) in I's.

Then the number of common neighbors to (0,0) and («, ) is

(¢—1g=3)

A=
4

+ 1.
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Proof. Let (x,y) be a common neighbor to the adjacent vertices (0,0) and (a, ) in
Is.

From the hypothesis, it follows that (a, 5) € Sy; ie., aff € O,

To evaluate the number A of choices for (z,y) in Iﬁ‘g, we have the following.

(z,9)

A

(0,0) (o, B)
We have (z,y) = (o, 8) + s, where s € Sy. In addition, (z,y) € S; i.e., vy € [ It
follows that s = (z — a,y — 3) and (v — a)(y — B) € [J;.
Put zy = a?, (z — a)(y — B).="1*, and aB =22, 0a;b,7 € e

Then we have the system

o= = (4.1)
(@na)r 8) = b (4.2)
which implies that
Tt (4.3)
1y = B2 = QU 02 sl (4.4)

with a® # 0 and b? # 0. Substracting Equation ([£.4]) from Equation (#.3)), we obtain

fr+ oy — 7" = a® - b% (4.5)

and Equation [4.3] becomes

(12

y=_ (4.6)

Substituting Equation (4.6)) in Equation (4.5)) becomes

2
Bx+aa——72:a2—b2ﬁﬁx2+aa2—vzx—x(a2—b2):O;
x

which is equivalent to

Bx? — (a® — b* +*)x + aa® = 0. (4.7)
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Put A= 3, B= —(a®> —b*+ %), C = aa®, and A = B? — 4AC.

Then
A= (a® = b* ++%)? — 4a*y> (4.8)

Equation (4.7) has solutions in [, if and only if A € 0J,.

We have two cases: A = 0 and A € ;. Note that to each ordered pair (a° b°)
corresponds two solutions for A € [J7, and only one solution for A = 0.

(a) A=0.
From Equation (4.§)), we have (a®> — b* 4+ +?)? = 4a®y* = a*> — b* + v* = +2a7,
B
vy €EF and r = ——.
a,vy€F,, and x .
We must have the two following sub-cases: (i) a* = b*
Equation (#.8) becomes A = ~* — 4a®~* =42(y* — 4a?), which implies that

2
Y E g =0=1 ::Zfsinceyz%o.

2 2 2
7« (i 8
en x 253 and y o | imails
] a B
Thus we have only one solution (5, 5) |
(ii) a* # b*.
For this case we have
B Qi e 2 9
2A 20 203 Jé;
and ) 2028 2024 5
a a a a
r  a®—=b"+x 2ary v
with a € F?, +9 #* g, and i% #* é; ie., a# +7 and hence q — 3 solutions.
@3 79 ~ 72 2
Summing up all obtained solutions for A = 0, we get ¢ — 2 solutions.
(b) A e,
Here, Equation (4.8]) becomes
A= (a® —b*+7)? — 4a’y* = & (4.9)
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for some ¢ € F,. With this case, we must also consider the two following sub-cases
for a* and b°.

(i) a® = b°.

Equation (#.9) becomes v* — 4a?y? = ¢*.
2
Then we have 7(7* — 4a%) = ¢ & +* — 4a® = %
2

2_C *
Putd —ﬁEDq.

Then

v —d v+d
=1.
<:>< 2a )( 2a )
Lett:7+dandt’1:7_d.
a 2a

d
Thentth’l:zandt—t’l:—.
a

a
We obtain |
1 i 2
= = t %0 and ¢t -l
a’ t—i—til t2+17 % a’n % b
and
d=a(t—t1) = o 12 £ +1
e _7 t2+]_ ) g
. i 2 2 2
LetX:{z:p:*y(l—tQJrl);t # 05t 7£:|:1}.
Clearly,\X|:|Dq\—2:T—2: 5 , and
2
2.9 __ .42 .42 _
1
:§|X|
_ 9=
=
. . q—>5 q—>5 . . .
Thus we obtain for this sub-case 2 1 = 5 solutions since A € Dq and
hence there is no solution.
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(ii) a® # b*.
This sub-case is also further subdivided in the following sub-cases.
(1) (a* — b* —~*)* = 0 or 4a*y* = 0.

For 4a*y* = 0, we have a contradiction since a?,v* € O

*

e
For (a® — b* ++%)* =0 < a* — b> + 7* = 0, we have

2

—4a*y = s ad’ = —c—.
4~2
Then
b+ =0sad =0 9%
b— b
===l
a a
b b—
Let t = +7. Then t~! = 7. We have
a a
2b 2
t—|~t_1:~—andt—t_1:—l;
a a

which simplifies to

27y 2yt >
= = 2O T
a/ t—t_l t2_17 #7 %7
and ¥4 |
a Lot
b=—(t+tH=n—); t?#+1L
= (o )58
LetX:{z’:p":fy(l—i-ﬁ);t27éj:1;t27é0}.
Clearly, |X| = || — 2 = 5 2= 5 and

2
‘{b22b27<1+t2_1>;t27$:|:1;t27£0}':|{2i:z’€X}|;
1
= 51Xl

_g=5

4
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(2) (a* — b* +~*)* # 0 and 4a®y* # 0. Here, Equation (£.9) leads to

(a® = b +~%)? —4a®y? = 2 & (a® — b* + 9% — 2a7)(a® — b* + 7% + 2a7) = ¢&;

& [(a—7)? = V][(a+7)> = b?]

Sa—b—7y)(a+b—")(a—b+7y)(a+b+7v) =<

Put ¢ = k*1%, k* # 0, and [* # 0.

Then we have

(@a+b—(a—b—7)(a+b+7y)(a—b+7) =k

N a+b—7vy\[(a—b—v\ [(a+b+7y\ [fa—b+~
k l k [

Let t = (a—kZ—l—v) (a_l;+7),andt_1: (a—l—ll;—’y) <

b e
Putt—uvwithu—uandv:a—#.
i —b
Then t ' = v 'o™! with ulzﬁTv,and v’lza
2 b 2
uu = (al:— )anduu*:%;
2(a — b 2
v+l = (al )andv—v'l—%.
We obtain
k
qd1b = —i(u—i-u‘l),
l
a="b = 5(1}—1—11‘1)7
and 5 5
[ S . Y
u—u ! v — oL

with u,v ¢ {0,1}.

By inserting Equations (4.12)) into Equations (4.10) and (4.11)), we obtain
u? +1 2
ot 7(uQ—l) 7( +u2—1>’
v+ 1 2
“ 7(1}2—1) 7( +1)2—1)’
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(4.10)

(4.11)

(4.12)

(4.13)

—~

4.14)
(4.15)



where u? # £+1 and v* # +1.
Adding Equation (4.14]) to Equation (4.13]) and dividing both sides by 2, we get

a:’y<1+ L, ) (4.16)

w2 -1 1v2-1

Substracting Equation (4.14)) from Equation (4.13]) and dividing both sides by 2, we

obtain ) )
b= — . 4.17
7 (u2 -1 v2-— 1) (4.17)

Note that the last two equations, (4.16)) and ({.17)), are valid only for uv* v* ¢ {0, 4+1};
v? # u*?. We must also set up conditions for u? and v? so that a® # 0 and b? # 0.
This simplifies to

1 1 1
1+u2_1+v2_1#0andu2_1

1
_02—17&0'

Solving each of the above inequalities for v* gives us solutions v? # u*?.

Thus a?,b* € 00 if and only if v? £ o2,

1 1 1 1
Let A = a=n7(1 b= -
et {(a,b) a 7( +u2—1+112—1>’b 7(u2—1 v2—1)}’

with v?, v? ¢ {0, £1}; v* #u*2, and v € Fy-

By counting we observe that

Al = {(u*,v?) € (Og)” - u?, v* ¢ {0, £1}; 0" # u*}
= {(u?v?*) € (@) : 1, o E{0, L1} <[{(u?, u**) : u ¢ {0, +1}}]
= [{u® €O} u? £ £1}| - {v* € O : v® # £1}]

— {(? u?); (WP, u?) s u® ¢ {0,£1}}|
1 1 1
(59 (59 (5 9)
_ (475 _, (4=
() ()
() (%)

Let B = {(a* V%) : (a,b) € A}.
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Then
1B| = |1{(2i,2j) (0, p7) € A}
= 51G@25) : (o' ") € A}
_ }l\{(i,j) (0, 0) € A}

1

et = (157) (7).

Since A = (a—b—7)(a+b—")(a—b+7)(a+b+), we have the symmetry of A; i.e.,
the same is obtained by swapping @ and b and thus a* and b%. It follows that we obtain

o | (1= o) (1Y + o= - = 2 solutions for ordered pairs (a?, b?)
4 4 4 4 ’
2

-5 -5\’
by combining (1) and (2), and hence 4 (QT) = (qT> solutions whenever

AGD;.

Therefore, combining all cases for A € [, we obtain

_5 L_s1k
A:q—2+q +<q >

2 2
da 1 § + 291 10 ¢4~«10q 125
P 4
N o
4
—1(g—3
_ ¢ L{(q )1

]

Lemma 4.4 LetI'y = Cay(IFz, Ss) and let («, B) be a non-adjacent vertex to (0,0)
m FQ.

Then the number of common neighbours to (0,0) and (a, ) is given by

(g—1)(qg—3)
i
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Proof. Consider again (x,y) the common neighbour to both (0,0) and («, ).

Again, to evaluate the number p of choices of (x,y) in I'y, we consider the following.

(z,9)

"

(0,0) (a, B)

Here, (z,y) = (o, ) +s & s = (z — a,y — B) with (z,y);s € Sy and («a, 5) ¢ So;
ie., ry,(r —a)(y—B) € 0 and af ¢ 0.

For a8 ¢ [T}, we consider two cases: a3 = 0 and af ¢ [J,,.
(a) af =0;ie,a=0o0r f=0.
Take § = 0. The system of Equations (4.3]) and (4.4) becomes

IN 218" (4.18)
R e - (4.19)

Substracting Equation (4.19)) from Equation (4.18]), we obtain
oy B b (4.20)

We consider the following sub-cases for non-zero a® and b*:

(i) a®* = b?. Here, Equation (#20)) simplifies to ay = 0 < y = 0 since a # 0. So
x y) ¢ S, a contradiction, and thus we have no solution.

df - a? a’a
and so x = — = 5>
Yy a’?—b

(
(ii) a* # b*. From Equation ({.20), we get y =
(Equation (4.18))).

2

2 b2
Thus we have solutions of the form ( aa g ), and hence
a

a2 — b2’
¢—1 2— ¢~ 1y _ (et a3 solutions
2 2 )\ 2 2 '
—1)(¢g—3
Therefore y = % is the number of common neighbours to non-adjacent

vertices in ['s for a5 = 0.

(b) aB #0;ie. af ¢ O, Put af =k, k ¢ O,.
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Then we have from Equations and the system of equations
ry = a%
ry—Pr—ay+k = b
Substracting Equation from Equation simplifies to
Bz + oy —k =a® — b

Additionally we must have from (4.21))

y=—.
X

Then substituting Equation (4.24]) in Equation (4.23|) gives us

2
ﬁx—f-aa——k::a2—b2@5x2+aa2—kx—x(a2—b2):0;
x

which is equivalent to
Bx* —|(@® — b* + k)2 + aa® = 0.

Put A=83, B=—(a®*—b* + k), 0 =aa’®, and A = B> — 4AC.

Then,
A = (a* = b* + k)* —4afa® = (a* — b* + k)* — 4a’k.

(4.23)

(4.24)

(4.25)

(4.26)

We examine different cases for A & [J,; namely, A = 0 and A € [}, so that Equation

(4.25)) have solutions in FF,.
(i) A =0.

Here we have from Equation ([4.26) (a*—b*+k)* = 44’k ¢ [J,, which is a contradiction

and thus there is no solution for A = 0.
(ii) A #0; ie, A€ DZ.
From Equation (4.26]), we have for some ¢ # 0

(a®> = b+ k) — 4a’k = .

Now for this last case, we have to examine the two following sub-cases.
(1) a® = b°.
This leads to (Equation (4.27)) k* — 4a*k = ¢ so that A € O,
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, -1
Let X = {i: p' = k* — 4a’k;a* # 0}, k fixed. Clearly, | X| = qT

Put ¢ = p/ for some j. Then p' = ¢ = i = 2j.
Thus
{p'=c*ie X} = {255 € X}
1
= 51X

_g—1
-1

Recall from Lemma that to each value of A € L corresponds exactly two solu-

—1 —1
tions. Thus we obtain 2 ( g ) =1 solutions.

4 2
(2) a* # b2
For this last case, Equation (4.27]) cannot be factorized for k£ ¢ O,. Let (o, 5) an
element of F2\ {(0,0)}, be adjacent to (), which is in turn adjacent to (0,0). That
is, (o, B) € Sy or (o, B) ¢ S9; 1.e.; aff € F,. Then (z,y) = (e, 5) + s for some s € Sy
and (z,y) € So; i.e., vy € ;.

It follows that (a, 3) € Fi: (v, 8) # (0,0); and (v, 8) # (2, y).
Let A= {(a*b*) :0 # a*>#b*#0}.

2
Then clearly, |A| = (%&) Fi <q;1) ) (q;l) (q;i’)).

For each case of A we have

A(a? b, af) € O A(a* 0?aB)'="0; and 'A(a?, b* aB) ¢ ],

In fact, A(a?,b? aB) = 0 if and only if a3 € Oy e, (o, 8) € Sy
Let Ay = {(a* V%) € A: A(a? b, aB) = 0}.

From the proof for A in Sy by Lemma we have |Ay| = ¢ — 3.
Let A* = A\ Ag = {(a®,b*) € A: A(a®,b* af) # 0}.
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Then
|A*[ = |A\ Ag| = [A] — |Ao|

-('7) (%) w9
(23)qu )

3\ (¢
2 2
and B = {(a*,b*) € A" : (o, B) € Sy; (2,9 (@252) € Sa}.

—5\2
As X\ was determined in Lemma we have |B| = 2 (CIT) because of the
symmetry of A for \.
Then A*\ B consists of elements corresponding to (z,v) € Ss, but (a, 3) ¢ Sa. Thus

A"\ Bl= 47| = | B]

-5 -1 —5 —1
Hence this corresponds to exactly 2 (q - ) (q 5 ) = (q 5 ) <q 5 ) solu-

tions for 0 # a® # b* # 0.

Because of vertex-transitivity of the graph in question, the number p of common
neighbours to non adjacent vertices in I'y is therefore

= () ()
- () ()
_ (q—1)4(q—3).
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Summing up all results for I'y, we have now the strong regularity of I'y in the following
terms.

Theorem 4.5 Let I'y = Cay(F2, S,), where Sy = {(z,y) € F- : zy € O} }.

Then 'y 1s strongly reqular with parameters

(v, k, A\, 1) = (qQ, (¢—1)?* (¢—1)(g—3) . (q — 1)(q—3)> |

2 4 4
Proof. In this case, F> is a vertex set with size ¢°>. Thus v = |F2| = ¢*. For the
remaining parameters k, A, and p; the result follows from Lemma [4.2] Lemma [4.3
and Lemma [£.4] O

In order to show that the integral distance graph &, , is a strongly regular graph
for ¢ = 1 (mod 4), we must use the above results for I'; and I';. As alluded to, it
is sufficient to show that the graph I' = Cay(IF?], S) with S = 5; U S, is a strongly
regular graph since &, , is isomorphic to Cay(]Fg, S) for ¢ =1 (mod 4). (See Chapter

3)-

Now we shall determine all the four parameters of I' as was done with I's in the
following lemmas.

Lemma 4.6 Let I' = Cay(F?, S), where S = S1 U Sy. Then

degp:(i_%qii)_

Proof. Put k = deg I

In fact, S = S1US, = {(z,y) € (F;)\{(0,0)} : zy € O,} and v = |F2| = ¢*. Clearly,
S is a disjoint union of 57 and S since we cannot have zy € D:; and zy = 0 at the
same time.

—1)?
From Theorem and Lemma , we have | S| = 2(¢ — 1) and |S;| = (¢—1) .

2
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Thus

k=S| =[S US|

:’S1|+|S2’
—2(q—1)+(q_21)
qg—1
=(—1) <2+T)
(a=D(a+3)
5 .

]

Following a similar argument as that used for I's, we shall focus again on the neigh-
borhood of the vertex (0,0) because of vertex-transitivity of I' to determine A and

L.
Lemma 4.7 Let (o, ) be a neighbor of the vertex (0,0) in I' = Cay(F,, S) with
S =51U5,.

Then the number of common neighbors to the above vertices is given by

(g+1)(g+3)

A:
4

- 3.

Proof. Let (x,y) be the common neighbor to both (0,0) and (e, ) as shown in the
following diagram.

(z,9)

RS

(0,0) (o, B)

Let us evaluate the number A of choices for (z,y) in the above triangle.
We have (z,y) = (o, 8)+s, where (z,9); (a, B); s € S; ie., zy, af, (v—a)(y—pB) € O,.
Let a,b,y € F, such that zy = a*, (v — a)(y — B) = b*, and aff = +*.

Now we must examine the two cases for 4*: (a) 4* = 0 and (b) 7* # 0.
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(a) v* =0;ie,a=0o0r B=0.
Take § = 0. From Equations (4.3)) and (4.4)), the system reduces again to Equations
(18- (E19).

This case has also the following four sub-cases for a* and b* to be examined.
(i) a®* =b* = 0.
This sub-case is related to I'y and thus, by Theorem [4.1} we have ¢ — 2 solutions.
(ii) @* # 0 and b? = 0.
Now, Equation (4.18) and Equation reduce to
vy = a’ (4.28)

(x—a)y = 0. (4.29)
Equation implies that © — a="0ory = 0. Thus = « since zy = a®> # 0 and
Yy = %2 from Equation . Hence we have solutions of the form (a, %2), and

solutions:

therefore 1=

(iii) a* = 0 and b* # 0. To this case, Equation ({#.18) and Equation (4.19) reduce to
the system

() (4.30)
(r—a)y = b (4.31)

Equation (4.30)) reduces immediately to z = 0 or y = 0. From Equation (4.31)), we
have
b2
r=0=>—ay=0"Sy=——;
a

and
y=0= I 0, a contradiction.

2

b —1
Thus we have solutions of the form (O, ——> and hence a
o

of them.

(iv) a® # 0 and b* # 0.

To this sub-case, we return back to Equations and .
Now we have two sub-cases for a® and b*: a* = b* and a* # V°.
(1) a® = b*.
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Equation (4.18]) and Equation (4.19) become
vy = a% (4.32)
(r—a)y = d* (4.33)
Substracting Equation (4.33)) from Equation (4.32)), we get
xy—(r—a)y=0%< ay =0« y =0, a contradiction.
Thus there are no solutions for this case.
(2) 0 # a* £ b* £ 0.
Substracting Equation (4.19)) from Equation (4.18]), we obtain

vy — (x —a)y =a®> — 0 & ay = a® — b?

g2 = b2

Sy =

and

a? a’a

T= i T (From Equation (4.34)).

Ero 6P — 8
a2- vl «

() e

Therefore, summing up the obtained results from all cases (i), (ii), (iii), and (iv); we
obtain for the case 7> =0

e () (0F) ()

Thus we have solutions of the form ( ) and hence

4
P 449-9
N 4
_le+Vlg+3)
-
(b) v* # 0.
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To this last case, we shall use the system of Equations (4.3) and (4.4) that we used
in Lemma . Similar to the previous case, for 4%, we must examine again the four
cases for a® and b2

(i) a®* =b* = 0.
Using Equations (4.3) and (4.4) from Lemma we have the system

xy = 0 (4.34)
vy — Br —ay++* = 0. (4.35)

Equation (4.35)), taken from Equation (#.34), gives Sz 4+ ay — 4 = 0. In addition,
we have x = 0 or y = 0 from Equation (4.34)). Then,

2

.r:():>ay—72:0(:>y:1:/8;
o
and
-2
y=0$6r—v2=0@xzﬁza.

Thus we get solutions of the form (e, 0) and (0, 8); and hence 2 solutions.
(ii) @* = 0 and b = 0.

Using the same equations as those used in (i), we obtain

vy = a* (4.36)
2T VLT 9% 0% re=x 0. (4.37)
Equation (4.37)) becomes (z — a)(y — ) = 0, giving x = « or y = S.
2 2
Thenz=a =y = 2 and y === C;) by Equation (|4.36|).
«
a’ a’
Thus we obtain solutions of the form (a, —); and (E, B) with a? # 42 (since
!

-1
7v* = af and (7,y) # (o, B)); and hence 2 (qT - 1) = ¢ — 3 solutions.

(iii) a® = 0 and b* # 0. In addition, using the same equations as in the two previous
cases, we have the system

xy = 0 (4.38)
vy — fr—ay+> = b (4.39)
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Equation (4.38)) reduces to x =0 or y = 0. So

2_b2
a::O:>—(ng/—l—fy2:b2<:>y:7 ;
«

and
72 - b2

B

,Y2 _ bZ
Thus we get solutions of the form <0, —); and (
«

y=0=> B+ =P oy=

’}/2—b2

,0) with b* # ~2
-1

(since (x,y) # (0,0)); and hence 2 (qT — 1> = ¢ — 3 solutions.

(iv) a # 0 and b # 0.

This last case for a® and b” is related to Fy.and thus, by Lemma we obtain

1\ (g —
w + 1 solutions.

4
Finally, by summing up the results from all cases studied above for v # 0, we obtain
— T)(q 3
>\:2+2(q—3)+@’)7£q——)+1

-8+8q—24—|~q2—4q+7
1 4
— ¢ +4¢=9
=0

(g + 1)(g+ 3)

e e
4

Lemma 4.8 Let (o, 8) be a non-adjacent vertez to (0,0) in I' = Cay(]Fg, S).
Then the number of vertices adjacent to both (0,0) and («, B) is given by

(g+1)(g+3)
H=—

Proof. Let (z,y) be any vertex adjacent to both (0,0) and (a, 3) as shown in the
following diagram.
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(0,0) (o, B)

The instance above shows that (z,y) = (a, §) + s with (z,y);s € S and (a, ) ¢ S;
i.e., we have zy, (x — a)(y — f) € O, and af ¢ O ; ie.,, a # 0 and 8 # 0.

Put 2y = d®, (z —a)(y — B) =b*, and aff =k ¢ O; a,b € F,.

In this case, we shall use Equation (4.21) and Equation (4.22) from Lemma
Now we have different cases for a* and b*. Moreover, the cases a” = b*> = 0 and a* #

(¢—1)(g—3)
4
solutions respectively. So we shall deal only with the cases for exactly one of a® and

b* being non-zero.
(a) a* # 0,b* = 0.

Using Equation (4.21)) and Equation (4.22) from Lemma , we get the following
system of equations

0,b* # 0 are related to I'y, and hence they correspond to exactly 2 and

fl= 141 (4.40)
zy—Pr—ay+k = 0. (4.41)
Since k = af, Equation (4.41)) reduces to (r — a)(y — f) =0; i.e., z =a or y = S.
Then from Equation (4.40)), we obtain
2 2
x:a:>y:a~andy=ﬁ:>l‘:a*;
o s
, a? a® g—1
so that we have solutions of the forms | a, — | and E’ B |; and thus 2 — )=
a

q — 1 solutions.
(b) a* = 0,b* # 0.

Using the same equations as those we used in (a), we have

xy = 0 (4.42)
ry—Br—ay+k = b (4.43)
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Equation (4.42)) gives us x = 0 or y = 0, and hence we get

2

r=0=—ay=0V—key= ;
Q@
. k — b2
y=0=> —fPr=V—-Lkeor= .
g
2 2 1
This gives us solutions of the forms (O, kb ) and (%, O); and thus 2 (qT) =
«
q — 1 solutions.
Summing up all cases for p, we obtain
(¢—1)(g—3)

p=2+2(qg—1)+

4
8 £.8¢==R gz, 3
- 4
TOrrETED
= 4
Do dzavil i e
i .

]

Combining all the results obtained from the three last lemmas, we get the following.

Theorem 4.9 Let ' = Cay(IF?], Sy, ¢'=l% (had 4) with |S =187 U S,.

Then T is a strongly regular.graph with parameters

(U, k, )\, ,U) = (q27 (q - 1)2((] + 3)’ (q + 1Eq Syt 3)

3, (q+1)(q+3))_

4

Proof. Again, it is clear that the vertex set Fg of I' is of size v = ¢°. For the remaining
parameters, the result follows exactly from Lemma Lemma [£.7] and Lemma

4.8l O

This completes the case ¢ =1 (mod 4).

Now we deduce the strong regularity of the remaining graph I's. Finally, we summa-
rize all the obtained results above to form a complete Boolean algebra of Cayley sets
Sp and S for strong regularity of Cay(Fz, S;i), 1 = 1,2, in the following.
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Corollary 4.10 Let 'y = Cay(F2,S;), where Sz = F2 \ (SU{0}), S = 51U S,
Then:

(i) T's is a strongly reqular graph.

(ii) Given (Si,Ss), a complete Boolean algebra of Cayley sets, the set & = {T €
(Sy,S9) : Cay(IFg, T) is strongly regular} forms a complete Boolean algebra of sets.

Proof. (i) Consider I'y = Cay(F2, S3) with S3 = F.\ (S1US;U{0}), where S;US; = S
defined above as a Cayley set for I' = &,,, with ¢ = 1 (mod 4). It follows that
I3 = Cay(F2,F2\ (SU{0})) = I'“; and that it is a strongly regular graph with
parameters (v,v —k — 1,v — 2 — 2k + p,v — 2k + \) by Theorem . Using the
parameters of I' obtained from Theorem in order to evaluate the parameters of
I's, it can easily be determined that

2
Vol (g 5 Y
O 14 o 15 1M E; (q.—l%(q;Zﬂ)_i_l
T A el
4
(ii) follows immediately from (i); by Theorems [4.1] and [4.9} and by Proposition
2.3 O

For the other case ¢ = 3 (mod 4), the constituent graphs similar to the previous
case are only two: I'y = Cay(F2, 5) and I'y = Cay(F;,S); with S; = {(z,y) € F>:
N(z,y) € O} and Sy = {(x,y) € F2 : N(z,y) ¢ O,}; since N(x) = 0 if and only if
x=0.

Similar to the proof of the Corollary (i), it can be deduced that I'y and I'y are
isomorphic. Moreover, I' = I'“ (since S, = F>\ (S; U{0}) by Proposition , and
|S1| = |S2| (to be seen in next Lemmas).

Thus I'} = &, is self-complementary for ¢ = 3 (mod 4), and hence we shall only
consider the graph I' =T'; = Cay(IFz, S with §® = S,. We have the following.

Lemma 4.11 Let &, be the integral distance graph with ¢ = 3 (mod 4). Then

¢ —1

deg &9, = 5
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Proof. Put k = deg &, 4; i.e., the degree of each vertex of &, .
By Theorem , ®,,, is isomorphic to Cay(F?, S@) where S® = {s € F?: N(s) €

O,; s # 0} a connecting set. Since k = ISP, it is sufficient to determine the value

of |S@).
It is obvious that N(s) =0 < s =0 for ¢ =3 (mod 4), and hence

S® = {seF2: N(s) e O:}.

Let S\ = {s €F2: N(s) =1} = N~ '(1). By Lemma [2.22, we have that

\S?)\ =|N'(1)=¢+1forg=3 (mod 4).

If N(s) =1, then N(As) = A\* -1 =\ A #0.
Let S = {As € F2: N(As) = A%, A # 0}. Then

AR B
£
+ g 11

In our case, since ¢ = 3 (mod 4), then ¢> =1 (mod 4) and ]Fi = F 2 is a field. Thus

freiicla)]
= e

L (58

-1
D)

]

Since Fg is isomorphic to Fp for ¢ = 3 (mod 4), we shall consider the elements of
F,2 as vertices of &, ,. Because of the vertex-transitivity of &, ,, we shall focus on
the neighbors of the vertex 0 of F,2 as we did for ¢ =1 (mod 4).
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Lemma 4.12 Let a € Fpe be the neighbor of the verter 0 € Fp in &y4, ¢ = 3
(mod 4).

Then the number of vertices adjacent to both 0 and a is

Proof. Let s € Fp2 be a common neighbour to the two adjacent vertices 0 and a of
&2, as shown in the triangle below.

0 a

We have s = a + s, where a, s,s" € &) = Lz

Put a = o?, s = 27, and s = ¢*; &® # 0, 4> £ 0, and 4> # 0. Then s = a + 5" implies
that y* = o + 2? (a? fixed).

Let Ape = {3° :y* = o +2%; 42 #0; o #0; 2* # 0} so that [A,2| = A

Then

e .

ERAL TN W

Let t = y+ a. Then we have t ! = M.
x x
Thus 5
e (4.44)
T
and 5
t—tt =2 (4.45)
z

Equation (4.45)) implies that

2a 20t

=% (t #0;t* # 1 since 2% # 0;a* # 0).

Tr=
t—t=1 2
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In addition, Equation (4.44)) implies that
x

5 (t+t1)

y:

= a(l+2(t* = 1)7); 2 # £1 since y* # 0,a* # 0.

Let B={i:p' =a(l+2(*—1)""); * #0; t* # £1}.
Then
|Bl = la(l+ 2002)] =2
=12
el
2

2

Thus
1
At

Bl

Hence we now have that
A = |Ag|
= |{g*:y’ =’ +2% ¥ #£0,0° #0,2° # 0}
= |3 L=l tREIN ki AR BL 1},
Therefore
1
A= —|B|
2

_1q2—5
2 2
_ 5

W
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Lemma 4.13 Let b € Fp be a non-adjacent vertexr to 0 in &,4, ¢ = 3 (mod 4).
Then the number of common neighbours to 0 and a in &y, is

Proof. Let a,s € Fp2 be common neighbours to both 0 and b as shown in the diagram
below.

a

We have b = a + 5" and's =b+s" =a+s"+s", where a,s,s",s" € O07;.

Let a = o2, s = B2, " = 2%, and s = 9% with o®* # 0, 5% #0, 2> # 0, and y* # 0.
Then s = a + s’ + s” implies that y* = o® + 82 + 2%, o + 52 ¢ [ (a?, 3? fixed).
II::Z;::lziz; {? - v* = i+ B =% |6F, BA R, P E Oz o + 3% ¢ ;2 } so that
Then y? = o? + 8% + 2*%if and only if y* —2®> =+ 3> ¢ 0.

Let B={y*:9*#0; * # o’} andC:{yZ:yQ—xzeDZz; y* #0; 2 # 0},
Then B = {y? € O%; y* # o?}.

(12 )

Therefore
Bl = |Dg| =1
2
-1
_ 4 —1
2
_ -3
=5
Since y* — 2% € 072, we have y* — 22 = ~4* for some v € [F,.. Hence y* =~* + 2% and
2
-5
so C has a one-to-one correspondence with the set A,z for . Thus |C| =\ = a T
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In this case, A2 g2y = {y?:y? —2* ¢ Ore; y* #0; 22 # 0} = B\ C; and thus

N:|Aa2,ﬂ2|

=[B\ C|

= [B| = |C]

-3 ¢#-5

T2

2P —6—-¢*+5
I .

Hence

Combining all the results obtained in this section, we have the following.
Theorem 4.14 The graph &, , is strongly reqular with parameters

(U, k, )\, M) — (q2’ (q - 1)2(61 i 3)’ (q -+ 1§q 4 3)

forq =1 (mod 4); and

_3’

(q+1)(q+3))
4

2 2 2
g5 lag Fd il
A M & —1
<U7 ) JILL) (q7 2 b 4 b 4 )

for ¢ =3 (mod 4).

Proof. In both cases, we have F; as vertex set whose size is ¢*. Thus v = |V/(B,,)| =
|IF3| = ¢*. For the remaining parameters k, \, and p we have two different cases:

For ¢ =1 (mod 4), the result follows from Theorem 4.9 and by the isomorphism of
the Cayley graph I' = Cay(IFg, S) defined in Chapter (3| with &5,, ¢ =1 (mod 4), by
the switch to hyperbolic coordinates.

On the other hand, if ¢ = 3 (mod 4), then the result follows from Lemma m
Lemma [£.12] and Lemma [4.13 O

Hence we shall conclude that the graph of integral distances &, , is a strongly regular
graph. Next, we consider the case of dimension m > 2.

74

http://etd.uwc.ac.za/



4.2 The graphs &,,, for m > 2

In this section, we study the properties of &,, , for m > 2. We shall prove that the
graph &, , is a strongly regular graph if and only if m =0 (mod 2).

We will first look at the valency (or degree) of &,,,. Denote the degree of &,,, by
D(m,q).

We first consider m = 3. For completeness, we determine the degree of the integral
distance graph for this case in the following.

Lemma 4.15 The degree of B3, is given by
q+2)(g+1
PPNCERIICRS)

D(3,q) = 2
R EEE

ifg=1 (mod 4);

) if-¢=3. (mod 4).

Proof. 1t suffices to determine the number of vectors (a,3,v) # 0 such that o® +
B2+4% € Ug; Lee., o + BT A2 =% for some v € L

If v =0, we have o® + 3% = —~? and we obtain ¢*> — 1 vectors.

If v # 0, we have o” + 3% = v* — 3%, As we have ) cases for v and ¢ for v, we

—1
obtain (q_) q cases for v # 0.
q
We therefore obtain
D(3,q) = |5

=¢—1+(¢—-1) —>q

1)

http://etd.uwc.ac.za/



for g =1 (mod 4); and

D(3,q) = |9]
=¢ —1+(¢+1) (%)q
— (- a+1) (1+1)
:(q_l)(q+1)2(q+2)
for ¢ = 3 (mod 4). O

To determine the degree D(m,q) of the integral distance graph ®,,, in arbitrary
dimension m, we shall use the obtained values of Z(m,q), S(m,q), and N(m,q)
from Theorem in Chapter [

Since &,, , = Cay(F,", S(m)), so that its degree equal the size of the Cayley set S™
defined in Chapter (3 as the set of all non-zero vectors s € F," with N(s) € [, it
follows that

DG R T T Ay = (4.46)

Now we have the following result about D(m, q) with our own proof for the sake of
completeness.

Lemma 4.16 Let-m > 1 be arbitrary.
The degree D, 4 of the integral distance: graph &y, for ¢ =1 (mod 4) is given by

1 ik, | med
_(qrn_i_qul_'_q Jl_q 21>—1 formodd;
D(m, q) - 1 m m—2 .

5 (qm + qu + qj —q 2 ) —1 fO?” m even,

and for ¢ =3 (mod 4),

’ 3 (qm +¢" "+ (—q)

[

m—1

- (—q)T> — 1 for m odd,

3

+

" ‘

I3

+ (—q)mTfQ) —1  for m even.

Proof. Using the results from Theorem in Equation (4.46]), we obtain the fol-
lowing.
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1 m m— mtl m=1 m—
D(m,q)—§(q " +q —q2)+q -1
1 1 -1 1 m+1 ]_ m—1 1
— —m _ — m - = m 1
2(] 29 +2q 2 2q 2 +q
Thus .
D(m,q)=§(qm+qm1+q%—q%l>—l
(ii) ¢ = 3 (mod 4):
1 m m— m+1 m—1 m—
D(m,Q)—§<q — " = (=q) > —(—q) > >+q -1
1 1, 1 L et
— _—,m _ . m i S m -1
5L amag 2( q) 2 (=9) T +4q
Thus 1
m m m+1 m—1
D(m, q) =5 ("¢ = 0™ = (") - 1
(b) m even:

1 5 -
D(m,q) = 5 (qm—qul—qfwtq 22) Fmt g g —1
_1m 1m_1 1%_}'1 m2—2+ml+2 m2—2 1
= 5" 3 ] 54 q q:—q
Thus 1
D(m,q) = 3 (q”“r Pe oty 2 —quﬂ =1
(ii) ¢ = 3 (mod 4)
1 _ m m—2 m— m m—2
D(m,g) =5 (¢" = 0" = (0% = (~0)"F ) +¢" " + (~0)% + (~0) "
= 0 g ) )T T () 4 ()
Thus .
D(m,q) = 5 (4" + "+ ()% +(~9) "7 ) =1

7
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For completeness with strongly regular graphs in mind, we give the proof of the
following result in order to determine the number of common neighbors to adjacent
vertices by our own computations.

Theorem 4.17 If X = A(m,q) is the number of neighbors of 0 and eV =
(1,0,--+,0) in F" \ {0,eWY; then for m > 1 we have

(m=1)(g=1) m=3
4

¢" g+ 1)+ (1) gz (3¢>—2¢—1)

Al ) 1 — 2  for m odd;
m,q) = 9 m(G=1) m-2
m= 1)2 +2(—1 -1
¢" g+ 1)+ (4) ¢ (-1 for m even.
Proof. Clearly, we have A(1,q) = ¢—2. For m > 1, we count the number of solutions
(x1,xa, - ,xy) of the system of equations
@] + Z P — (4.47)
=2
(1 —1)* + fo == (4.48)
=2
Substracting Equation (4.48]) from Equation ([4.47]), we obtain
2 2
— 1
2m1—1:a2—[)’2<:>.7;1:a§+.

Hence Equation (4.47) becomes

m /Pl 1) 1 2
Zx?:a2—<%> = B b
=2

Let a, be the number of (a?, %) resulting in 7 = v.

1\ 2
Then Z a, = (%) . Denote by by,,, the number of vectors (za,---,z,,) €

velF,

F™ ! with Zx? = v. Then we have

q
=2

A(m,q) = Z b, — 2.

velF,
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Since A(1,q) = g — 2, we have by, =0 for v # 0 and ag = q.
If v, € O; or v, ¢ Oy, then by, = by -

Let ay = Zay and a_ = Zay.

vell? v,

¢ -

1
If we use the results for A(2,q); i.e., A = A(2,q) = — 1 for ¢ = 3 (mod 4),

(g+1)(g+3)

and A = A(2,q) = 1 — 3 for ¢ =1 (mod 4); then
A2,q)=ap-14+ay-24+a_-0—-2
:a/0+2a+—2.
(i) ¢ =3 (mod 4):
2_1 2_5
q4 C 1 = T D e g
2 2
¢ —5—4q+8 g —49+3
—— -
iv 1 1
H LD (gH 3
éa+:(q )@ T3)
8
(ii)) ¢ =1 (mod 4):
1 3 24+49-9
21 49—-9—4qg+8
Sy i i q+
2
¢ =1 _(¢=D@+1)
&ay = = .
TR 8

To find a_, we have

Za,,:ag+ZaV—|—Za,,:ag+a++a_.

velfy velly v¢y
Then ) )
qg+1 q+1
o =q+arta_<sa_ = 5 — a4 —q.
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(i) ¢ =3 (mod 4):
oo () e

2 8
_2q2+4q+2—8q—q2+4q—3
B 8
_ -1
-8
IR VES)

8

(ii)) ¢ =1 (mod 4):

- () ()

2054t 2 =8¢ =g>+1

8
S
i 8
_@rve-3
3 .
2 «
As by o=Z(m—1,q), by = TlS(m —1,q) for v € 007, and
2
by = q——lN(m —1,q) forw ¢ 0,; then
A= A(m,q)
= Zaubm,u_2
velF,
2 2
= agbmo + ay - _18(m—17q)—|—a,'Tl./\f(m—l,q)—2
:aOZ(m—l,q)+a+q_lS(m—l,q)—i—a_q_1./\f(m—1,q)—2.
(a) m even (m — 1 odd):
(i) ¢g=1 (mod 4):
1 m m—2
bmo = Z(m—1,9) =" S(m—1,9) = 5 (qm‘l ¢" g - qT),
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1 m m—2
and N'(m —1,q) = 5 (qm‘l —q" P —q2 + qT)
Then
B —1)(g+1) 2 1 B B m m—2
A=g¢- m—2 (q . __(ml_ m—2 2 — 2)
q-q" "+ < 1 2\ "+ —q
(q_ 1)((]—3) 2 1 ( -1 _9 m M)
. . m _ m _ _2
+ 3 —1 2\ q q2 +q 2
B 4qm—1_‘_qm_2qm—1+qm—2+2q%_2qu’2 )
= . .
Thus ,
m—2 12 27”; -1
N Amyg = L a7 H20 a1

(ii) ¢ = 3 (mod 4):

1 m m—2
bmo = Z(m—1,2) = " S =L@ =5 (¢ =" =0 * - (—0)"T");
1 = m— m m—=2
and/\/(m—l,q)=§<qm I T T ULt T T 7 )
Then
_ . ,m—2 (q_1)<q_3) 2 .1<m—1_ m=2 |/ \NT _ (_ mT_Q
r=ggn LS (i - )® - ()
(g—D(g+1) 2 1( i = n M)
E oI m Tt m S _ _2
+ S rERTH NN et (50 2+ (—q) 2
_ (4T gm -2 1 gn 2D 2D
- y ,
Thus ,
m2(g4+1)2+2(-1)2q¢"7 (¢—1
A= A(m,q) = & (a+1)°+2(-1)>¢ 7 (¢—-1)

4

-1
For ¢ = 1 (mod 4); ¢ — 1 = 0 (mod 4) if and only if a 5 0 (mod 2), and
(-1)=T =1.

-1

—1 4
For ¢ =3 (mod 4), ¢ — 1 =2 (mod 4); i.e., qT =1 (mod 2) and (—-1) 2z = —1.

m(g—1) m-—2

" g+ 1) +2(-1)" 7 gz (¢g—1)
4

- 2.

Therefore A = A(m, q) =
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(b) m odd (m — 1 even):
(i) g=1 (mod 4):
bmo = Z(m —1,q) =¢" 7 +¢"% "7 ;

LS
N

1 _ m— m—1 m—3
S(m—l,Q)zé(qml—q g > +q2);

1 m—1 m—2 m-1 m-3
and/\/’(m—l,q):§<q q —q 2 +q2>
Then

A= A(m,q)

-3

— (" 2+ ¢"7 +¢"7)
g—D(g+1) 2 1/, .
( )( ) —(q L g™ 2

_|_

8 .q—1‘2
£ = = == 2
+ g e q q
_ 4q™T + 4975 — 4g®F g — gl 42— qm;l T
N 4

Thus

g+ 1) +gTT 37 — 29+ 1)

A= A(m,q) =
(ii) ¢ =3 (mod 4):
bm,() = Z(m - 1aQ) - qm—Q o+ (—Q)mg;l H (—q)Tv

and N(m —1,q) =
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(g — 12((1_ 3) _ ; E : % <q’m—1 g2 (_q)m;1 _ (_q)mT_B>
(¢—Dg+1) 2 % (Qm—l " (—q)"T = (—q)"T ) =2

Thus

Hence

= (m=1)(¢g—=1) m=3
AT e B - 20-1)

A=A(m,q) = 1

]

Therefore, for dimension m = 3, again by the same process as above, we have for
completeness

qlg + 1) 4 (=1)?¢°(3¢* =2¢ = 1)

A(3>C.I>: 4 i
@+ 2¢° Mg 3¢ 4 2¢°- 1018
B 4
54542 —q—9
ZQ+q4 d forg=1 (mod 4)
and
1)% + (~1)¢°(3¢> — 2¢ — 1
A(&q):q(qﬂL)Jr( lq(q ¢—1)
P H2+q—-3¢+2¢+1-38
N 4
¢ —¢+3¢—7

= 1 forq=3 (mod 4).
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Again with our own calculations, we use the above results and Theorem to
determine the number of common neighbors to non-adjacent vertices in the following
for completeness. This is done in order to check the strong regularity in all dimensions
for each case of q.

Lemma 4.18 For odd dimension m > 3, the graph of integral distances &,, ,
18 not a strongly reqular graph.

Proof. We prove by contradiction. Let us assume that &,, , is strongly regular. Then
there exists the corresponding parameters (v, k, A, ) with v = ¢™, k = D(m, ¢), and
A= A(m,q).

For a strongly regular graph we have from Theorem the identity
(v—k—Dpu=*kk—-X-1).
Using Lemma [4.16| and Theorem {4.17}, we can use this identity to determine p.

For ¢ =1 (mod 4) and m odd, we have

1 m m—
k:D(m,q):§<qm+qm_1+q 2+1—q 21)—1;and
m—2 2 ey 2
" *(q+1)° + a2 Baf|1 2955 11)
A=A(m,q) = =2
(m, q) i
1 m m—1 m+1 m—1
k—)\—lzé(q R Ega2 —q2)—1
m—2 1)2 e—dal2 A
. ol o e i € a2 s AP
4
m m—2 m+l m—3
i et e e i bl
m=3 m—1
_ ¢ (a=Dg+D(g= =1
1 )
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m—3 m— _ m+1 m—1
" g =D+ D@ T =) (et g =gt ) 2]
k(k—XA—1) = :
m 1 m m—1 1 -
v—k-1=gq —§<q " g —q >+1—1
e e e S S
B 2
qm qm_l—quH—quTil

Thus
m+1 m—1
k(k—\—1) (q+1)(qm+qm‘1+q 2 —q 2 —2)
b Tk e 4q '

For ¢ =3 (mod 4) and m odd, we obtain:

1/,., ¥ mt1 m-1
k’ZD(m,q)=§(q IR S ) E )—Land
A= A(m.g) =1 (g+1)" +( )42Q2(3q qar U,

2—1
1 +
m+1 m=1 m—3
o (g™ T (C)
2
_ qm — qm_2 — (—1)mT_lq% + (—1)7_1qu_3
4
o= D+ 1) ("7 - (-)*T)
B 4
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F(e—r—1) = L7 a= Vet (g™ —(=1)™ )(g’" " () - (9T —2)
”_k_lzqm—%(qurqml—(—Q)f—(—q)m?l)+1—1
e I N (/) b el N (7 b
2
T Ma=D) - ()" (1) g
2
T g— )" —(-))
2
Thus
k(k—Xx—1) (@+1) (qm +gm — (—) — (—)"T — 2)

= g5 .

v—k—1 4q

As for odd m > 3, the denominator of y is divisible by ¢, and the numerator is not
divisible by ¢, the graph of integral distances &,, , is not a strongly regular graph in
these cases.

If the same computations are done for m = 0 (mod 2), then for ¢ = 1 (mod 4) we
get

1 m m—
kZD(m,q):§(qm+qm‘1+q7—q 22)—1; and
m—2 12 QL’Q | ]
A= A(m.q) =2 (qu)Zqz(q By,
1 m m—1 m pair s
k—>\—1:§<q +q¢"  +q2 —q? )—1
m—2 12 2mT_2 -1
4 (q+)zq =1 ,
_ qm_qm—2 _ qm—Q(q_ 1)<q+1)
4 4 )
m=2(, _ 1 1) (g™ m—1 m L*Q_Q
k(= A—1) = 2 (¢—1(g+1)(q gq +qz: —q > —2)
¢" (¢ =g+ D(q* —1)(¢% +¢"F +2)

8
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Thus

In addition, for ¢ =3 (mod 4) we obtain

1 _
kZD(m,q)=§ (qm+qm "+ (—q)

n +2-1
_ I e A D D
4 4
m=2(q _ 1 1 m m—1 N T |1 A= -9
bk —A—1) =& (¢ 2 {g1)g +q8 (=) 4(g) 2 )
_ " Plar D@t gl (=D 7 e = 2(-1)" + ¢ - (-1)Fg" T
8
_ " e +D(eE — (- 1F)(¢F +aE +2(-1)F)
: .
1 m -
v—k—lzqm—§(qm+qm‘1+(—Q)5+(—Q)TQ) +1-1
2" =" =" ()% + (“1)Eg
2
_a7 (¢ —(=D*)(g—1)
2
Thus
k(k—A—1) g2 (¢+1) (q2 +q > +2(—1)7)
a v—k—1 4 '
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Hence in both cases, we have u € N for even dimension m. Therefore the graph &,, ,
could be strongly regular for even dimension m, and indeed, this is the conjecture
from to be proved. ]

At the core of the proof of the conjecture is the following result.

Theorem 4.19 If B(m,q) denotes the number of common neighbors of 0 and an
element v with (v,v) =0 in F" \ {0, v}, then for m > 2 we have

A(m, q) for m even,

g—1)(m—1 m—3 2 _ 1
A(m, q) — (—1)< i )qT (q 1 ) for m odd.

B(m,q) =

For even dimension m, the graph of integral distances &,,, is a strongly regular
graph.

Proof. Without loss of generality, let x = (21,22, ,2,,) and v = (1,w,0,--- ,0),
with w? = —1 and (v, v) = 0. Here, ¢ = 1 (mod 4). x is adjacent to 0 and v if

Titai 4} ol = o (4.49)
i=3
- fo = 3% (4.50)
i=3
a2 _ 62
Substracting Equation (4.50) from Equation (4.49) implies x1 + wxy = 5 We
have different cases for a2 and
(a) a* = B> =0:
We have
vy + Y al = 0; (4.51)
i=3
T +wry = 0. (4.52)
From Equation (4.52]), we obtain wxry = —x; and thus xo = wx;.

Equation (4.51)) implies that 27 + w?z] + Z x7 = 0 and hence Z xi = 0.
i=3 i=3
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If we take x; = v; with ¢ = 3,--- ,m and x; = a, we have the solutions of the form
m

(@,wa, 73, -+, 9m) With 5, = 0; (a,%) # (0,0); (1,0); and thus ¢Z(m — 2,q) — 2
i=3
solutions, where Z(m — 2, q) is one of the three functions defined in Section

(b) o® #0, B2 =0:
We have

T3+ 12+ Z v = o (4.53)
(1 =1+ (22 —w)+ > 2} = 0. (4.54)

Again, substracting Equation (4.54]) from Equation (4.53) implies that

211 + 2wy = o and therefore

From Equation (4.53)), we get

2
$§+w2<——x1> +Zw —= :xl (Z—Q—m1+$)+2x =a?
4

& 2 piE 2
:>—Z"+Oél‘1+2l’i—a.
1=

Put z; =;, i =3,--- ,m. Then

1 1§m 2+a2 d a2+1§m 2 1] (a*#£0)
= - — Tt — Jand o= —w | — + — C— o :
O‘Zl-:g% 4 2 4  ?4 i

-1
This gives rise to solutions of the form (z1, 9,73, -+ ,7m) and thus g2 <QT>

solutions.

(c) a® =0, 5% #0:
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We have

v+ Y 4 = 0; (4.55)
(21— 1)+ (m2—w)*+ > a? = B (4.56)
=3

Substracting Equation (4.56) from Equation (4.55)), we get 2z, + 2w9w = —/3% and
2

thuS$2:w(%—|—x1).
Equation (4.55)) implies
3 ’ gt B
xf+w( + 1 +Zx —O:>9c1 T 2—r1+x1 +Zx =0

O — >

1 «— 2
Put x; = 7;. Then, 2 = @;%2 = %—;
and
/62 1 m 5 /82
Ty =w (7+@;% =l
1 & 2 62 2
—1
In this case, we obtain solutions in the similar form as in (b) and thus g2 <_q 5 >
of them.
(d) a # 0, 8 # 0: We consider the two following sub-cases:
(i) o = B* # 0.
The system becomes
r]+ 15+ Zaz? = o (4.57)
1 +wre = 0. (4.58)
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From Equation (4.58]), we get wre = —z1 and thus zs = wz;.
m m
Equation (#.57) implies 23 + w?z] + fo = o and hence Z T =a’.
i=3 =3
Putz; =y anda=x,1=3,--- ,m.

We have the solutions of the form (a,wa, s, - ,7m,) with Z%Z =o?

i=3
(a® # 0) and thus ¢S(m — 2, q) solutions.
(i) 0 # a2 # B2 £ 0.
The system becomes
T3 + 75 + Z = O (4.59)
i=3
S0
CT e ST —— - 5 ﬁ - (460)
sz ot ﬁQ
Equation implies that ro = —w ( 5 = xl) .

In addition, Equation (4.59)) implies that

2 2 O‘2_52 2 - 2 -~
rrt+w ( 5 —xl) +Z$i:a;

and hence

042—52 2 042—52 m
xf—( 5 ) +2< 5 )xl—x%qLiz:;x?:oﬂ.

, a? 1 o, a2 p?
Putxi:fyi,z:3,~-,m.Wegetx1:a2_52—a2_52;%+ 1

In addition, we get

2 _ Q2
l'QZ—W(a B —xl)
2

a? — 32 o2 1 m )
:—w< 4 _042—52—'_042—52;%
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1 _
(0 # a? # % # 0); and thus ¢ > (q 5 ) (q 5 3) solutions.

Summing all results, we obtain

s (55 st e (552 (55)

— 2.

Since we are dealing with ¢ = 1 (mod 4) for w* = —1, w € F,, we get in the following
sub-cases of m:

(1) m even (m — 2 even):

Z(m—2,q)=¢"*+¢"T —¢" ;and
1 _ m—2 m—2 m—4
S(m—2,Q)=§<q’”2—q gz +q2)-

m— m— - 1
B(m,q) =q (q’"’3 +q¢ K qT4) +q™ <q—2—>

1 15 15 m—2 m—4> = q_ ]- q_3
R m i m = T T m _2
+q 2(6] q q 2?2 +q 2 119 5 5

AP - 144+2¢-2) 4 2¢% - 208 5
B 4

m—2 1)? QM —
_ ¢+ 1) Z L e il = 1 (mod 4).

(2) m odd (m — 2 odd):
We have Z(m — 2,q) = ¢™*; and

1 m— m— m—1 m—3
S(m—2,Q)=§(q A N —qz).
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Then

m— m— q_l 1 m— m— m—1 m=3
B(m,q) =q-¢™*+2g 2(T>+q-§(q PP g —q2>

() (%50) -2

24+ 4g— A4 —Ag+ 3420 —2) + 2" —2¢"T

_ —2
4
AP A2+ 1)+ g7 (27 —2g) 5
B 4
"+ 1)+ ¢ B - P -2 -1+ 1) .
B 4
"2 g+ 1) 4+ ¢ T (342 — 29 — 1) m=3 (q2—1)
- i —2—q 2 1 .

q—1)(m—1 m— v BT 1
Therefore B(m, q) = A(m, q)—(—l)( g )qT3 (QT> sinceq =1 (mod 4). O

We remark by [32] Lemma 3.19] that B(m, ¢) is well defined.

The main result is therefore in the following terms.

Theorem 4.20 Let I''= Cay(F*, SUY be the integral distance graph with m = 0
(mod 2), ¢ =1 (mod 4). Then T is strongly regular.
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Chapter 5

Automorphism groups of the
constituent graphs of integral
distances graphs

In this chapter, we determine the automorphism groups of the basic constituent
graphs of integral distance graphs. Since it was shown that they are all Cayley
graphs on F* under addition, it is enough for the determination of those groups to
calculate the stabilizer subgroups of a chosen vertex. In our case, the 0 vector is
convenient.

The case of dimension m > 2 has been studied in [32], so we restrict our attention
to the case of dimension m = 2.

As with all combinatorial structures, the question of the automorphisms of integral
point sets arises. In this case, they are two natural ways to define an automorphism:

Definition 5.1 An integral automorphism of the affine plane IFE is a permutation o
of Iﬁ‘g which preserves the integral distances; i.e., for all x,y € Fz,
Nx-y) e, < N —y?) e O,

If additionally the permutation ¢ is an element of the affine semi-linear group
AT'Ly(F,), then o is called an affine integral automorphism.

We adopt the notation used in [21] to denote the group of all integral automor-
phisms by Aut(IE‘g). The group of all affine integral automorphisms will be denoted
by AffAut(IE‘g).
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Aut(IFg) is exactly the automorphism group of the graph of integral distances &, .
It is clear that AffAut(F?) is a subgroup of Aut(F?) [21].

Recall that, if ¢ is even, then any two points are at integral distance. Hence
Aut(F?) = Spz and AffAut(F?) = ATLy(FF,). So, again as in the previous chapters,
we shall only consider the case where ¢ is odd.

Now we have the following characterisation of the affine integral automorphisms of
F2,
q

Theorem 5.1 [21,29] Let q ¢ {5,9}. Then AffAut(F>) written as mappings F; —
Fz, 15 generated by

(1) the translations Ay : X — x +u for allu € F;
(2) the reflexion R : (x1,z2) — (Tay1);

a

(3) the spiral collineations M : (w1, x9) — (@1, x2) ( ¥

2 ) for a,b € F, with
a’ +b* € O, and,

(4) The Frobenius automorphisms o : (1, x9) — (2f, 28), with p the characteristic

of F,.

In [29], it has been shown that no other permutation of Fg than those mentioned
above is an affine integral automorphism of IF(QI

From them, we easily deduce the order of AffAut(F}) in the following.

Corollary 5.2

¢(q—1)°r ifg=1 (mod4);q¢ {5,9};

AfFAUt(F2)| = ,
! g+ 1)(g—1r ifg=3 (mod4).

Proof. This follows immediately from Theorems and O

Now we consider the case where ¢ =3 (mod 4) in the following result to determine
the order of Aut(F?) for it.

Theorem 5.3 Let g =3 (mod 4). Aut(Fg) is isomorphic to the automorphism group
of the Paley graph P(q?).
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Proof. To see that Aut(IFg) >~ Aut P(q?), identify first the set ]Fg with the extension
field F,[i], where i* = —1 (notice that —1 ¢ [J, in F, as ¢ = 3 (mod 4)); and by
Corollary we have N(z —y) = (z — y)?™.

As the mapping x — 27" maps exactly the square elements of F,[i] onto the square
elements of I, the required isomorphism follows. O

Recall that, given an arbitrary prime power ¢’ = p°® such that ¢ = 1 (mod 4), the
Paley graph P(q’) has vertex set Fy, and for distinct x,y € Fy, z ~ y if and only if
x —y € Uy by Definition The group Aut P(q’) was completely determined by
Carlitz in [S] where it was proved that

Aut P(q/):{xl—wwpk—l—b:aeDq/,a#o,bEFq/,kE{O,1,~~ ,s—1}} (5.1)

With the above results, we shall state the following result.

Proposition 5.4 ,, Let T be the integral distance graph over Fg, q=p", p
prime, with ¢ = 3 (mod 4). Then |Aut I'| = ¢*(¢° — 1)r.

Proof. This follows immediately from Theorem and Equation (5.1)). ]

According to the following theorem, to which we give our own proof for completeness,
we have to look at the isomorphism between AffAut(F;) and Aut(F2) in many cases
of q.

Theorem 5.5 If either ¢ = 3 (mod 4) or q =5, q prime, then Aut(]Fg) =
AffAut(IFg).

Proof. (1) Let ¢ =3 (mod 4). Since ¢> = 1 (mod 4) and the corresponding integral
distance graph is isomorphic to the Paley graph P(¢*) by Theorem , the result
follows immediately from Equation ({5.1]), Corollary and Proposition .

(2) For the case ¢ = 1 (mod 4), the result also follows from Corollary [5.2]since ¢ = p;
i.e., 7 = 1. For the rest, refer to [21, Theorem 9). O

In the remaining case, ¢ = 1 (mod 4), we consider the following permutations of F 3.
These automorphisms have already been defined in [26].

)\(a,b) : (561,.%2) — (l’l +a,r1 + b), Cl,b S Fq,

R: (x1,29) —> (19, 71),
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M 2 (21, 22) — (az1,a33), a € Fy,
M, : (x1,22) — (ax1,a”'x3), a € F,

Ay : (11, 20) — (2}, x9), and Ay @ (21, 22) — (21, 25).

Let F' be the group generated by the permutations of Fz defined above. We shall
show that F'is a subgroup of Aut I';, where I'; = Cay(IFg, S:), i =1,2,3, with S; and
S5 the base subsets of Iﬁ‘g defined in Chapter ; and Sz the complement of S U {0}
in IFZ, S =5US;.

Moreover, it will be shown that F in its action on V(I';), i = 1,2,3, is primitive.
That is, Aut I';, i = 1, 2, 3, is therefore primitive.

We first show that F' is a subgroup of Aut I';, i = 1,2, 3.

Lemma 5.6 Let S;, i = 1,2, 3, be the sets defined as in Equations (3.1)), (3.2)), (3.3)
respectively Let I'; = Cay(Fz, Si); 1 =1,2,3, be their corresponding Cayley graphs as
defined in Chapter [3. Then Aut T';-contains-F-as-a-subgroup for each i = 1,2, 3.

Proof. First, it is obvious that Ay and R are permutations of V(I';), i =1,2,3.

By Pigeonhole’s Principle, it is enough to show that M and A;, i = 1,2, are one-
to-one.

Now:

() My (1, 72) = M, (14, 92) = (a1, a%) = (a1, ayz) == (21, 22) = (Y1, Y2)-

(ii) M (21, 29) = M (y1,92) == (aw1;a 'w2) = (ayr, a 'ya). This implies that
ar; = ay, and a 'zy = a y,. Thus (21, 22) = (y1, 1)

(iii) For A;(x1,22) = A1(y1, ¥2), we have (2f, 5) = A1 (94, y2) if and only if (z1, 25) =
(y1,y2). Similarly, As(xy,22) = As(yr,y2) if and only if (1, 29) = (y1, y2).

Thus every element of F' is a permutation of Fg.

For adjacency, A, are left translations. Hence by Theorem , they are automor-
phisms of T'.

Since R, M;E,AZ-, 1 = 1,2, stabilize 0, it is enough to show that the image of x :=
(x1,22) by the above permutation is also an element of S;, i = 1,2, 3.

Clearly, (z,y) € S; if and only if (y,z) € S;, for each i = 1,2, 3.
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For any (z,y) € S;, i = 1,2; i.e., zy € O,, we have that
N%(az,ay) = a*wy;
N?(ax,a™ty) = xy;
NO(zP,y) =
N?(z,y?) = zy? = vy -y*~' € O, since p is odd.

= 2Py = 2P . 2y € [, since pis odd;

Similar arguments hold as the latter are also valid for (z,y) € Ss; ie., zy ¢ O,.
Hence R, M, and A;, i = 1,2, are automorphisms of I';, i = 1,2, 3. Therefore F is
a subgroup of Aut I';. ]

Let A be the subgroup of F' generated by all translations A with a,b € F,. For
the sake of completeness, we show that the following properties of F' hold.

Lemma 5.7 With notation as above we have the following:

(i) A is normal in F.

(i) || = (alg — 1)r)*

(iii) The stabilizer Fy has orbits Sq = {0}, S1, Sa, and S3; where S = (F;,0)U(0,F;),

Sy =A{(z1,22) €F; - mywy € 3}, and S5 = F; \ (So U S1USs). In particular, F has
rank 4.

(iv) F is primitive.

Proof. (i) We show that A < F.

It is sufficient to show that the subgroups (R), (M), and (4;), i = 1,2, normalize
A= (Aap); a,belFy.

It is easily shown that R = R™", (M) =M, and (M, )" =M_,.
In addition, it can be shown that (z,y)* = (2 ,y) and (z,9)* = (z,y" )

. r—1
since x = 29 = 2P - z*

Now we compute the conjugates of A\, by R, MZF, and A;, i = 1,2. We have

1) (z ,y)R Mool = (24 b,y + a); Lo, B AR = Apa.

(2) (2, y) M) MM — (2 4 ca,y + cb); e, (M) Ay M = Acach)-

(3) (z,y)™M TAanMe = = (z +ca,y+ ¢ b); e, (M) Nany Mo = Neae10)-
(4) (l’,y)A K (an)A1 — (CE + ap,y + b), ie., Al_l)\(a,b)Al = )\(ap’b).
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Similar to (4), it is easily shown that A;lA(ajb)AQ = A(a,pp)-
Hence (R), (MZ*), and (A;), i = 1,2, normalize A, and therefore A is normal in F.

(ii) To calculate the order of F', we first compute the orders of subgroups A, (R),
(MZF), and (A;), i = 1,2. Finally, we show that F is isomorphic to the direct product
of them.

Obviously, the group A is isomorphic to the additive group IF(QI and thus |A| = ¢*
Clearly, (R) is isomorphic to the symmetric group Spy. Thus [(R)| = 2.

Let us consider the group (M=) = (M}, M, ), a,b € [F;. This is the group generated
by the permutations of the form

MM, : (x,y) — (:v,y)M‘ij_ = (bax, b ay)., a # b;

MM (2,y) — (2,9)Me M = (baz,ba™'y)., a # b; and

MEM : (2,y) — (2,9)" M =(a2,),

Clearly, (M}, M, ) = (M7, M,") since b~'a-and ba~* run through all elements of

TN TR 2
(gl .4 = (2= ) Also, the order of

2 2
1 - - + (¢ — 1)
. Summing up all of them, we obtain [(M)| = —

It is clear that the subgroups (4;), i = 1,2, are isomorphic to the groups of auto-

morphisms of F, called Frobenius automorphisms. Thus [(A;)| = r since ¢ = p".

It remains to show that I is isomorphic to the direct product of A, (R), (M), and
(A),i=1,2.

Put D= (R, MZ* A;,i =1,2) and C = (R, A;,i = 1,2).

Since A is normal in F' by (i), it is sufficient to show that (M) is normal in D;
(A;,i =1,2) is normal in C; and A; and Ay commute.

IFZ. The order of each one is

(MF MY is L&

a

Let us determine the conjugates of M by R and A;, i = 1,2; the conjugate of A,
i = 1,2 by R; and the conjugate of A; by A;, 4,5 =1,2 and i # j.

We have for all (z,y) € Fx:
(1) (2, 9)" MR = (az, ay) and (z,y)" Mo R = (a"'z, ay); which give

R'MR=M} and RF'"M;R= (M;)".

a

(2) (w,y)" M = (@ L, )M and (z,y)% M A2 = (z,aFPVy)Me

It follows that, (MZE) < D since (a?~ 'z, y), (z,a=® Vy) € F2.
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Additionally we have
(3) (z,y)® A = (2,4?) and (x,y)Az’_lAlA2 = (a”,y). This implies that

RilAlR = A2 and A51A1A2 = Al-

Similarly, we get R™'AyR = A; and A7 AxA; = As.

This shows that (A, Ay) is normal in C' = (R, A;, As) and A; is normal in (A, Ay),
i=1,2.

Thus we have A < F; (M*) <1 D; and (A1, Ay) = (A1) x (Ay) <1 C.

Hence F is isomorphic to A x (MF) x (A;) x (A3) x (R), and therefore

(q—1)

Fl=¢*-
|F|=q 5

r?-2= (g(q — D).

(iii) Since MZE, R, and A; i = 1,2, stabilize 0 = (0,0); we find that Fy =
(M* R A;i=1,2) = D.

Now we determine the orbits of F{ in Fz. Since (0,0) is an orbit of Fy, it is enough
to find all the other orbits.

Take the vectors (1,0) and (1,1) in F2. We have:
(1) (1,0)® = (0,1); (1,0)™ = (a,0); (1,0)*= = (0,a*"); and (1,0)2 = (1,0),
i=1,2and a € F.
2) (1,D)M = (a,a®): (LA (1), 5 =112 (DM M = (a2, a*)); and
(1, )M A2 — (g, ¢*7).
Since p+1 is even and the mapping a — a” is'a Frobenius automorphism, it follows
that

(1,0 = (F:,0)U (0,F;) = Sy and (1,1)" = {(z,y) € F2: 2y € 0%} = S,
Clearly, (1,a)™ = {(z,y) € ]Fg cxy ¢ 0,3 = S3 for some o ¢ O,. Hence Sy =
{(0,0)}, S1, Sa, and Ss are orbits of Fy. Therefore F' has rank 4.

(iv) We apply Theorem to F. This states that, F' is primitive if and only if
Graph(A) is connected for each non-diagonal orbital A of F. In our case, however,
Graph(A) = Cay(IF?I, S;), where S; is the orbit given in (iii) of Lemma|5.7and ¢ > 0.
To show that Cay(IFz, S;) is connected for i = 1,2, 3, it is sufficient to show that each
S; generates IFE.
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(1) Evidently, in S; = (F;,0) U (0, F}); if we take x = (z,0) and y = (0,y), =,y € [},
then

ax + by = (az,by) € F2 for all a,b € F,. Thus (S;) = F2.

(2) In So = {(z,y) € F2 : xy € 0.}, let x = (21, 72) and y = (y1,92) in Sy; i.e.,
129, Y12 € L.

Then for a,b € F,, ax + by = (ax1 + by, axs + bys).

Since the two components run over all elements of [F,, it follows that Sy generates

F2. Similarly, S3 = {(z,y) € F- : zy ¢ 0.} is also a generator of F-. Hence each
digraph Graph(A) is connected. Therefore F' is primitive. [

The orbits S;, i = 1,2,3, given in (iii) of Lemma are obviously the Cayley sets
in the constituent graphs I'; = Cay(IF?], S;). The latter graphs have been considered
in Chapters [3] and [4] as Cayley and strongly regular graphs. What follows next, is
to study the automorphism groups of each T';; i = 1,2,3, the main thrust of this
chapter. First we look at the automorphism group of I';.

5.1 The automorphism group of I'; = Cay(]Fg, S1).

In this section, we fully determine the automorphism group of I'y = Cay(Fg, S1) with
S1 = (F,0) U (0,F;) ={(21,22) € Fg \{(0,0)} : 2320 = 0}.
Let x := (x1,22) and y := (y1,¥ya) be vertices in I'y. Then x and y are adjacent in
I'y if and only if

N?(x —y) = (1~ y1) (@2 — %) = 0; i.e,
x; = y; for exactly one i = 1, 2.

We shall say that o € Aut I'y if and only if
N?(x —y) =0+= N?(x° —y“) = 0.
Since I'; is vertex-transitive by Theorem 2.5 it is sufficient to determine the stabilizer

(Aut I'1)g of (0,0) in Aut I'; (by Orbit-Stabilizer Theorem).

In the subgroup (Aut I'1)e, o will permute only the non-zero vectors of Fg. Here,
it can be shown that any permutation in F} for exactly one component and any
permutation of components in any element of ]Fg is an element of the subgroup
(Aut I'1)g in the following result.
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Lemma 5.8 Let H be a permutation group of V(I'1) generated by
R: (z1,29) —> (22, 21);

Toy & (X1, 22) — (27", x2); and

Ty o (X1, 22) ¥ (21, 257); where 01,09 € Sg, and 07 =0, i = 1,2.

Then H is a subgroup of the stabilizer (Aut I'1)o of (0,0) in Aut I'y.

Proof. Clearly, R, 7,,, i = 1,2, stabilize (0,0).

In order to show that H is a subgroup of (Aut I'y)g, it is sufficient to show that R,
To; © = 1,2, preserve the adjacency structure in I'y.

For any vertices x = (x1,22) and y = (y1,42) in 'y, {x,y} € E(T';) if and only if
(z1 — 1) (w2 —y2) = 0.
It follows that N?(x® — y%) = (25 — yo) (@1 —y1) = 0. Thus R € (Aut T'y)o.

For 7y, : (1, x3) — (21" x2), we have

VoGRS R e}
Since o7 is a permutation of IF, it follows that z{" =y <= =, = y;.
However, if 1 = 1, then x is adjacent to y. Thus x" is adjacent to y™1.

With a similar argument applied to 7,,, it can also be shown that m,, preserves the
adjacency structure of I'y.

Therefore H = (R, 7,,,i = 1,2) is a subgroup of the stabilizer (Aut I'1)g of (0,0) in
Aut Fl. ]

As we have just shown that H is a subgroup of (Aut I'y)g, we also show the maxi-
mality of H in the symmetric group Sg,. (See further details of maximal subgroups
of a symmetric group in [3,37]).

Lemma 5.9 H is a maximal subgroup of the symmetric group Ss,, where Sy is the
Cayley set of T'y.
Proof. Consider the action of H on S, = (IF;,0) U (0,F;).

Let A = (F},0). Then we have A™ = (0,F}), and A™ = A™2 = A. So (F;,0) and
(0,FF;) are blocks for H.

Let Ay = (F;,0) and Ay = (0,F}). Then it is shown by [37, Proposition 2.1] that the
subgroup of Sg, isomorphic to Sa, [y Sjz is maximal in Sg, (we use the notation Spy
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for a symmetric group instead of S, for a Cayley set). This is also isomorphic to the
wreath product SF; LSp.

Hence, it is sufficient to check whether H is isomorphic with the wreath product of
SFZ by S[Q].

Here we check the normality of R and 7,,, i = 1,2, in H.

Let us determine the conjugates of R with 7,,, ¢ = 1,2; and the conjugates of 7,, by

Ty, and R, 4,7 = 1,2 and 7 # J.

Clearly, we have R = R™', ' ¢ (21,22) — (27' ,22), and 7' : (21,22) —>
-1

("L‘hx? )

It is easily shown that,

(21, 22)" ™R = (21,25") and ($1,I2)W‘;117T”1%2 = (27", 32).

This implies that R~ 74, R = 7, and 7T;217T01 L — T
Similarly, we have R™'7,,R = 7,, and w;lm,gwgl = L4 B
It follows that m,, and 7,, commute, and R interchanges 7,, with 7,,.

Thus (s, Toy) = (Te,) X (7s,) is normal in H, where (75,) is isomorphic with S,
i = 1,2, and R is isomorphic with Sjy.

Hence H & (S]FZ X SFZ) X S[Q] = SIF; ZS[Q]
Therefore H is maximal in Sg,. ]
From the above result, it is convenient to identify the subgroup H of (Aut I';)o with

the wreath product Sp: 1Sjg. Now we have to prove the converse of Lemma to
obtain the following.

Corollary 5.10 H = (Aut I't)o.
Proof. By maximality of H, this follows immediately. O
As the conclusion on this matter, we have the following result.

Theorem 5.11 Let I'y = Cay(F;, S1) with Sy = (F},0) U (0,F}).
Let H and A = (Aayp)) be the subgroups of Aut I'y defined above. Then
(1) AU_t Fl = AH,
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(ii) |Aut T'y| = 2(¢")2
Proof. (i) Clearly, the regular subgroup A = (Ap) of Aut I'y is the orbit of the
vector (0,0) in Aut I';.

By Corollary |5.10, H = (R, 7y,,7 = 1,2) is the stabilizer of (0,0) in Aut I';. Thus (i)
follows by orbit-stabilizer theorem.

(ii) Now we determine the order of Aut I'y.
First we have |A] = [(Aap))| = ¢% and [H| = [Sk: 2 Sigg] = 2((q — 1)1)*.
Thus by orbit-stabilizer theorem, we obtain
|Aut T'y| = |02 T [|(Aut Ty)o

= [A[-[H]

= ¢ 2((¢— 1))*

AT

[

5.2 The automorphism groups of [, = Cay(IF?I,Sg),
'3 = Cay(F;,S3) and Il = Cay(F;,S) with S =
Sl U SQ and Sg = Fg \ (S U {0})

In this section, we determine the automorphism group of I's = Cay(]Fg,Sz) with
Sy = {(x1,22) € F2 : my25 € O, \ {0}}.

Recall that if given s € Sy, x and y are adjacent vertices in I'y if and only if x—y =s.
Put x := (x1,22) and y := (y1,y2). Then we have

s = (1 — Y1, T2 — y2). That is, s € Sy if and only if (z1 — y1) (22 — y2) € O, \ {0}.

It means that the norm should be a non-zero square. This implies that the corre-
sponding components should not equal as in the previous case of I';.

By Lemma , Aut I'; contains the group F' generated by the permutations A, , R,
MZ*, and A;, i = 1,2, and hence primitive by Lemma (iv).

According to the results from Theorem [5.1] and Lemma [5.6] we find that the results
for this case are the same as in Lemmas [5.6] and [5.7], so that Aut I'; and Aut I' may
coincide.
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To see the isomorphism between Aut I's and Aut I', we have to look at the isomor-
phism of graphs I'y = Cay(F2, S;) and I's = Cay(F2, S3), with S3 = F2 \ (S U {0}),
S = Sl U SQ.

Lemma 5.12 Consider the graphs I'y = Cay(Fg,Sg) and I's = Cay(IFg,Sg) with
Sy =T\ (S1U S, U{0}). The linear mapping 7o : V(I's) — V(T's) defined by

To t (21, 22) —> (ax1, 22) with o ¢ O,
s an automorphism of Fg.

Proof. We first show that 7,, o ¢ O, is F-linear.
Let x = (z1,22), y = (y1,¥2) be elements of F2 and k € F,.

Then
(F-yYe=(a(er—yr)rrs"y7}
= (axy, 1) + (awg, 1y2)
— XTa + yTa
and

XA E (A8, kil = £x>.
Thus 7, is F,-linear.
Suppose that we have x> = y™. Then
(@1, 2)™ = (y1,92)™ = (az1, 22) = (w1, 42).
This is equivalent to ar; = ay; and xo = ys.
Thus x1 = y; and z9 = y».

By Pigeonhole’s Principle it follows that 7, is a bijection and hence an automorphism
of F2. O
q

Corollary 5.13 Let I'y and '3 be graphs defined above. Then
(1) FQ = Fg;
(ii)) Aut I' = Aut I's = Aut T's.

Proof. (i) Consider the Cayley sets S, and S5 corresponding to the graphs I'; and
I'3, respectively.
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Let x := (21, 72) be an element of So. Then N?(x) = 12, € O, \ {0}. It follows
that, for any o ¢ O,, x™ = (ax1, 1) and N?(x™) = az 2, ¢ O,

Thus x™ € F2\ (S;US,U{0}) = S3. Hence S3* = S by Lemma 5.12} and (i) follows
immediately by Proposition Theorem and the proof of the Corollary [4.10(1).
(ii) This follows immediately from (i) since I's is the complement of I' by Proposition

24 O

From the results above, it is sufficient to determine the automorphism group of
' = Cay(F2,S).

In the following result, it is shown that Aut(IFz) is not isomorphic to AffAut(IFz) for
all the values of ¢ =1 (mod 4), ¢ = p", with r > 2, ¢ # 9. For completeness, we give
our own proof.

Theorem 5.14 [21| Let ¢ = 1 (mod 4), ¢ = p", and r > 2. Using hyperbolic
coordinates, we define the map

P =T AP = (@, )
Then 1 is an integral automorphism of Fg, but not an affine automorphism.

Proof. The proof is done using hyperbolic coordinates.
We have

N(¢(a, 8)) = N(a, %)

= a/Bp

— - lap

S /Bple(O@ﬁ)'
Because for p odd, f*~ € O, and thus N(¢(a, B)) € O, if and only if N(a, 8) € O,.
We check if v is a bijection.
If (o, B8) (o, ) € Fg; then ¥(a, B) = ¥(d/, 8); ie., (o, 7)) = (o, 7).
This implies that & = o' and 7 = 7, which implies that 8 = 3’; i.e., (o, ) =

(o, 8"). So v is injective and thus a bijection by Pigeonhole’s principle. Hence

Y e Aut(F2).

Let P = v(1,1) with v € F, an arbitrary point on the line L = F,(1,1). Then
Y(P) = (v,1"), which is on L if and only if v € F,. So ¢(L) is not a line and
therefore ¢ ¢ AffAut(F,). O
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We remark that ¢ is a Fj,-linear map of order r. The following theorem from
holds.

Theorem 5.15 Let q=1 (mod 4), r > 2, and ¢ # 9. Then
Aut(F2) = (AffAut(F2),¢) and [Aut(F)| = [q(q — 1)r]>.
The above result, combined with Theorem [5.5] will lead to the following one.

Theorem 5.16 Let g = p", where p is a prime and ¢ =1 (mod 4), ¢ ¢ {5,9}.
Then [Aut(F2)| = (q(q — 1)r)*.

In the proof of Theorem [5.16| the notations 0 = (0,0) and 1 = (1,1) have been
used for the vectors in F2. Recall that, Aut(F2) = Aut(Cay(F;,S)), where S is the
connecting set of the integral distance graph defined in Chapter [3|

For ¢ =1 (mod 4), we have a linear mapping o (x1, z2) — (1 + wxe, r1 — wy),
with w € F, and w® = —1. This maps the graph Cay(]Fg, el = Cay(IFz, S), where
S={xeF;:x=(r1,22) # 0 and w125 € 0} (See Chapter [3)).

We set GG := Aut I'. Since Cay(FfI, S) is isomorphic to I'; Theorem is equivalent
to Theorem [5.20] (p. [L11)).

From the proof of Lemmal5.6] it can be deduced that G = Aut I' contains the group
F' generated by A, I, M and A, il = 1, 21

Recall that S = S? so that G = Aut(Cay(F2, S%)) = ¢ "Aut(F.)¢. Since F < G, we
see that A := ¢F¢~" < Aut(F2) and [A] = (¢(¢—1)r)* by Lemma Now we show
that A is isomorphic to the group described in Theorem [5.15] in order to determine
the order of Aut(F?) for ¢ =1 (mod 4), q ¢ {5,9}.

Proposition 5.17 Let H = AffAut(F), ¢ = 1 (mod 4), ¢ ¢ {5,9}, and ¢ an
integral automorphism defined in Theorem [5.14).

Then, (H?,¢)) = F, where ¢ is the F,-linear mapping ¢ : (v1,7s) — (71 +wwq, 11 —
wry) with w € F, and w? = —1 (H? is the conjugate of H by ).

Proof. For the proof, it is sufficient to find the conjugates of the elements of AffAut (Fg)
from Theorem [5.1| by the F -linear mapping ¢.

Let Ay, R, M, and o be the affine integral automorphisms defined in Theorem [5.1
and ¢ : (z1,x2) — (21, 25) with p the characteristic of F,. Since
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W —w

(01,29)7 = (l(xl +$2)7—%}($1 —$2)) = %( 1, 22) ( i o );

2 w

w € F, and Wwr=—1.

1 1
(xl,x2)¢ = (21 + wxe, 11 — wWIy) = (71, x2) ( ), then

Hence we have
(1) (21, 29)? em? = (21 + a4 bw, T3 + a — bw);

(2) (xl,x2)¢_lR¢ = (wxy, —wxe) = (wxl,w_le);

(3) (w1, 0)” M = %(xl’x2> ( 1 —ww ) ( —ab 2 ) ( ulj —1w )

_(fatbw 0 . Sy .
_( 0 a_bw),a,b,wqu7a+b € and w” = —1;
gy _ [ | SR s | 1 (1)
() (1, 22)° ¢:< op 2 i op 5, op ay + op 5 |;

@72 Py iff pl= 1] | (mod 4);
@27 P8R P4))  iff p= 3| (mod 4).

(z1, xz)dflmiﬁ 1 {

a — bw

b
et == Clearly, d7' = . Then
c

For (3), put @ +b* :=¢* c€F;, and d ==

(21, xg)‘flM‘b = ((a + b@)z (o sbw)s: )= (cdrijeditxy),

It follows immediately that ¢ 'Ay¢ = Ay € A, ¢ 'Rp = RM_, ¢ *M¢p = M; M},
and
bloh = {AlAzM;_p if p=1 (mod 4);
AlAgRM;_p if P = 3 (Il’lOd 4)

Since 1 corresponds to Ay in F, the result follows immediately. ]

The crucial steps towards the O’Nan Scott Theorem is to show that, if ¢ ¢ {5, 9}, then
the primitive group G is an affine group (i.e., of affine type according to Theorem
2.29)), which has rank 4. The first part of the statement is given in the following
lemma.

Lemma 5.18 With notations as above, if ¢ # 5, then G is an affine group.
Moreover A is normal in G.
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Proof. Since F' < G and F' is primitive, so is G. Let H be the socle of G. By Theorem
229 H=Tx---xT =T" for some simple group 7" and m > 1, and G is one of the
five types; namely, Affine type(A), Regular non-abelian(RN), Almost simple(AS),
Diagonal(D), and Product type(P).

Assume that G is not of type A, H is either non-regular or non-abelian. It follows
that 7" is a non-abelian simple group.

We first consider the product type P. Then G is the subgroup of the wreath product
U S with s > 1, where U is a primitive group of type AS or D. By [11, Exercise
4.8.1], it can be shown that the rank of G is at least 3. So G has either the same
orbits as Fy, or the sets S; and Sy are fused into one GGy orbit. Thus GG has rank 3 or
4 since F' has rank 4 and F' < G. (See Lemma . The respective subdegrees are:

(q—1)% (¢q—1)(q+3) (q—1)7 (¢—1)
5 9 ’ 2 9

2(q — 1),

(5.2)

In this case, it has been shown by |26, Lemma 8] that only the case ¢ = 5 holds if G
is of rank 3, with U of type AS and T' 2-transitive. Hence, assume that ¢ # 5.

In our case, since F' acts on the group Iﬁ‘z, q =p", p prime, and p > 2, it follows that
G is primitive of odd degree.

By [11, Exercise 4.6.2], it can be shown that if G is a finite primitive permutation
group of odd degree, then H is either simple or regular. This excludes immediately
the types P and D.

Now we consider only the types RN and AS. Since T is non-abelian simple, this also
excludes the type RN, since for otherwise, |H| = HF?I 11

Suppose that G is of type AS. Then H = T is a non-abelian simple group acting
transitively on JF?] since it is a normal subgroup of a primitive group. It follows from

Theorem that H and hence G is 2-transitive, a contradiction. Hence we have
shown that G is an affine group.

It remains to prove that A is normal in G. In fact, it is sufficient to show that H = A.

Indeed, by Lemma [5.7)i), A is normal in F. Since A is elementary abelian, A is also
the socle of F' by Theorem [2.27, Thus A is the unique minimal normal subgroup of
F: ie., for every non-trivial normal subgroup N < F, A < N. In particular, if the
normal subgroup N = H N F is non-trivial, then A < N. Since |H| = |A|, this then
implies that H = A. Therefore, it is sufficient to show that H N F' is non-trivial.

Assume, towards a contradiction, that H N F' is trivial. Note that, then H N A is
also trivial, hence HA > H. Consider the group HF. Then HA/H is a subgroup of
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HF/H. Since HNF is trivial, the mapping H f — f, f € F defines an isomorphism
from HF/H to F by The Second Isomorphism Theorem. This isomorphism maps
HA/H to A; and since A < F, it follows in turn that, HA/H < HF/H, and so
HA < HF. The group HF is primitive and H is a minimal normal subgroup in it.
Since H is elementary abelian, H is also the socle of HF by Theorem [2.27] and thus
H is the unique minimal normal subgroup of HF.

Consider the center Z = Z(HA). Then Z is non-trivial since HA is a p-group by [38|
1.6.14]. In addition, Z is characteristic in HA. Using this and that HA < HF, it
follows that Z < HF by [38, 1.5.6(iii)], and hence H < Z = Z(HA). This means
that HA < ngg (H), the centralizer of H in the full symmetric group Sng. Since H
acts regularly on F2, Cs, (H) = H by [11, Exercise 2.5.6], and so |[HA| < [H|. This,
however, contradicts that HA > H. This completes the proof of the lemma. [

The other part of the statement is now given in the following lemma.

Lemma 5.19 [26] With notations as above, if ¢ ¢ {5,9}, then G has rank 4.

Proof. By Lemma [5.18 G is an affine group. If ¢ = p, then G = F' by Theorem
and so G has rank 4 (see Lemma5.7{iii)). For 13 < ¢ < 49 the only non-prime orders
are 25 and 49, which have been checked using Magma [6]. Combining all these with
Equation it is sufficient to prove the following statement:

Claim 1 Let H be an affine permutation group of degree p*", where p > 2, r > 2
and p" =1 (mod 4), and suppose that H has rank 8 with non-trivial subdegrees:

S Ve e 91 )
2 2

: (5.3)
Then p" < 49.

We derive the claim using Theorem [2.32] in fact, we are going to consider step-by-step
all classes (A)-(C):

Suppose that H is in class (A). If H is in class (A1), then Hp is isomorphic to a
subgroup of a one-dimensional semi-linear group 'Ly (F,2- ), whose order is 2(p*" —1)r.
By [26], if the subdegrees in Equation divide |Hpl, it follows somewhere that
p" + 3 divide 8r, so that p" < 8 — 3. This is only possible if p" = 9 since p > 2 and
r > 2. However, p" + 3 cannot divide 8r in this case.

Let H be in class (Ai) for i > 1. By comparing the subdegrees in Equation (5.3) to
the corresponding subdegrees in Table [2] from Appendix [B] it is easily shown that
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they are only in rows 1 and 2 of Table [2 if and only if ¢ € {5,9}, but nowhere in
rows 3 and 4 of Table 2| for any value of ¢ (See [26]).

In the remaining classes (B) and (C), if H is supposed to be in one of them, we
consider the number p*” such that p” = 1 (mod 4), p > 2, r > 2 and p" > 49.

If H is in class (B), the only number in Equation (2.2) is 3% with corresponding
subdegrees 1440 and 5120, see [34, Table 13].

If H is in class (C), the only numbers in Equation (2.3) are 5° and 3'2. The for-
mer corresponds to subdegrees 7560 and 8064, whereas the latter corresponds to
subdegrees 65520 and 465920, see [34, Table 14].

Using each of the obtained numbers from both classes in expressions from Equation
(5.3), we obtain a contradiction and the claim is proved. O

We now consider the main result of this seetion.

Theorem 5.20 [26] With notations as above, if ¢ ¢ {5,9}, then |G| = (q(q—1)r)%.

Proof. By Lemma/[5.19] the set S; is an orbit of G. Consider the action of Go on Sj.
It will be convenient to view Fg as a vector space over [, of dimension 2r. Denote
this vector space by V, and set V4 = (F,,0) and V5 = (0,F,). Clearly, V = V; @ V.
Recall that A consists of the translations A, by the vectors (a,b) € Fg; and thus,
viewed as a permutation group of V. A consists of the translations by the vectors of

V.

By Lemma [5.18] G normalizes A; hence it follows that each element g € Go acts
as an F,-linear transformation of V. Notice that, S; = V3 UV, \ {0}. Now, if for
v,w € Vi \ {0}, v9 € Vi and w? € Vs, then (v+w)? = v? +w? ¢ S; a contradiction.
Hence it follows that G preserves the partition of S; in to the sets V; \ {0} and
V2\ {0}

Let Go be the subgroup of Gg that leaves the set (F},0) (and hence also the set
(0,F})) fixed. It is clear that |Gg : Go| = 2. Furthermore, let G = (A, Go). As A is
normal in G and A is transitive, |G : G| = 2 and Gy = Go. The orbit of 1 under Gy
is equal to the set Sy (this can be seen by using the transformations M, and M, ,
a € F,). By the orbit-stabilizer property, it follows that

|G| = 2|G| = 2¢°|Go| = 24°[S2||Goa| = (a(g — 1))*|Goal- (5.4)

Let Ay be the subgroup of A generated by all translations A ), a € Fy, and let H =
(A1, Go). For A0y € Ay and g € G with straightforward calculations, g_l)\(&o)g =
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A(a,0); Where (a’,_O) = (a,0)?. Thus H = GoA,. Since Gy < H, the orbit of 0 under
H is a block for G by Theorem This orbit is found as
01 = 0% = oM = (F,,0),

and hence (F,,0) is a block for G. Repeating the same argument with the group Ay
generated by all translations Ao.q), a € Fy, another block (0,F,) is obtained for G.
Therefore, for every g € G there exist permutations g; and g, of F, such that

(71, m2)? = (2", 23) for every (z1,72) € F-. (5.5)

Assume in addition, that g € Goy. It is shown that in this case g; and g, are
automorphisms of the Paley graph P(q). Here only g; is considered (the permutation
g2 can be handled similarly). Choose =,y € F, such that x # y and = —y € 0O,.
Now, {(z,1),(y,0)} is an edge of the graph Cay(Fg,S), S =S, US, = S? Hence
{(z,1)%,(y,0)?} is also an edge of Cay(IFg, S); i.e., by Equation (5.5)),

(xgl = y91)(1g2 - ng) = |:|q-

As g € Gog, 12 = 1, 092 = 0, and therefore, 2% — 3% € [J,. This shows that
g1 € Aut P(q). Now since both g; and g fix the elements 0 and 1 in F, it follows
by Equation that gy : > z¥ for some i € {1,--- 7} and g, : = — ¥ for
some j € {1,---,r}, which gives that g = AL A} € Go;. Thus |Go4| = r*, and so by
Equation (5.4), |G| = (¢(¢ — 1)r)*. O

From the above results, we determine the orders of Aut I'y and Aut I'; in the follow-
ing.

Corollary 5.21 Let I'y = Cay(F;, S;) and I's = Cay(F>, S3), ¢ & {5,9}, with
Sy = {(z1,x2) € IF?] r ) and S3 = Fz \ (SU{0}), S=51US,. Then

|Aut T'y| = |[Aut 5| = (¢(q — 1)r)*.

Proof. This follows immediately from Theorem and Corollary [5.12((ii) O
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Chapter 6

Conclusion

In this thesis, we presented the graph &, , as an integral distance graph over F",
m > 2, with [, a finite field and ¢ an odd prime power. In Chapter [3| we considered
a subset S of elements of [F,*; whose squared Euclidean distance with a zero vector
is a perfect square in F,. We have shown that S (M) is a Cayley set so that we defined
the Cayley graph Cay(F", .S (m))_ By the isomorphism of Cay (", S m)y to Gy, We
deduced that &,, , is a Cayley graph.

In particular for the two-dimensional case, much of the work was turned essentially
to the sub-case of ¢ = 1 (mod 4). There, it has been shown that there exists an
element w € F, such that w? = —1. Consequently, this led to the existence of the
vanishing directions Fy(w + i) and F,(w — i) and a linear mapping ¢ defined in
Chapter [3] which is a switch to hyperbolic coordinates. There, we defined the two
base subsets S; and S5 of Fz The one, namely Sy, consists of non-zero elements from
the two vanishing directions; and the other, namely S5, consists of elements of Fg
with non-zero squared norm, both in hyperbolic coordinates. These sets were shown
to be Cayley sets so that the corresponding constituent graphs I'; = Cay(IFg,SZ-),
i = 1,2, of the integral distance graph I' = Cay(IE‘g, S), with S = S; U S,, are Cayley
graphs. They also formed a Boolean algebra of Cayley sets so that the latter graph
I and its complement I'y = Cay(F?, Ss), with S5 = 2\ (SU{0}), are Cayley graphs.
Since &,,, is a Cayley graph as we mentioned above, we deduced that this holds
immediately for ®,, with ¢ =3 (mod 4). Finally, with results from Lemma , the
latter property also holds for &, , with ¢ = 1 (mod 4), and hence &, , is a Cayley
graph for any odd prime power q.

For strong regularity, first we considered the two-dimensional case. For ¢ = 1
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(mod 4), the two constituent graphs I'; = Cay(IFz, S;), 1 = 1,2, were shown to
be strongly regular. The calculation of parameters for I';y was much easier than that
for I's. In the latter graph, this was done in several lemmas in order to compute each
parameter separately. There, we deduced the strong regularity of I' = Cay(IFg, S) in
similar ways as for I'y, and thus the strong regularity of another constituent graph
I'; since it is the complement of I' by Theorem [2.3] Therefore, all the above results
combined with Theorem reduced to a Boolean algebra of Cayley sets for strong
regularity of the Cayley graphs Cay(Fg, Si),1=1,2.

For the remaining case ¢ = 3 (mod 4), we have seen by Corollary that there is
no constituent graph of the integral distance graph, since the latter is isomorphic to
its complement. So we had only to study strong regularity in similar ways as for I'.
Therefore, from all the above cases, we deduced that &, is strongly regular for all
qg=p", p prime and p > 2.

In higher dimension with similar caleulations as for ®,,, ¢ = 3 (mod 4), together
with the three functions S(m,q), Z(m,q), and N(m,q) established in Chapter
Lemma [4.18 and Theorem {19} we have seen that the integral distance graph &, ,,
m > 2, is strongly regular if and only if m is even. For the last parameter, we have
used the relation between all parameters established in Proposition [2.2]

Concerning the symmetries of the integral distance graph &,, ,, m > 2, our attention
restricted to the two-dimensional case since the higher dimensional case was estab-
lished in [32]. For the former case, if ¢ = 3 (mod 4), it has been shown in [21]26]
that the automorphisms of &, , are exactly the affine automorphisms. In addition,
by the isomorphism of &, , to the Paley graph P(q?), the order of its automorphism
group was established by Proposition

Our point of interest was the case of ¢ = 1 (mod 4), where we considered the au-
tomorphisms of each of the constituent graphs I';, ¢ = 1,2,3. We showed that the
automorphism group of I'y is represented as the product of the translation group by
the wreath product of the symmetric group Sp: by Spp. By Corollaries and
and the fact that I's is the complement of I' = Cay(Fg, S), we have also shown the
isomorphism between the automorphism group of the remaining constituent graph
Iy = Cay(IFz, S) and the automorphism group of the original graph I' = Cay(]Fg, S)
which is in turn isomorphic to the integral distance graph &, ¢ = 1 (mod 4),
established in [21]26].

As an outlook, further research may be conducted to finite rings Z,,, as well as Banach
spaces, to see if the properties of the integral distance graphs established in Chapters

Bl Al and 5 hold.
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Appendices

A Infinite classes (A) of permutation groups la-
belled by (A1)-(A11)

Types of GG Tl Subdegrees
(A1): Go < TLy(FFa) pd given in [174]
(A2): G imprimitive p:zm 20 el (ke 1)2
(A3): Tensor product | ¢*™ (g+1)(¢" —1), ql¢" - (g™ =1)
(A4): Go>SL4(F,) | ¢ (g+1)(¢" —1), q(¢" —D(¢* ' — 1)
(A5): G > SLy(F,) ¢° (q+ 1)(613 1), ql¢ — 1) -1
(A6): Go>SUL(F,) | ¢ [ (¢"—=1)(¢" + 1),¢" (g =1)(¢" — 1), a even;
(@“+ D" =1),¢"(¢g=1)(¢"+1), aod
(AT): Go> Q5,(Fy) | ¢ | (¢"—1D)(¢* + 1),¢" g—1)(¢" —1),e =
('L £ 1K off, 1(q—l)(q(“rl) €= —
(A8): Go>SLs(F,) | ¢" (¢° — 1)(612 +1), #(¢* =D - 1)
(A9): Go > Bs(F,) ¢ @ -+ 1), qg(q4 —1)(¢—1)
(A10): Go>Ds(F,) | ¢° " -1’ +1), ¢ -1 -1
(A11): Go > Su(F,) q (@ +D(g—1), q(¢*+1)(qg—1)

Table 1: The group G in class (A) of Theorem (see [34, Table 12]).
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B Non-trivial subdegrees of affine groups of rank
3 in classes (A2)-(A11)

Row Subdegrees Conditions
Lo+ =100 - —1) s=0or
s|ror

s=2r/band 5| or
s=3r/4and 4| r or
s=3r/8and 8| r

2. |+ ) =1, p 0 =D~ 1) s|r
5 D Dy W D D | s[randsZr
4. [+ )@ =1, + 1) —1) r is even

Table 2: Subdegrees of affine groups of rank 3 in classes (Ai), i = 2,--- , 11 (see 26|
Table 1]).
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