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ABSTRACT

Stochastic modeling of an HIV /AIDS
epidemic with treatment

Mozart Umba Nsuami

PhD Thesis, Department of Mathematics and Applied Mathematics, University of the

Western Cape.

The HIV/AIDS epidemic continues to be, among the most devastating diseases in hu-
man history despite the new scientific advances and serious public health interventions.
The greatest burden of HIV/AIDS is still in sub-Saharan Africa, and within this specific
region, women are severely affected. Despite an increase in prevention interventions, in-
cluding such as ARV treatment and pre-exposure prophylaxis (PrEP), behavioural change
remains a key role in the transmission of HIV/AIDS. In this thesis, we investigate several
related models for the population dynamics of HIV /AIDS epidemic model with treatment.
We start off with a four compartmental HIV deterministic model with stages of HIV in-
fection and with inflow of HIV infectives. Thereafter, we impose stochastic perturbations
on the underlying HIV/AIDS deterministic model without inflow of infectives. For this
version of HIV stochastic model, we prove global existence and positivity of solutions to
the HIV/AIDS-perturbed model. Some useful properties such as boundedness property,

stochastic permanence property and asymptotic stability have been derived. Under the
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asymptotic stability, it is found that whenever the intensities of the noise are not too large,
then the stochastic solution remains close to the underlying deterministic solution. Oth-
erwise strong noise gives a divergence between stochastic and deterministic behaviours.
We also investigate another type of stochastic HIV model with inflow of infectives and
we study stability in the mean. In the absence of inflow of infectives, we introduce an
analogue of the basic reproduction number which we link to a theorem on almost sure
exponential stability in the case of a disease-free equilibrium. It is found that stochastic
perturbation does not destabilize the disease-free equilibrium, i.e., whenever the analogue
of the basic reproduction number is below unit, then the disease-free equilibrium is almost
surely exponentially stable. Furthermore, we propose a new model for the transmission of
HIV/AIDS including ART treatment and pre-exposure prophylaxis (PrEP). Our model
can be used to test the effects of ART and of theuptake of PrEP in a given population,
as we demonstrate through simulations. The model can also be used to estimate future
projections of HIV prevalence. 'We prove global stability of the disease-free equilibrium.
We also prove global stability of the endéemic equilibrium for the most general case of the
model, i.e., which allows for-PrEP-individuals to default.. We include insightful simula-
tions based on published South=African HIV trend from 2016. Finally, we also investigate
other stochastic HIV/AIDS. epidemic. models such as: stochastic HIV model with satu-
rated incidence rate and stochastic HIV model with the use of PrEP. The results obtained

in both models were very meaningful, and we show insightful simulations in this regard.
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Chapter 1

General Introduction

1.1 HIV/AIDS background

Acquired immune deficiency syndrome or acquired immunodeficiency syndrome (AIDS) is
a disease of the human immune system caused by human immunodeficiency virus (HIV).
In the summer of 1981, clinicians in New York and California observed among young, pre-
viously healthy, homosexualimen an unusual clustering of.cases of rare diseases, notably
kaposi sarcoma and opportunistic infections such-as, Pnegmocystis carinii pneumonia, as
well as cases of unexplained, persistent lymphadenopathy [30, 53]. It soon became evident
that these individuals had a common immunological deficit in cell-mediated immunity, re-
sulting predominantly from a significant diminution of circulating CD4™ T cells [33, 62].
Acquired Immune Deficiency Syndrome (AIDS) occurs when an HIV-positive individual
has such lowered immune levels that he/she falls prey to a variety of opportunistic infec-
tions. The rate of HIV infection and death due to AIDS first increased rapidly during the
1980s in the United States and in Western Europe. Since 1982 AIDS has developed into

a global pandemic across the world.

There are two types of HIV virus: HIV1 which is most common in sub-Saharan Africa

and throughout the world, and HIV2 which is most often found in West Central Africa,
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parts of Europe and India. It is important though to notice that both produce the same
patterns of illness. HIV2 causes a slower progression of disease than HIV1. HIV is the
virus that causes AIDS. Not everyone who is infected with HIV has AIDS. Everyone with
AIDS is infected with HIV. AIDS is the result of progression of HIV Infection. Anyone
infected with HIV, although healthy, can still transmit the virus to another person. The
HIV/AIDS pandemic consists of many separate epidemics. Each epidemic has its own
distinct origin, in terms of geography and specific populations affected, and involve differ-
ent types and frequencies of risk behaviours and practices, for example, unprotected sex
with multiple partners or sharing of drug injection equipment. It has been observed many
years ago that the virus cannot spread by means of a handshake, kiss, or a sneeze, nor by
means of a mosquito bite. Sharing of food, drinking glasses or clothes will not transmit
the virus. Thus the main means of transmission-worldwide is human sexual intercourse
in which bodily fluids like semen or blood are exchanged. This is the reason why the
sexually active age group from 15 to 45 is most at risk. Also important in HIV transmis-
sion is the sharing of unclean needles, such as hetween injection drug users, and in rare
instances, the virus is transmitted by means-of accidental needle-sticks. Mother-to-child
transmission (also called MTCT jor verticaly transmission) is common today, resulting in
millions of pediatric HIV cases..The chances of a baby born to an HIV plus mother being
infected are about 40 percent. Because mother-to child HIV transmission can be so easily
prevented (or at least minimized) by an anti-retroviral drug at a low cost, infected infants

are an especially painful problem for the world.

1.1.1 HIV/AIDS stages of infection

The process from HIV to AIDS may take several years and includes different stages, see
for instance in [102]. The WHO system for adults sorts patients into one of four hier-
archical clinical stages ranging from stage 1 (asymptomatic) to stage 4 (AIDS). Patients

are assigned to a particular stage when they demonstrate at least one clinical condition in
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that stage’s criteria. Patients remain at a higher stage after they recover from the clinical

condition which placed them in that stage. These stages are as follows.

1. Stage 1.
Patients who are asymptomatic or have persistent generalized lymphadenopathy
(lymphadenopathy of at least two sites [not including inguinal] for longer than 6
months) are categorized as being in stage 1, where they may remain for several

years.

2. Stage 2.
Even in early HIV infection, patients.may demonstrate several clinical manifes-
tations. Clinical findings-included-in-stage-2-(mildly symptomatic stage) are un-
explained weight loss of less-than 10 percent, of total body weight and recurrent
respiratory infections (such as sinusitis, bronchitis, otitis media, and pharyngitis),
as well as a range of dermatological conditions including herpes zoster flares, angular
cheilitis, recurrent oral ulcerations, papular pruritic eruptions, seborrhoeic dermati-

tis, and fungal nail infections.

3. Stage 3.
As disease progresses, additional clinical manifestations may appear. Those encom-
passed by the WHO clinical stage 3 (the moderately symptomatic stage) category
are weight loss of greater than 10 percent of total body weight, prolonged (more than
1 month) unexplained diarrhea, pulmonary tuberculosis, and severe systemic bacte-
rial infections including pneumonia, pyelonephritis, empyema, pyomyositis, meningi-
tis, bone and joint infections, and bacteremia. Mucocutaneous conditions, including
recurrent oral candidiasis, oral hairy leukoplakia, and acute necrotizing ulcerative

stomatitis, gingivitis, or periodontitis, may also occur at this stage.



4. Stage 4.
The WHO clinical stage 4 (the severely symptomatic stage) designation includes
all of the AIDS-defining illnesses. Clinical manifestations for stage 4 disease that
allow presumptive diagnosis of AIDS to be made based on clinical findings alone
are HIV wasting syndrome, Pneumocystis pneumonia (PCP), recurrent severe or ra-
diological bacterial pneumonia, extrapulmonary tuberculosis, HIV encephalopathy;,
CNS toxoplasmosis, chronic (more than 1 month) or orolabial herpes simplex infec-
tion, esophageal candidiasis, and Kaposi’s sarcoma. Other conditions that should
arouse suspicion that a patient is in clinical stage include cytomegaloviral (CMV)
infections (CMV retinitis or infection of organs other than the liver, spleen or lymph
nodes), extrapulmonary cryptococcosis, disseminated endemic mycoses (e.g., coccid-
iomycosis, penicilliosis, histoplasmosis), cryptosperidiosis, isosporiasis, disseminated
non-tuberculous mycobacteria infection, tracheal, bronchial or pulmonary candida
infection, visceral herpes simplex infection, acquired HIV-associated rectal fistula,
cerebral or B cell non-Hodgkin lymphoma, progressive multifocal leukoencephalopa-
thy (PML), and HIV-associated cardiomyopathy or nephropathy. Presence of these
conditions unaccompanied by the AIDS-defining illnesses, however, should prompt

confirmatory testing.

1.1.2 HIV/AIDS in the history

In recent years, the HIV/AIDS epidemic has been spreading at an alarming rate, and
the prevalence of HIV infection is still extremely high. It is reported that more than
35 million of people were living with HIV in 2012 compared to 36.5 million in 2016. It
is reported in [44] that 2.5 million people were newly infected in 2012 compared to 1.8
million in 2016. There has been 1.5 million AIDS-related causes of death worldwide in
2013 compared to 1 million in 2016 (UNAIDS DATA 2017, [46]). The most significant
advance in medical management of HIV infection includes two recommendations [110].

First, antiretroviral therapy (ART) should be initiated for everyone living with HIV at
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any CD4% cell count. The HIV treatment reduces viral load to levels below the limits
of detection of the most sensitive clinical assays, resulting in a significant reconstitution
of the immune system [4]. The Global AIDS Update 2016 of the Joint United Nations
Programme on HIV/AIDS, reports that the global coverage of ART therapy reached ap-
proximately 46% at the end of 2015. The gains in treatment are largely responsible for a
26% decline in AIDS-related deaths globally since 2010, from an estimated 1.5 million in
2010, to 1.1 million in 2015. Despite this significant achievement, globally there has been
1.8 million new infections reported in 2015 [45]. Second, the use of daily oral pre-exposure
prophylaxis (PrEP) is recommended as a prevention choice for people at substantial risk
of HIV infection as part of combination prevention approaches. Substantial gaps remain
in understanding the trade-offs between costs and benefits of choosing alternative HIV
prevention strategies, such as the.initiation of PrEP_by high risk uninfected individuals
[29]. Following WHO, making PrEP drugs available for safe, effective prevention outside
the clinical trial setting is the current challenge. However, it is important to highlight and
recall that PrEP is not for everyone: only people who are HIV-negative and at very high
risk for HIV infection should‘take PrEP {111} In 2015, the Medicines Control Council of
South Africa issued a full regulatory approval of PrEP, and the country became the first
in Sub-Saharan Africa to include PrEP.in its national HIV programme. Globally, female
sex workers (FSWs) are 13.5 times more likely to be living with HIV than women in the
general population [50]. There are many countries with regulatory approval for PrEP.
The European Medicines Agency has also granted market authorization for PrEP to be

marketed across the European Union’s 28 countries [25].

South Africa is a country homing the largest concentration of people living with HIV
in the world. The first AIDS-related deaths in this country occurred in late December
1981 and January 1982 [79, 64]. The HIV epidemic was not an issue of major concern
to the government and therefore received a very limited attention [87]. The prevalence
of HIV/AIDS increased from 0.8% in 1990 to 4.3% in 1994, and almost 10% of the total
population in 2014 [63]. The provision of ART in 2013 has reduced the prevalence of
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HIV from an estimated 15% to 9% among adults not on ART. The annual incidence
decreased from 2% to 0.9% and the AIDS related deaths from 0.9% to 0.3% p.a., saving
1.5 million lives and US 727 million, see [104]. In April 2010, a large HIV counselling
and testing campaign was launched in South Africa, a principle part of which was to
scale up awareness of HIV [34, 42] and the result was positive. In [36], a model based
on the case scenario of 90% annual HIV testing coverage in adults 15 — 49 years old and
four ART eligibility scenarios of CD4*" count has been studied. The authors found that
increasing the provision of ART to less than 350 cells /mm?® may significantly reduce
costs while reducing the HIV burden. In the paper [104] the authors use trend data for
the prevalence of HIV among woman attending ante-natal clinics in South Africa and
the reported coverage of ART. The authors found that a main reason why countries of
Southern Africa have the highest rates-of HIV-in-the-world is because of the system of

oscillating migrant labour historically.

1.1.3 HIV/AIDS Treatment

HIV treatment is actually deeply affecting the epidemic in, countries where it has been
brought to scale. Antiretroviral:treatment is usually started once an individuals CD4*
count (the number of T helper cells) drops to a low level, an indication that the immune
system is deteriorating. Treatment can stop HIV from damaging the immune system,
therefore, HIV-infected individuals on treatment usually remain clinically asymptomatic.
Accelerating the scale up of antiretroviral therapy will drive progress across the broader
AIDS response. It will reduce HIV-related illness and death, prevent people from ac-
quiring HIV infection, address the needs of women and girls, reduce stigma and social

exclusion and promote service integration.

In the rapidly developing countries most heavily affected by HIV, scaling up antiretrovi-
ral therapy preserves and strengthens the health and well-being of the adolescents and

working-age adults on which future economic growth depends. Investing in HIV treatment
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generates economic returns up to three times the investment, increasing productivity, pre-
venting children from becoming orphaned and deferring the health care costs associated

with advanced HIV-related illnesses [94, 81].

In South Africa, where HIV treatment coverage reached 83% in 2012 under WHOs 2010
treatment guidelines [94, 109, 103] (initiating treatment at a CD4" cell count of 350
cells/mm3), scaling up treatment is estimated to have reduced the number of people
newly infected with HIV by 17-32% in 2011 [94, 23]. In KwaZulu-Natal, South Africa,
life expectancy in 2011 was 11.3 years greater than in 2003, when HIV treatment in the
province began to be scaled up [10]. In parts of KwaZulu-Natal where a substantial level
of HIV treatment coverage (30 —40%) had been achieved, the odds of acquiring HIV were
38% lower than in communities in-which fewer than-10% of treatment-eligible individuals

were receiving therapy [92].

However, in HIV-infected individuals not receiving treatment or on treatment that is not
working, the immune system-fails and symptoms develop. ‘Initially many of the symptoms
are mild, but as the immune system deterioratesithe symptoms worsen. Symptomatic HIV
infection is mainly caused by the emergence. of certain, opportunistic infections that the
immune system would normally prevent. This stage of HIV infection is often characterised
by multi-system disease and infections can occur in almost all body systems. Treatment
for the specific infection is often carried out, but the underlying cause is the action of HIV
as it erodes the immune system. Unless HIV itself can be slowed down the symptoms of

immune suppression will continue to worsen.

1.2 Research questions, aims and objectives

The major objectives of this research are the construction and analysis of determinis-
tic and stochastic models for the population dynamics of HIV/AIDS disease. We shall

build a mathematical model or models for the numerical dynamics of the disease in a
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population, that will be able to make future projections and to assess or plan for inter-
ventions towards curbing the disease. This work entails literature searching, pencil and

paper mathematical investigation, and computer code writing and then running such code.

In this dissertation, we address the following matters:

1. Should HIV/AIDS be considered as a chronic manageable disease rather than a fatal

one?
2. What is the impact of inflow of infectives on the epidemiology of HIV/AIDS?

3. What is the extent to which ARV treatment and pre-exposure prophylaxis (PrEP)

significantly help to reduce the endemicity-of the disease in a population?
4. What is the impact of the incidence-rate-on the force of infection?

5. Would the environmental perturbation be catastrophic on the system and prevent

the policy makers to launch a certain intervention programme?

6. How can public health authorities optimally interveneion the epidemic?

1.3 Literature review

The dynamics between virus infections and the immune system involve many different
components. In such cases, the principles governing the dynamics and the outcome of
infection cannot be understood by verbal or graphical reasoning. Thus mathematical
modeling in epidemiology has become a very powerful tool in analyzing the spread, and
control of infectious diseases qualitatively and quantitatively. The research results help to
predict and develop tendencies of the infectious disease, for determining the key factors of
the disease spreading, and for seeking the optimum strategies for preventing and control-
ling the spread of infectious diseases [59]. In [39] the authors show that the implications

of parents in perceptions of HIV counselling and testing are meaningful. Through the use
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of semi-structured interviews, qualitative study explored perceptions of parents regarding

the ethico-legal and social implications in the process of fighting against HIV /AIDS.

Cai et al. [14] investigate an HIV/AIDS epidemic model with two stages of infections.
The authors study local and global stability of the equilibria of a deterministic HIV/AIDS
model with treatment. Z. Osman et al. [75] extend the model of Cai et al. in [14] by
introducing the infectives through vertical transmission at any time ¢. The authors prove

global stability of the disease-free as well as the endemic equilibrium.

Research shows that access to treatment increases the expected available time for the
transmission of HIV, but it is also shown that treatment without reduction of risky be-
haviour may even increase the proportions of-infected-individuals. Such cases have been
studied in [14, 5]. In the paper by S. Blower [7],/it'is shown that incidence rates of HIV
will decrease due to the fact that more HIV-positive individuals gain access to treatment,
and hopefully the treated individuals would change their behaviour and the levels of risky

behaviour do not increase.

Many papers, whether in deterministic modeling or stochastic modeling, have studied
the effect of migrants on established populations. These papers study the stability of
equilibrium states and /or control of the spread of the disease. In general, there are two
types of stability analysis, local and global, widely used in the literature. Local stabil-
ity is concerned with behaviour of the model solution near an equilibrium point, while
global stability can describe solution behaviour in the whole domain. Examples of such
contributions can be found in [43, 68, 82, 95]. In the paper [68] of R. Naresh et al., the
authors analyze a mathematical model of the spread of HIV/AIDS in a population of
varying size with immigration of infectives. On analyzing this situation, they found that
the disease is always persistent if the direct immigration of infectives is allowed in the
community. However, in the absence of inflow of infectives, the endemicity of the disease

is found to be higher if pre-AIDS individuals also interact sexually, in comparison to the
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case when they do not. The paper [82] of T. Roy et al. describes and studies the preva-
lence of risky behaviours and factors affecting sexual practices among rural-to-urban male
migrant taxi drivers. Based on a survey, the authors’ results demonstrate that rural-to-
urban male migrants in the region under consideration significantly increase the spread of
sexually transmitted infections and HIV because of their mobility, their high-risk sexual
practices and their extensive sexual networks. In [95] the authors analyze a model of
HIV/AIDS transmission with infective immigrants with time delay and treatment. The
model incorporates some essential parameters of the HIV/AIDS transmission and enables
the assessment of the effect of recruitment of infected immigrants into the community.

They found that the direct inflow of infectives makes the disease more difficult to control.

PrEP can be cost-saving if delivered to-individuals-at-increased risk of infection. The word
prophylaxis means to prevent or control-the spread of an-infection or disease. PREP is
a new HIV prevention method in which people who do not have HIV infection take a
pill daily to reduce their risk of hecoming infected. In particular, HIV models that ac-
count for the use of PrEP are featured in the papers [86, 66, 37]. In [86] for instance,
a mathematical model for HIV/AIDS transmission using PrEP has been proposed, and
then translated into a control problem where the objectivel was to determine the PrEP
strategy that minimizes the number of individuals with pre-AIDS HIV-infection as well
as the costs associated with PrEP. The paper by Mukandavire et al. [66] compares the
impact of increasing condom use or HIV PrEP use among sex workers. The authors
found that condom promotion interventions should remain the mainstay HIV prevention
strategy for FSWs, with PrEP only being implemented once condom interventions have
been maximised or to fill prevention gaps where condoms cannot be used. In [37], the
authors develop a static model of HIV risk and compare HIV-risk estimates before and
after the introduction of PrEP to determine the maximum tolerated reductions in condom
use with regular partners and clients for HIV risk not to change. With a case study in
South Africa for FSWs, it is found that PrEP is likely to be of benefit in reducing HIV

risk, even if reductions in condom use do occur.
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The models mentioned so far are deterministic and do not consider explicitly the stochas-
ticities in or on the system. As a matter of fact, when modeling population dynamics, it
is also important to consider environmental fluctuations due to the fact that parameters
involved in epidemic models are not absolutely constant. They may fluctuate around
some average values. In the real world, population dynamics is inevitably subjected to
environmental noise, which is an important component for the population dynamics of
HIV/AIDS. The large white noise may be a serious epidemic, which can be considered
as the decisive factor responsible for the extinction of populations and human activi-
ties without control will affect the biological diffusion process which is likely to cause
fatal consequences [118]. Based on these facts, the research towards stochastic pop-
ulation systems became very interesting-and valuable. Stochastic models for the epi-
demic populations have been proposed or developed by many authors; see for instance
[60, 19, 38, 28, 76, 52, 58, 93, 107, 78, 100].” Stochastic models involved in a certain eco-

logical relationship are also featured in [74, 91].

In [58], the authors obtain sufficient eriteria for the existence of periodic solutions to deter-
ministic epidemic models with modified saturation incidence rates and their corresponding
stochastic epidemic models with random perturbation. The authors also utilise stochastic
Lyapunov functions to investigate the asymptotic behaviour of the solution. In [76], a
stochastic mutualism model is proposed and investigated. The authors show that there
is a unique solution to the model for any positive initial value. They also further show
that the solution is stochastically bounded, uniformly continuous and globally attractive.
Under some conditions, they show that the stochastic model is stochastically permanent
and persistent in mean. One of the topics that has been studied quite extensively in sde
models, is the stability of solutions, especially of the disease free equilibrium. There are
various versions of stability, see e.g. in [60]. Now it is known that stochastic perturbations
can stabilize a system. This is true also in epidemiological models. Although many papers

have studied stability, very few of these have proofs of stability of the disease free equi-
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librium beyond the condition Ry < 1. Here Ry denotes the basic reproduction number
of the underlying deterministic model. Examples of stochastic perturbation improving

stability of the disease-free equilibrium of an epidemic model of can be found in [38, 19].

In [78], the author investigates an SIR epidemic model with stochastic perturbations.
Some qualitative properties such as stochastic boundedness and permanence are proved.
X. X. Wang et al. [100] formulate and analyse a modified stochastic ratio-dependent
Leslie-Gower predator-prey model. Thus by applying It6 formula and constructing Lya-
punov functions, some qualitative properties as well such as the existence of global positive
solutions, stochastic boundedness, and the global asymptotic stability are explored. Based
on these results, they perform a series of numerical simulations and make a comparative
analysis of the stability of the model-system within deterministic and stochastic environ-
ments. In [52], an SIRS epidemic model with saturated incidence rate and disease-inflicted
mortality is studied. The Global stability of the endemic equilibrium state is proved by
constructing a Lyapunov function. The investigation of the authors stochastic model re-
vealed that the stochastic stability of disease free equilibrium. depends on the magnitude
of the intensity of noise as well as/the parameters involyved within the model system. In
[99] the authors extend the classical SIRS epidemic model incorporating media coverage
from a deterministic framework to a stochastic differential equation (SDE) and focus on
how environmental fluctuations of the contact coefficient affect the extinction of the dis-
ease. It is shown that the magnitude of environmental fluctuations will have an effective

impact on the control and spread of infectious diseases.

Examples of stochastic models for HIV/AIDS can be found in [113, 26, 47]. In [26], the
authors study a model of AIDS and condom use via the technique of parameter perturba-
tion which is standard in stochastic population modeling. Their research indicates that
introducing environmental noise into the deterministic model can have a stabilising ef-
fect. The paper by Yang et al. [113] investigates the dynamic behaviour of an HIV model

with stochastic perturbation and the authors obtain the asymptotic behaviour results.
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Kamina et al. [47] apply the multi-dimensional diffusion process to model early human
immunodeficiency virus type-1 (HIV-1) population dynamics. The authors incorporate
more of the randomness of the HIV-1 infection process to investigate the probability and

the possibility of viral extinction in their model.

Many authors investigate asymptotic behaviour of stochastic systems around the equi-
libria of the underlying deterministic models and examples of those can be found in

28, 57, 116, 117, 51, 114].

1.4 Outline of the thesis

This thesis is structured as follows:

Chapter 1 provides a general introduction on HIV//AIDS epidemic, biological background
on the disease in question. It also covers literature review on mathematical modeling of

HIV/AIDS, deterministic and/ sto¢hastic models.

Chapter 2 produces background preliminaries on epidemiological modeling; some theories

of ordinary differential equations as well as stochastic differential equations.

In chapter 3 we start off first by presenting the relevant HIV/AIDS epidemic model with
two infection stages and inflow of infectives. We perform stability analysis of both the

disease-free and endemic equilibrium points.

In Chapter 4 we investigate stochastic dynamics of an HIV/AIDS epidemic model with
treatment. We show different approaches of introducing randomness in the model. We
prove existence of global positive solutions. Some useful properties such as boundedness,

stochastic permanence and asymptotic behaviour around the equilibrium of the underly-
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ing deterministic model are also studied.

In Chapter 5 we introduce a stochastic HIV/AIDS epidemic model with inflow of infec-
tives. A Theorem on almost sure exponential stability is studied in the absence of inflow

of infectives. Furthermore, we study stability in the mean.

In Chapter 6 we investigate a model describing the population dynamics of HIV/AIDS

including treatment and pre-exposure prophylaxis (PrEP) in the context of South Africa.
In Chapter 7 we propose a stochastic model of HIV/AIDS epidemic with saturated in-
cidence rate. Our aim is this chapter is to investigate both the impact of the stochastic

perturbation as well as that of the incidence rate-on the transmission HIV.

Chapter 8 is devoted to study exponential stability of a disease-free equilibrium for an

HIV epidemic model with the use of prophylaxis.

In Chapter 9 we give some concludingremarks; including insightful and constructive ideas

for future research.
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Chapter 2

Preliminaries

2.1 Existence and uniqueness of solutions

We start off by presenting a general theorem about existence and uniqueness of solutions
of the first order initial value problem and we shall refer to [27]. Consider an ordinary

differential equation (ODE):

xl(t) = f(tvx(t))’ x<t0) =y, (2'1)

where ¢y and x( are real numbers. Thus we shall show that if f(¢,z) and %(t, x) are con-
tinuous in some region containing the point (to, xg), then there is an interval (containing

tp) on which a unique solution of equation (2.1) exists.

Theorem 2.1.1. ([27]) Let f(t,z) be continuous for all values t and x. Then the initial
value problem is equivalent to the integral equation

t

z(t) =z0+ | f(s,2(s))ds (2.2)
to
in the sense that x(t) is a solution of (2.1) if and only if x(t) is a solution of (2.2).
Let D denote the rectangular region in the tx-plane defined by

D:a<t<bec<uxz<d, (2.3)
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where —00 < a < b < 400 and —oo < ¢ < d < +00. We say that the function f(¢,z) is

Lipschitz continuous in x over D if there exists a constant k£, 0 < k < 0o, such that

|f(t 1) — f(t z2)| < Kklzy — 29 (2.4)

whenever (¢,x1) and (¢, x2) belong to D. The constant k is called a Lipschitz constant.
Clearly, every Lipschitz continuous function is continuous in x for each fixed ¢. However,

not every continuous function is Lipschitz continuous.

Theorem 2.1.2. [20] Let f(t,x) and %(t,x) be continuous on D. Then f(t,x) is Lips-

chitz continuous in x over D.

Definition 2.1.3. (61, 73, 83]) Equilibrium and stability
A point x* is an equilibrium solution-of (2.1) if ft;2")-=0.._ We say an equilibrium point

15
1. locally stable, if for every R > 0 there exists r > 0, such that

|z(0) =z f<r=flz(t)—z" <R, t >0

2. locally asymptotically stable; if locally stable and

*

|z(0) —z*|| <r = tli)rgox(t) =z

3. globally asymptotically stable, asymptotically stable for all x(0) € R™ .

Theorem 2.1.4. Lyapunov Global Asymptotic Stability
Let & = f(x) and f(z*) = 0. If there exists a C* function V : R™ — R such that

1. V(z*)=0
2. V(x) >0, for all x # x*

3. V(x) <0 for all x # z*
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4. V(x) = o0 as ||z]| = o0
then z* is a globally asymptotically stable equilibrium.

Definition 2.1.5. Invariant Sets

A set M is called invariant if for the system

&= f(z),

x(0) € M implies that x(t) € M for all t > 0.

2.2 Compartment Modeling

A compartmental disease model is-one for which the.individuals in a population are
classified into compartments depending on-their-status with regard to the infection under
study and assumptions about the nature and time rate of transfer from one compartment
to another. The standard susceptible-exposed-infectious-removed (SEIR) model divides
the total population into four compartments: susceptible (S, previously unexposed to
the pathogen), exposed (E, infected, but not yet infectious), infected (I, infected and
infectious) and recovered (R; recovered from infection'and acquired lifelong immunity)
[3, 49, 1]. The infection process is represented in Figure 2.1. Children are born susceptible
to the disease and enter the compartment S. A susceptible individual in compartment S
is infected after effective contact with an infectious individual in compartment I and then
enters the exposed compartment E. After the latent period ends, the individual enters the
compartment I and becomes capable of transmitting the infection. When the infectious
period ends, the individual enters the recovered class R and will never be infected again
[49, 1]. In each compartment, individual death occurs at a constant rate, p, which is
equal to the birth rate. Death induced by the disease is not considered here. Therefore,
the total population size in the model, N, remains unchanged. The SEIR model and its
extension have been used to model many infectious diseases, for example, measles [2, 17],

rubella [31, 13], influenza [35, 18] and SARS [56, 101], among others.
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Figure 2.1: Structure of a susceptible-exposed-infectious-recovered (SEIR) model.

where the parameter « is the rate at which individuals-in the exposed category become
infectious per unit time, and its reciprocal is the average latent period; the parameter
is the rate at which infectious individuals recover (hecome immune) per unit time, and
its reciprocal is the average infectious period; and the parameter p refers to the birth
and death rates. The probability per unit of time at which the susceptible individuals
of the population become infected is called force of infection which is represented by A.
The latter generally seen as a function of total number of infective individuals. The term
incidence represents the number of individuals that become infected in any given period
of time. It is often referred to as incidence rate, which is the incidence per unit time.

Prevalence is defined as the proportion of the population that is infected.

2.2.1 HIV/AIDS compartment modeling

For the case of HIV/AIDS modeling, we can also refer in [6, 54, 14, 88]. In [6] for
instance, a model for HIV/AIDS in four compartment is presented. The total sexually-
active population at time ¢, is denoted by N(t¢). This population N(¢) is divided into four
mutually-exclusive compartments, namely susceptible class S(t), the infected individuals

who do not know that they are infected I(t), the infected individuals who do know that
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they are infected I5(t), and that of the AIDS populations A(t). Hence the total population
at time ¢, N(¢) can be written as N(t) = S(t) + [1(t) + LI>(t) + I;(¢). It is assumed that
individuals are recruited at a constant rate 7 to the susceptible class S(t). Susceptible
individuals can be infected with HIV following contact with infected individuals at a rate
A, where \ = W, with (1, B2 are the transmission rates for HIV. The individuals
in the I class are more infectious than those in the I; class. Therefore we must have
p1 < B2. Suppose that the individuals of the I;(¢) class enter into the I5(¢) class at a rate
w and into the AIDS class A(t) at a rate ¢;. Again suppose that the individuals of the
I5(t) class progress into the AIDS class at a rate I5(¢). Let p and d denote the natural

mortality rate and disease induced death rate respectively.

In [88], the authors present a mathematical-model for the transmission dynamics of
HIV/AIDS epidemic with treatment by considering the three latent compartments for
slow, medium and fast progresses of developing the AIDS. The model is developed by
dividing the total population into six compartments, namely susceptible compartment S,
slow latent compartment [;, medium compartment I, fast latent compartment I3, symp-
tomatic stage J and a full-blown AIDS /A group: Thus; the total number of population

at time ¢ is given by

N(t) = S(t) + L (£) + L(t) + I;(t) + J(t) + A(t).

In the paper by Cai et al., [14], an HIV/AIDS epidemic treatment model is presented. To
construct the model, the authors first divide the total population into four classes. The
classes are: the class of susceptible individuals S(t), the class of asymptomatic individ-
uals I(t), the class of symptomatic individuals J(¢) and the class of the population who
have full-blown AIDS A(t). The term pK is the recruitment rate into the population,
i being the birth rate which is assumed to coincide with the average mortality rate by
natural causes. The disease-induced mortality rate is denoted by §. The parameters [3;
[Bbdenote the probabilities of disease transmission per contact by an infective in the first

and second stage respectively. For an individual, ¢ is the average number of contacts with
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others per unit time. By k; and ks we denote the transfer rates from the asymptomatic
phase I to the symptomatic phase J and from the symptomatic phase to the A-class,
respectively. The parameter « is the rate of transfer from the symptomatic phase J to

the asymptomatic phase I due to treatment.

The structure of the model is given by the following diagram:

K
BS(I+bJ)c wul
S .
1

A MJ
(n+0)A ° ko 0

Figure 2.2: Flow diagram of an HIV/AIDS model

2.2.2 Basic Reproduction number R

The basic reproduction number can be obtained by inspection in models with only one
infective class. How ever if number of infective classes is two or more, then the technique
due to Diekmann (1990) is more appropriate. The technique has also been studied by
Van den Driessche and Watmough (2002) [11], Hyman et al. (2004) [41]. The technique
is called the next generation method and defines R, as the spectral radius of the next

generator operator.
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2.2.3 Ry using the next generation method

Let us assume that there are n compartments of which m are infected. We define the
vector z = (x1,...,x,)T, where x; > 0 denotes the number of proportion of individuals
in the ith compartment. For simplicity we sort the compartments so that the first m

compartments correspond to infected individuals.

Define X, to be set of all disease free states, that is
Xs={x>0z; =0,i=1,2,..m}.

Let F;(z) be the rate of appearance of new infections in compartment ¢ and let V;(x) =
V.~ (x) — Vit (z), where V, is the rate of transfer of individuals into compartment i by all
other means and V™ is the rate-of transfer of indivuals.out of the ith compartment.

The disease transmission model-consists of nonnegative initial conditions together with

the following system of equations:
L = fi(x) = Fi(x) = Vi(x) (2.5)
Let us consider the following assumptions as in [11]:

1. If z >0, then F;,V; , Vit >0fori="1,2,..;n.
It is noted that in the case where the compartment is empty, then there can be no
transfer of individuals out of the compartment by death, infection nor any other

means.

2. It x; =0, then V;7 = 0. This simply means that nobody leaves the compartment.

In particular if x € X, then V;” =0fori=1,2,...,m.
3. If 75 = 0,7 > m. (m is the number of infectives classes)
4. If v € X, then F; =0, and V; =0 forall : =1,2,...,m.

5. If F(x) is set to zero, then all the eigenvalues of D f(zy) have negative real parts

and D f(xq) is the derivative {%} evaluated at the disease free equilibrium z.
J
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Assuming that F; and V; meet the assumptions above, we can form the next generation
matrix F'V ! from the matrices of partial derivatives of F; and V;. More specifically we

have,

OF; oV
F = lamj (a:o)] and V = [a% (:Bo)‘|

where 7,7 = 1,...,m and z is the disease free equilibrium.

The entries of F'V ! give the rate at which infected individuals in z; produce new infec-
tions in z;, multiplied by the average length of time an individual spends on a single visit

to compartment j.
Definition 2.2.1. The basic reproduction-number is-given. by

Ro = p(FV™) (2.6)
where p denotes the spectral radius of the matriz FV 71,

Thus, we call FV 1 the next generation matrix for the' model and we shall set Ry as equal

to the spectral radius F'V 1.

2.3 Stochastic Processes

Let (2, F,P) be a probability space, see [60, pp9-11]. A filtration is an increasing family
{Fi}+>0 of increasing sub-o-algebras of F (i.e. Fy C Fs C F forall 0 <t < s < o0).
The filtration is said to be right continuous if F; = (o, Fs for all £ > 0. When the
probability space is complete, the filtration is said to satisfy the usual conditions if it is

right continuous and JF( contains all P-null sets.

A family {X;}+c; of R%-valued random variables is called a stochastic process with param-

eter set (or index set) I and state space RY. The parameter set I is usually the halfline
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R, = [0, 00}, but it may also be an interval [a, b], the nonegative integers or even subsets

of R%. Note that for each fixed ¢ € I we have a random variable
Q5w — X (w) eRY,
On the other hand, for each fixed w € €2 we have a function
I>t— X (w) €R?
which is called a sample path of the process, and we shall write X.(w) for the path.

Theorem 2.3.1. ([60]) If {X;}i>0 is a progressively measurable process and T is a stop-
ping time, then X, Ij.o is Fr-measurable. In particular, if T is finite, then X, is {F,}-

measurable.

Theorem 2.3.2. (/60]) Let {M;}i=q be-an R¥-valued martingale with respect to {F;}, and
let 60, p be two finite stopping times:
Then

E(Mg|F,) = Moyl a.s!

In particular, if T is a stopping time, then
E(MT/\t‘-/—:s> = Mq—/\s a.sS.

holds for all 0 < s < t < oco. That is, the stopped process M™ = { M, } is still a

martingale with respect to the same filtration {F;}.

2.4 Brownian Motions

Brownian motion is the name given to the irregular movement of pollen grains, suspended
in the water, observed by the Scottish botanist Robert Brown in 1982. The motion was
later explained by the random collisions with the molecules of water. To describe the
motion mathematically it is natural to use the concept of a stochastic process By(w),
interpreted as the position of the pollen grain w at time ¢. Let us define Brownian motion

mathematically in what follows, see for instance [60, p15]
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Definition 2.4.1. Let (2, F,IP) be a probability space with a filtration {Fi}i>0. A (stan-
dard) one-dimensional Brownian motion is a real-valued continuous {JF;}-adapted process

{B:}1>0 with the following properties:
e By=0a.s.;

e for 0 < s <t < oo, the increment B; — By is normally distributed with mean zero

and variance t — s;

e for 0 < s <t < oo, the increment By — By is independent of Fs.

2.5 Itd’s Formula

Let {B:}:>0 be a one-dimensional Brownian-motion-defined-on the complete probability
space (€, F,P) adapted to the filtration {F}zso;-see {60, p31]. Let £1(R,;R?) denote the
family of all R%valued measurable {F }+adapted processes f = {f()};>0 such that

T
/ |f()|dt < oo a.s. for every T > 0.
0

Definition 2.5.1. A one-dimensional It6 process is a continuous adapted process x(t) on

t >0 of the form
t ¢
o(t) = 2(0) + [ f(8)ds+ | g(s)dB.,
where f € LY(Ry;R) and g € L2*(R;R). We shall say that x(t) has stochastic differential
dx(t) ont >0 given by
dx(t) = f(t)dt + g(t)dB;.

Let C*1(R? x Ry;R) denote the family of all real-valued functions V(x,t) defined on
R? x R, such that they are continuously twice differentiable in = and once in ¢. If

V e C*1R? x R ;R), we set

ov ov ov
V;f - aa Vx - ((M”@l’d) )
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Clearly, when V € C?}(R x R, ;R), we have V, = % and V,, = %7‘;.

Theorem 2.5.2. ([60]) (The one-dimensional 1t6 formula) Let x(t) be an Ité process on
t > 0 with the stochastic differential

dx(t) = f(t)dt + g(t)dBy,

where f € LY(R;R) and g € L*(R;R). Let V € C*Y(R x Ry ;R). Then V(x(t),t) is
again an Ité process with the stochastic differential given by

1

dV(a:(t), t) = [W(:L‘(t), t) + Vx(x(t)a t)f(t) -+ §%x(x(t>7 t)g2(lf)]dt + ‘/;3(1’(25), t)g(t)dBt a.s.

Theorem 2.5.3. (/60]) (The multi-dimensional It6 formula) Let z(t) be a d-dimensional

Ité process on t > 0 with the stochastic differential

dx(t) = f(t)dt+ g(t)dB(t),
where [ € LYR;RY) and g:€ L2R ;5 RE™): Let V € C*H(RY x Ry ;R). Then V(z(t),t)
is again an Ito process with the stochastic differential given by
1
dV(x(t),t) = [Viw(t), £) + Vil(t), ) (1) + Ftrace(g" ()Vaa(w(t), )g(t))]dt
FVo(a(t), Dg()dB() as
Let us now introduce formally a multiplication rule:

dtdt = dBydt = 0,dB;dB; = dt,dB;dB; = 0 if i # j,

Then, for example,

da; (t)da; (t) = > iy gin(t) gse(t)dt.

Example 2.5.4. Let us consider a real-valued function of the form g = g(S(t), 1(t), J(t), A(t)).
In particular we note that 89 = 0. For convenience we write down the formula for the

differential of g. Applying the multi-dimensional Ito formula we obtain
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2.6  Stochastic Differential equations

Consider the d-dimensional stochastic differential equation of 1td type, see [60, pp.48-51]

dz(t) = f(a(t), )dt + g(e@st)dB() on to<t<T (2.7)

with initial value x(ty) = zo. By the definition of stochastic differential, this equation is

equivalent to the following stochastic integral equation:

z(t) = x(0) + t: f(z(s),s)ds+ tg(x(s),s)dB(s) on tog<t<T. (2.8)

to

2.7 Existence and Uniqueness of Solutions

Theorem 2.7.1. Assume that there exist two positive constants K and K such that

(i) (Lipschitz condition) for all x,y € RY and t € [ty, T

(i1) (Linear growth condition) for all (z,t) € R% x [ty, T

(@ O Alg(a, )] < K(1L+|2f?). (2.10)

Then there exists a unique solution x(t) to equation (2.7) and the solution belongs to

M?([to, T]; RY).
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2.8 Stability of Stochastic Differential equations

Consider the d-dimensional stochastic differential equation, see for instance [60, pp.110-

128]

d(t) = F(a(t), )t + g(x(t), DAB(1) (2.11)
on t > 0 with initial value X (0) = Xy, the solution is denoted by X (¢, X). Assume that
f(t,0) = g(t,0) =0 for all ¢ > 0, so the origin point is an equilibrium of (2.11).

Definition 2.8.1. The equilibrium X = 0 of the system (2.11) is said to be:

(1) Stable in probability if for all e > 0,

lim P X (T, Xol> = (; 2.12
i <Stl>1£>| (t, o)l_6> ; (2.12)
(7i) asymptotically stable if it is stable in-probability and moreover;

)}}E}OP <tll>rcr>10X(t,X0) £ 0) = 1; (2.13)

(7i1) globally asymptotically stable if it is stable in probability and moreover, for all Xy €
R™

P (tlggo KRN € o) PE (2.14)
(1v) almost surely exponentially stable if for all X, € R",

1
tli}m sup In|X(t, Xo)| <0 a.s.; (2.15)

(v) pth moment exponentially stable if there is a pair of positive constants Cy and Cy such

that for all X, € R™,
E (| X (t, Xo|P) < C1| Xo[Pe™ " on t > 0. (2.16)

Let us denote by £ the differential operator associated to (2.11), defined for a function
V(t,z) € CY*(R x R") by

£V:a—v+fT

=T
ot + T

or 2

av 1 7OV
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Chapter 3

Stability of an HIV /AIDS epidemic
model with treatment and inflow of

infectives

3.1 Introduction

We investigate an HIV/AIDS epidemic model with treatment similar to that in [14].
The model allows for two stages of infection namely the asymptomatic phase and the
symptomatic phase. The ARV treatment helps the symptomatic individuals to move back
to asymptomatic phase. Thus, we only consider two stages according to clinic stages, i.e.,
the asymptomatic phase I and the symptomatic phase J. In this chapter and throughout,
we find it convenient to replace 8S(I 4+ bJ)c in [14] by S(811 + B2J)c. We also introduce

inflow of infectives (); and ()5 in the model as in the diagram below:
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Figure 3.1: Flow diagram of HIV-/ATDS model with inflow of infectives

We now give the description of parameters.

i Birth and mortality rates by natural causes;

K  Size of the total population,

¢ An individual average number of sexual contacts with others per unit time,
51 Probability of disease transmission in the asymptomatic phase,

By Probability of disease transmission in the symptomatic phase,

ky Progression rate from [ to J,

ko  Progression rate from the symptomatic phase J to A,

«a  Rate of transfer from J to I due to ARV treatment,

0  Disease induced mortality rate.

Our model is then constructed by considering the appropriate in-flow and out-flow rates

of each compartment as in figure (3.1) and parameters in the list above.
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as

= — k= S\ —
7 pk — SA — wsS,
dl
il Q1+ SA— (n+ k) + ad,
dJ
i Qo+ kil — (pn+ ko + ) J,
dA
= kad — (u+ A (3.1)
dt
where
A= (Bl + BaJ)
and

with S(0) = Sy > 0, 1(0) = Iy 00y = Jo > 0, A0y =Ag > 0

In the absence of @ and @2, then the model system (3.1) permits two equilibria; the
disease-free equilibrium Fy = (K0,0,0) and the equilibrium point E* = (S*, I*, J*, A*).

The coordinates of the equilibrium point will be calculated at a later stage.

For calculating the basic reproduction' number Ry we take ()1 = ()2 = 0. Using the next

generation matrix we re-arrange the equations so that the infective classes come first, we

obtain

dl
dJ
a = k’ll— (/L—i-kg—i-a)J,
as

We eliminate that last compartment since it does not appear in any other compartment

and we write (3.2) by



which can also be expressed by

v =F =V, or x;=F— (V7 =V
where F' and V are the m x n matrices given by

_ [ 8Fi(z0) —( 9Vi(zo)
Po(men ) ve(m).

Then from our system we have

OF;, OF;
. ol 8J ) B.Sc BrSc
0 0
0 0
and
% % 1% -+ k’l =@y
V: p—
% % —ky (p+Fkz+c)

The derivatives of F' and V at Ey(0;0, K) are given'by

BrcK PacK (1 + kq) —a
F= and V=

0 0 —Fky (14 ko + )

The inverse of V' is given by

(/L + kQ + Oé) /{1
Vfl — 1

(k1) (ptke)+pa

o (1 + k1)

and a calculation of FV ! gives the basic reproductive number of the model as

cK (114 ko + o) By + Bokn)
(e + k) (i + ko) + ap)

p(FV™!) =Ry =
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3.1.1 Existence of the endemic equilibrium

We first compute the coordinates of the endemic equilibrium E* by

g - MK
A p
It (A + p)Qa + (o + p 4 ko) (KA + (A + 1) Q1)
(1 + k1) (o + Fa) + ap] (A + p) ’
. 1 a(A+ p)Qz + (a + 4 ko) (kA + (A + 1) Q1)
= (o4 + ko) lQﬁkl( [(p 4 K1) (o + k2) + ap](A + p) )]

. ks a(AN+ p)Q2 + (v + p+ ko) (kA + (A + 1)Q1)
8 ‘<u+6><a+u+kz>[@+kl< G+ F) (i + k) + ] O+ ) )]

We now prove existence of the endemic equilibrium by considering A\ as defined in the

model system (3.1). At the same time, A is-a-root of the following polynomial

where

Zy = plo+ ko4 p) + ki(ka +p)

Zy = cfi((—a—ky — p)(uK + Q1) —aQs) + ki(pulp+ky) — cfo(nK + Q1 + Q2))
Fu(pla+ k) — cf2Q2)

Zy = —p(cBi(@ia+ ke +p) +aQa) + cBa(ki(Q1 + Q2) + nQ2)).

For the case ()1 = ()2 = 0, the quadratic equation admits a root A\g = 0 which corresponds

to the disease-free equilibrium and another root

pleBriK (a+ ko + p) — ki(—cBoK + ko + p) + p(o + Kz + )
o+ k’lﬂ + k’g,u + k’lkg + /L2

which is positive if and only if —Z5 > 0. It is also noted that a negative value of A will

AL =

result in a point E; which is non-feasible. Thus, if ()1,Q> > 0 as —Z, = h > 0 the
quadratic equation admits one positive and one negative root. The negative root is not

meaningful biologically, and so we only consider the positive root given by
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27,

We note that A > 0 if and only if Ry > 1, and h < 0 if and only if Ry < 1. We observe
that

In particular it is noticed that as ()1, Q2 get closer to zero, the model has threshold
Ro = 1. Therefore, for @1, Q2 > 0, the disease remains endemic, so the system (3.1) has
one endemic equilibrium point and.the disease will.remain in the population. In this case

the system (3.1) would not exhibit a disease-free equilibrium.

3.1.2 Feasible solutions

Thus, we shall study systemy (3:1)rin the following feasible, region:

A = {x€R4|x1 > 0,29 >0, 23 >O,m4>0,x1+x2+x3—i—x4<k}. (3.5)

which can be shown to be positively invariant with respect to (3.1).

3.1.3 Global stability of the disease-free equilibrium
We now prove by means of Lyapunov function that for Ry < 1 the disease-free equilibrium

Ey(K,0,0,0) is globally asymptotically stable if @1 = Q2 = 0.

Let us first define the numbers m, &, &1, & and &3
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T o= (p+k)(p+ k) +op,
& = Bilp+ ke +a) + Boky,
& = [ra+ Ba(p+ k). (3.6)

The values of & and &3 will be displayed at later stage, meanwhile they are declared to

be positives.

Theorem 3.1.1. For the case Q1 = Q2 = 0, then the disease-free equilibrium Eqy of
system (3.1) is globally asymptotically stable if Ry < 1.

Proof. Consider the numbers as displayed (3.6).
Assuming that Ry < 1, it is possible-to find positive-umbers &, and &3 sufficiently small

such as to have the following inequality:

Socbi K + 711 (Ro —11) <0, &yeBoK + ki +mHB2(Ro — 1) < 0.

Define the following function

Vi(S(8),1(2), (), A() =& (K =5(F)) +&iL(E) + 6T (t) + E3A(D).

Differentiating V;(t), we have

Vi) = —&S(t) + & [c(Bil + Bad)S — (+ k)] + ] + & [kal — (p + Ky + ) J] + E3A(t)
< —&St) +m(Ro — 1)(BI + BoJ) + E3A(t)
= —So(WK = 8) = cK(Bil + B2J)) + T(Ro — 1)(Bil + B2 J) + &3(kaJ — (11 +6)A)
= —ou(K —8) 4+ [/ K +mf1(Ro — 1)] + J[€ocfa KK + E3ka + mHa(Ro — 1)]
—&(u+ 0)A. (3.7)

We note that V; is positive-definite and V; is negative-definite. Therefore the function V;

is a Lyapunov function for system (3.1) without inflow of infectives. By the Lyapunov
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asymptotic stability theorem, the disease-free equilibrium Ej is globally asymptotically
stable. This completes the proof.

3.1.4 Global stability of the endemic equilibrium

We shall now prove global stability of the endemic equilibrium.

Theorem 3.1.2. The endemic equilibrium E* of system (3.1) is globally asymptotically
stable for Ry > 1.

Proof. Setting r = (S,I,J) € Q & R% we eannow-construct a Lyapunov function of the

form

S* I

. 0 <J PRI Ji) (3.8)

Vo = Va(r) = <S—S*—s*1n§> L (1_1*_1*111])

where r* = E* = (S*,I*,J*) and C; > 0 is a constant. Thus, Va(r) > 0 for r € Int A,

and Va(r) =0 < r =r".

By equating each equation in system (3.1) to zero, the equilibrium equations as follows

are useful:

puK = S*(BiI" + BaJ")e+ pS*,

I*

(u+k+a) = %+k1j*7
S* (B I* J* J*
(n+ki) = ?j+ (5, ;:52 )C—i-ozl_*.

(3.9)
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The time derivative of V; is

) ) S ) I*
= $(1-5)rai(1-4)
+ CyJ (1 — ‘]J) . (3.10)

We substitute (3.9) into (3.10)

Ve = <1_§> (—=cS(BiI + Bad) = pS + ¢S (BiI" + BaJ”) + uS™)

+Ch <1 - I;) (Q1+ S(BLL + PoJ)c+ al
(@1 + BiS A 0:5 cT + aJ*)I)

I*

+C, (1—‘?) <Q2+k11— <%+k1§—>> (3.11)

Expanding and grouping some terms we have

Vy — uS* (2 - 5 i %) 4 (1 . %) BTG TS)
+ (1 _ 5;) B (J*S* — JS) + Cy (1 - ]I> <Q1 - QIII*)

Lo (1 - II) Bre (15 - I*S*I>

I*
%) (1—I>52c<J5—J s [*)4—Cla<1—j> <J—J [*)
T T J* 7
soh (1= ) (1-rg)ra(i-F) (@-ef). 6w
Let
s I J

Then (3.12) becomes
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Vo, = M5*<2—x—x)+6511*S*<1—a:y—$+y>
1 1
+052J*S*<1—xz—$+2>—I—Cl<2—y—y>Q1
+C11eS T (ay —y — x + 1) + C1BpeS™ T (‘”Z - xyz —yt 1)
* z % Yy
+CraJ (Z_y—y+1>+02k1[ (y_z_z+1)

-Hk(z—i—z)g2 (3.13)

Expanding further we have

Vo = uS* (2—1—:c)+01 (2—5—3/)Q1+051[*S*—cﬁ[*S*xy—cﬁ[*S*l
x

T

1
+ci1 1" Sy + P JES* — eBy JTS vz — C/BQJ*S*E + ¢y J*S* 2

+C’16105*I*xy _ ClﬁlcS*I*y — C’lﬂlcS*I*x i 016165*]* + OlﬁQCS*(]*IZ
_C1BecS* T E e Py F OB T
Y

+Cmﬁz—0mﬁy—aaﬁ;+Qaﬁ+C%JW—C%J%

—@hﬁg+0ﬁﬁf (3.14)

Grouping some terms like zy, xz,y and z, then we have

Vo = uS* (2 — i — :c) + C4 <2 — ; — y) Q1+ /1 I"S*xy(Cr — 1) + B J*S™22(Cy — 1)
(B ST — Crepi S*TF — CrefaS™J* — Crad* + CokyI7)
+2(cB28* " + ChaJ* — Coky I™) + 1 17S™ — cﬂll*S*;
ﬂmﬁy—wﬂwi+am¢Wt4u@9ﬁ?+amwv*

—C'lOéJ*E + Clon* — Cgklj*g + Clef* — ClﬁlcS*I*x (315)
Yy z
We choose the coefficients of xy, xz, y and z which are equal to zero; that is,
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(Ol - ]-) - 07
6615*]* — C’chlS*I* — C’chgS*J* — ClOéJ* + Czklf* = 07
CBQS*J* + ClOéJ* - CleI* = 0.

Thus we have

cfB2S* T + aJ”

01:1702: kI*
1

Equation (3.15) is reduced to the following.

. | | 1
V, = us (2——x>+01 (2——y>Q1+cﬂls*I* (2——3;)
x Y x

1
vams' (2= JE TR ARG Y Conr
1

By substituting C, Cy in (3.16). it follows that

Note that since the arithmetical mean is greater than or equal to the geometric mean,

that is
(a1 +as + ... +ay)/n > Jajas...a, fora; >0,i=1,..,n,

then it follows that (2 —2 — 1/z) < 0forx > 0and (2 —z — 1/z) = 0 if and only if 2 = 1;
(2—y—1/y)<0fory>0and (2—y—1/y)=0ifand onlyif y =1; (2—2—1/2) <0
for z > 0 and (2—2—1/2) = 0 if and only if z = 1; (2—5—%) < 0 for y,z > 0 and
(2—5—%) = 0 if and only if y = z; (3—1—%—%) <0Oforx>0,y>0 and z > 0



and (3 —1_ ez %) = 0 if and only if z = y = 2z = 1. Therefore, it is easy to see that
VQ < 0. Furthermore, Vz = 0 if and only if x = y = 2z = 1. The maximum invariant set of
system (3.1) on the set {(x,y,2) : V = 0} is the singleton (1,1, 1). Thus, for system (3.1),
the endemic equilibrium E* is globally asymptotically stable if Ry > 1 by the Lasalle

invariance principle. O

3.2 Numerical simulations and concluding remarks

We present some numerical simulations in the general context to investigate the dynamics
of the model system with and without the inflow of infectives. For some numerical simu-
lations in the context of the South African HIV-historical data, we let the reader refer to

chapters 5, 6, 7 and 8. The parameter values of the model are given in the table below.

Table 3.1: Estimating parameters for model system 3.1

Parameter Estimated values' Ref

L 0.017 (7]
Lo 0.017 [7]
a 0.21 [7]
ky 0.3 Estimated
ko 0.3 Estimated
c 3 [7]
) 0.21 Estimated
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Figure 3.2: The population dynamics with and without inflow

In Figure 3.2, we show the population dynamics of HIV/AIDS with and without positive
flow of infectives. It can be seen that whenever there is positive inflow of infectives, then
the model system (3.1) does not permit a disease-free equilibrium even when Ry < 1,
see for example in Figure 3.2 (¢). In Figure 3.2 (b) and (d), we show that the presence
of the inflow of infectives makes the disease to stabilize more at the endemic level. The
basic reproduction number in (d) is less than in (b), but the graph in Figure (d) is more

endemic than in Figure (b).
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Chapter 4

Stochastic dynamics of an
HIV /AIDS epidemic model with

treatment!

4.1 Introduction

In this chapter, we investigate a stochastic HIV /AIDS epidemic model with treatment.
The model allows for two stages of infection namely' the asymptomatic phase and the
symptomatic phase. We prove existence of global positive solutions. We show that the
solutions are stochastically ultimately bounded and stochastically permanent. We also
study asymptotic behaviour of the solution to the stochastic model around the disease-free
equilibrium of the underlying deterministic model. Our theoretical results are illustrated

by way of numerical simulations.

Examples of stochastic models for HIV/AIDS can be found in [113, 26, 47]. In [26], the

authors study a model of AIDS and condom use via the technique of parameter perturba-

' A modified version of this chapter was published as:
M.U. Nsuami, P.J. Witbooi. Stochastic dynamics of an HIV/AIDS epidemic model with treatment.
Quaestiones Mathematicae, (2018) 1-17.
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tion which is standard in stochastic population modeling. Their research indicates that
introducing environmental noise into the deterministic model can have a stabilising effect.
The paper by Yang et al. [113] investigates the dynamic behaviour of an HIV model with
stochastic perturbation and the authors obtain the asymptotic behaviour results. Kamina
et al. [47] models the population dynamics of the human immunodeficiency virus type-1
(HIV-1) population dynamics with the use of diffusion processes. The authors incorporate
more of the randomness of the HIV-1 infection process to investigate the probability and

the possibility of viral extinction in their model.

The chapter is structured as follows. In Section 4.2 we give some preliminaries. In Section
4.3 we present the model and we show the existence of global solutions. In Section
4.4 we study the ultimate boundedness and stochastie.permanence properties. Section
4.5 studies asymptotic behaviour around the disease-free equilibrium of the underlying
deterministic model. Section 4.6 gives a numerical illustrations and Section 4.7 provides

some concluding remarks.

4.2 Preliminaries

Let us denote by R, (resp. R ) the set of points in R™ having only non-negative (resp.

strictly positive) coordinates.

Throughout this paper we assume a complete probability space (€2, F,P) with a filtration,
{Fi}+>0, that is right continuous and with Fy containing all the subsets having measure

Zero.

Consider an equation of the form (4.1) below, for an k-dimensional Brownian motion B(t)

on .

dx(t) = f(t,x)dt + g(t,x)dB(t) (4.1)
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A solution with initial value z(0) = zo is denoted by z(t,z). Assume that f(¢,0) =

g(t,0) =0 for all t > 0, so the origin point is an equilibrium of (4.1).

For a stochastic process z(t) which is a function of B(t), when we wish to single out a

specific Brownian path w, we shall write (¢, w).

By £ we denote the infinitesimal generator of an equation of the form (4.1), see [72] of

@ksendal, defined for a function V (¢, z) € CY2(R, x R¥),

Definition 4.2.1. (see [51, 115]) A solution x(t) of the system (4.1) is said to be stochas-
tically ultimately bounded if for any € € (0,.1), there is a positive constant ¢ = p(€), such

that for any positive initial value z(0),

lim sup P{|z(t)| > ¢} <le.
t—00

Definition 4.2.2. (see [77])-A solution x(t) of system (4.1) is said to be stochastically
permanent if for any € € (0,1), there-exists. a-pair of positive constants ¢ = p(€) and

¢ = &(€), such that for any positive initial value x(0), the following condition holds:
ligian{|x(t)| <p}>1—¢ and litrgianP’ﬂx(tﬂ >¢éP>1—e

Remark 4.2.3. The following inequality will be useful in Sections 4 and 5.

Given any finite sequence of real numbers uy, us, ... , u,, then

(Zn: u;)? < n(z us). (4.2)

=1 i=1

4.3 The model and global solutions

In the underlying deterministic model, we assume a total population which at any time

t is subdivided into four classes. The classes are: the class of susceptible individuals
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S(t), the class of asymptomatic individuals I(¢), the class of symptomatic individuals
J(t) and the class of the population who have full-blown AIDS A(¢). The term pK is the
recruitment rate into the population, p being the birth rate which is assumed to coincide
with the average mortality rate by natural causes. The disease-induced mortality rate is
denoted by 6. The parameters 31, 52 denote the probabilities of disease transmission per
contact by an infective in the first and second stage respectively. For an individual, ¢ is
the average number of contacts with others per unit time. By k; and ky we denote the
transfer rates from the asymptomatic phase I to the symptomatic phase J and from the
symptomatic phase to the A-class, respectively. The parameter « is the rate of transfer

from the symptomatic phase J to the asymptomatic phase I due to treatment.

Let W(t) = (Wo(t), Wi(t), Wa(t), Ws(t)) be a 4-dimensional Wiener process defined on
this probability space. The components of W are assumed to be mutually independent.
In the model below, the non-negative constants og, o1, 02 and o3 denote the intensities of

the stochastic perturbations.

In the literature, it is showed that there are different possible approaches to introduce
random effects in the epidemic models affected by environmental white noise from biologi-
cal significance and mathematical perspective. Here, we mainly mention three approaches
to the model (3.1) as an example. For the first model, we assume that white noise type
stochastic perturbations are directly proportional to S, I, J, A influenced on the dS, dI,d.J
and dA in the model (3.1) with or without the positive inflow of infected individuals. The

model takes the following form.
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dS = [uK — (Bl + BJ)S — uS) dt + 0o SdWo (1),

Al = [c(Bi] + B2)S — (1 + k1) + aJ] dt + o IdW (),

dJ = [kl — (u+ ko + ) J] dt + oo JdWa(t),

dA = [koJ — (u+ 6)A]dt + o3 AdWs(t). (4.3)

The second one, because system (3.1) has a positive equilibrium E* = (S*, I*, J*, A*) un-
der Ry > 1, we can introduce stochastic perturbations which are linked to S(t), 1(t), J(t), A(%)

from values of S*, I*, J*, A*, respectively. In detail, that is,

dS = [puK — (b1l +52)S=pSldt+ oo(S — S*)dWy (1),
dI = [c(pr] + Bad)S + (w+ k)I +ad)dt+ o (I — I")dWy(t),
As a third approach, one can add randomly fluctuation affecting directly the deterministic

model. Suppose that infection rate 8 and [, are stochastically perturbed with
B — Bi + 0oB(t), fo — B2 + 0o B(t), namely

dS = [uK — (B + BoJ)S — uS] dt — aocBiISAW,(t) — o1¢Ba T SAW (1),

dl = [c(B] + BaJ)S — (pu+ k)] + ad] dt — oocBISAWy(t) — o1cBad SAW, (1),

dJ = [kd — (p+ ko + )J] dt

dA = [kyJ — (u+ 0)A]dt (4.5)

Let us consider the model (4.3).

In the special case when oy = 0, the model system (4.3) permits a disease-free equilibrium

Ey = (K,0,0,0). The basic reproduction number of the underlying deterministic model
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is very similar to the one in [14] and is computed as

cK[Br(p+ ko + o) + [aki]

R pr—
" (k) (k) +ap

We use the notation:

In what follows we show that solutions of (4.3) exist globally and are positive (a.s), see

for instance [77, 115].

Theorem 4.3.1. For model (4.3) and any initial value (S(0),1(0),.J(0), A(0)) € R:,,
there is a unique solution (S(t),1(t), J(t)+A(t))~on t > 0 which remains in RY, with

probability one.

Proof. Note that the coefficients of the system (4.8) are locally Lipschitz continuous. Thus
there exists a unique local solution-on# €10, 7.), where 7. is the explosion time. We need

to show that this solution is global.almost surely (a.s) ; that is, 7. = oo a.s.

Let mg > 0 be sufficiently large so that S(0), 1(0), J(0), and A(0) sits within the interval

[1/mg, mg]. For each integer m > my, define a sequence of stopping times by

Tm = iInf {t €0,7): S(t) ¢ (;L,m) or I(t) ¢ (;,m) or J(t) ¢ <m,m>

or A(t) ¢ (7717,’m) }

where we set inf() = co. Now since the sequence (7,,) is non-decreasing, the following
limit exists:

e = Jim 7.
and 7o, < 7. (a.s.). Now we need to show 7., = 0o a.s. If this statement is violated, then

there exist 7' > 0 and € € (0, 1) such that
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P{ro < T} > e (4.6)

Thus, there is an integer m; > myq such that

P{r, <T}>e¢ Vm>my. (4.7)

Choose ag > 0 sufficiently small in order to have agcf5; < p and agcfBy < p. Consider the

function V; defined by

Vi(S, 1, J,A) = (S—ao—aolnc;g) + ([—1—1n]) - <J—1—an>
0

+(A— 1 —lnA).

Note that each of the four bracketed terms are non-negative while (S(t), I(t), J(t), A(t)) €

R? . By applying It6’s formula we have,

dVi(S, I, J, A) b ,C‘/ldt + (S o CL())O'()dWO(t) + (I — 1)0’1dW1(t)
F(J = DoadWa(t) + (A = 1)o3dWs(t), (4.8)

where

LV, = {(1 — DY (i — (BT + B2])S - us)] + [(1 _ }) (c(Bl + 5])S

(k) + aJ))} 4 [(1 _ }]) (kal — o+ ks + a)J)}

4{(1 — il) (/@J — (n+ 5)A)] + ;(GUU(Q) + ot + 03+ 03)

< uK—;L(I—I—J)+aoc(61[+52J)+,u(3+ao)+k‘1+k2~l—a+5

1
+§ (aoag + 0} + 05+ 03).

Note that by the choice of ag we have:
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apcPrl — pl =1 (agefy —p) <0 and apcfod — pJ = J (apcfe — 1) < 0.

Therefore
LV <C,

where C' = puK + p(3 4 ag) + ki + ko + o+ 6 + 1 (apo + 0% + 03 + 03) is a constant.
Integrating both sides of (4.8) from 0 to 7, AT yields

/0 T VA(S(5), 1(s), J(s), A(s)) < /0 " Cds + Hry AT,

where

H(s) = /S(s< ) — ao)oodWila) % / W) = o dWi(u) + / w) — 1)oadWa(u)

+/ — 1) aydWs(u).

Note that H(s) is a mean zero martingale process. Thus by taking expectations we have

E[Vi(S(7m AT), (T AT), I(ten AT), J (7 AT))]
< Vi(5(0), 1(0), J(0), A(0)) + CT.

Set €, = {7, < T} for m > my. From equation (4.7), we have that P(£2,,) > € for each

m > m,. For every v € ,,, we have

{S(Tim, v), LTy v), J(Tin, V), A(Tim, ) } () {m, 1/m} # 0.

Consequently, for every v € Q,,

VilS(tin AT), I(tiu NT), J(Tiu AT, A(T;u ANT)) > Dy,
where
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. m 1 1
D,, = min {m—u—uln,—u—uln}>0.
ue{l,ao} u m um

Then we obtain

Vi(S(0),1(0),J(0), A(0)) + CT
> B[(10, Vi(S(rm AT), (7 AT), J (70 AT), A7y AT))]

2 €Dy,

where 1q  is the indicator function of €2,,. Letting m — oo leads to the contradiction
oo = V1(5(0),1(0),J(0), A(0)) + CT < oo. Therefore, the solution of model (4.3) is
positive and will not explode in finite time, with probability one. This completes the

proof. O]

The solution X (¢) of model system (4.3) is stochastically ultimately bounded and stochas-

tically permanent.

4.4 Ultimate boundedness and permanence

The solutions to system (4.3) are expected to exhibit some further properties, other than
positivity. In this section we investigate for stochastically ultimate boundedness and

stochastic permanence.

Theorem 4.4.1. For any initial value X (0) in RY , system (4.3) is stochastically ulti-
mately bounded.

Proof. Let my > 0 be sufficiently large such that every coordinate of X (0) is contained

within the interval (m%)’ myg). For each integer k > my, define the stopping time
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S inf{tz 0:S(t) ¢ (ik) or I(t) ¢ (}fk) or J(t) ¢ (;k)

or Alt) ¢ (; k)} | (4.9)

By Theorem 4.3.1, 7, — oo almost surely as k& — co. We have

AN = d(S+1+J+A)
= (,uK — ,LLN — 5A)dt + UoSdWo(t) + alldVVl(t)
+O’2JdW2(t) + UgAde(t)

Applying 1td’s formula to e** N gives

de N = pe' Ndt+-e' dN
= (/jjeutK Ti e“t5A)dt s O'Oe‘LLtSdWO(t) + Ule“tfdwl(t)
‘|’O’2€MtJdW2(t) == U3€utAdW3 (t)

IN

pert Kdt + oot SdiWo(t) + aie TdW, (t)
—|—0'2€‘utJdW2(t) -+ UgeﬂtAsz; (t) (410)

By integrating this inequality and then taking expectations on both sides of (4.10), one

can see that

tAT]
E{e“(MT’“)N(t A Tk)} —NO)<E [/ ' ue“sts} < K(eM —1).
0

Letting k — oo we obtain the inequality

SME[N ()] — N(0) < K (e — 1).

Consequently,

limsupE[N(t)] < K.

t—o00
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Note that |X| = +/S? + I? 4+ J2 + A?2 < N, and therefore

limsup E[| X (t)]] < K.

t—o0
Now for any given € > 0, let us write p = K/e. We complete the proof by using Markov’s

inequality, obtaining

E
lim sup P{| X (t)| > ¢} < limsup
t—o0 t—o0

The property of permanence is quite a significant property since it refers to the long term

boundedness of | X ()| as well as boundedness.away from zero in the long term.
Lemma 4.4.2. Assume that there exist positive constants p and h satisfying:

h 1
+u+5+l);_max{og,0f,ag,ag} < uK. (4.11)
p

For any initial value X (0) € R%,, the solution X (¢) satisfies the inequality

1
li E <2’H
=y LX(W] =0
where
C3 4\ p2
— p—
H <4h01+1)max{1,(1+v ) },
e Oy +/C2 +4C1h
2C,
and

1
¢ = ﬂ(uK—ﬂ—“p—;maX{US’U%’“g"’g})_h’

Co = p (,u + 6 + max{o}, 07, 03, 032,}) + 2h. (4.12)
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Proof. Let us assume existence of p and h to satisfy condition (4.11). Now we define the

function V5(S, I, J,A) = (S+1+J+ A)~! for X(t) € R}, . Applying the It6 formula, we

have
L1+ V)] = p(1+ V)T,
where
ro— ;<p SOV 4 (1 V)R] (0297 + 0212 4 022 4 0247)
—(1+V2)V5 (uK — uN —54).
Note that

1 T
5P = DV, = AHWEEE (o DI + V5

Using the identity Vo N = 1 together with the inequalities VoA < 1 and

%3 (0352 + 2P F o] F U§A2> < max {0(2), 01,03, a§} :
we obtain an inequality as follows

1
ro< {2@ + DVimax {of, o}, o3, o} + Vamax {1} o7, o3, “3}]

Vi (uK — = 6) + Va(u+6) = V5 uK .

On the right hand side of the latter inequality, we drop the negative term —V3uK and

we reshuffle terms to obtain

r < —V22(MK_ (u+5) — 'Oglmax {03,03,03,03})

+Vs (LL +0+ max{ag,af,ag,ag}) :

In fact we can now express I' in the inequality below, with C; and Cy are as defined in

(4.12):
r< —Vf(cl: " v

Cy —2h)‘
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Again by the [t6 formula we have

L1 +V)?] = he"(1+ Vo) +eML(14 V)P
= "(1+V2)"*(h(1+ V)" + pI)
< M4+ VR)P2(=C VR 4+ CyVa + h)
Recall that v# = (Cy + 1/C2 +4C1h)/(2C1). If Vo > v# then L(e"(1 + V5)?) < 0.
Now note that e"(1 + V5)?=2 is positive. So in order to find an upper bound for the

right hand side of the inequality above, it suffices to maximize the factors separately. We

continue on this to find that

2

C
el — ey )
e = SO e ic &+ h,

and over 0 < V, < v we get

(1 #1V2)A1? <lmaxi1, (Il H- vt 2},
Therefore,

21

L(eM(1+12)7) < eM(max{L, (1+ %)) (34

+h) = e"hH.
Thus it can be deduced that

E[e"(1+ Va(t))] < e"(1+ V3(0)) + hHehht.

Therefore

lim supE[Vg(t)p} < lim sup E[(l + Vg(t))p} < H.

t—o00 t—o00

For (S,1,J,A) € R}, from the inequality (4.2) it follows that

S T+J+A<\J4S?+ 12+ J2 4 A2).

o7



Consequently, for any p > 0,

14
2

(S+HI+J+AP<22(S*+ TP+ J*+ A%)2 =2° | X[

Taking reciprocals the latter inequality yields

1 2°

< :
Xlp = (S+1+J+ Ay

Therefore we can conclude that

1
limsup E < 2°limsup E|(V5(t))’] < 2°H,
s || < 2 imsw B0 <
which completes the proof. O

We can now prove the stochastic-permanence.

Theorem 4.4.3. If max{c?, 0%, 05,05} < 2(uK — (1u+9)), then the solution of the model
(4.3) is stochastically permanent.

Proof. By Theorem 4.4.1, we have P{|X (t)| > ¢} < é. This implies
P{X(H)| < ¢} 21—¢

from which it follows that

liginf]P’{|X(t)| <pl>l-e

The assumption max{cZ, 0%, 02,05} < 2(uK — (u + §)) implies that there exists p > 0
such that

+1
p+o+ %max{og,a%,ag,ag} < pK
and given the latter inequality, there exists h > 0 such that
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h 1
PR p;max{ag,aiaiaz)?} < pK.

Therefore Lemma 4.4.2 applies, and so it follows that for H as in Lemma 4.4.2:

limsup E [

t—o00

1 P
o <2

1

Now, for any € > 0, let £ = % (ﬁ); . Then

—_

—
Xln
~
==
vV
—_
——

PX ()] <€} = P{ o >§}:IP>
- P{<1X£<t>r> - 1} =& [!th)!”]

lim sup P{|X ()] <&} < EP(2H) = e,

Hence,

from which it follows that
hginf]P’{|X(t)| >EF>1—e.

The proof is complete. O

4.5 Asymptotic behaviour around the disease-free
equilibrium of the underlying deterministic model

In the deterministic models, the biological significance of the asymptotic stability of the
disease-free equilibrium state is that the disease will go extinct, while the stability of
the endemic equilibrium state means that the disease will persist in a given population.
However, it can be seen that the model system (4.3) has no equilibrium states and that
is why we study the asymptotic behaviour around the equilibrium of the underlying de-

terministic system.
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Before stating the main theorem of this section, let us first define the following numbers:

- R
T o= (w4 k)(p+ k) +op, by = 527T( 3 0)7
2
1-R b
bs = 517(21610)7 51=§7 by = B1(p + k2 + ) + Paky,
bg = 52(/L+/€1)+51(X+b5 (413)

Theorem 4.5.1. Suppose that the following conditions are satisfied:

Ro <1, 02 < pu.

Then for any given initial value (S(0), 1(0),.J(0), A(0)) € R, the solution of the model
(3.1) has the property:

2

lim sup E/ P2 I(7) +J(7) +A(T)}d7' < 2b10(2)[§,

t—o00

where
(} —Ro)

Q—min{Q(,u—ag),?T 5

ﬁl,b4(/1/ ar 5), b5(/L + k'Q + Oé)} .

Proof. Set () = S — K. Then the system 4.3 can be written as

dQ = [—pQ —c(Bil + B2 J)(K + Q)] dt + 0o (K + Q)dWo(1)

dI = [c(Bid + BoJ)(K + Q) — (u+ k) + aJ|dt + o1 1dW;(t),
dJ = [kl — (p+ ko + ) J]dt + o2 JdWs(1),

dA = [koJ — (u+ 0)A]dt + o3 AdWs(t).

For the numbers b; as in display (4.13) above, consider the following positive-definite

function:

%(ija Ja A) = b1Q2 +b2l+b3J+b4A
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Then
t t
[ Vi@, 1.0, 4) = [ £Vi(Q. 1, Aydu+ M,
0 0

where

w = [ 90, Qo (K + Q)dWo(u) + / oot AV, (1)
0 0

t t
+ / by J AW (1) + / baos AdWs (1)
0 0
and

E%(Q? [7 J7 A) = 251@[—NQ il C(ﬂll =~ ﬂQJ)(K 3 Q)] + bl[ag(K + Q)2]
b [c(BrI+ BN K+ Q) =i+ ki) ] + ]

We simplify and reorganize the terms to get

LVy = =2b1pQ? 4 bilag (K Q)%+ Vi Yo — ba(pu + 8) A (4.14)

where Y; and Y; are given by:

YVi= —2bic(Bil + B2 )Q(K + Q) + bac(Bil + B2J) (K + Q)
Yo = bo[—(p + k1)L + aJ]| 4 bs[ki I — (pu + ko + «) J] + byko J.
Following the inequality (4.2), regarding the second term in equation (4.14) we get
bo2K + QP < 20y03(K + Q).

The term Y7 can be expanded as

Y] = —2b1¢(B1I + BaJ)Q* + (B + BoJ)Q(by — 2Kby) + byc(Bil + B2 J) K.
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Noting that by = 2K, we obtain the inequality

Yi S bgc(ﬁll + 62J)K
A routine calculation reveals that

(Ro—1)

bgc(ﬁlj + BQJ)K + Yé =T B

Bll — b5([L + k’g + Oé)J

Thus we obtain the following inequality:

(Ro—1)

—b5(,u + kg + Oé)J + 26103[(2.

Therefore

[ < [ - SR

—b5(,u + k‘g -+ OZ)J T b4(,u -+ 5)14 -+ 2b10‘8K2 du + Mt.

We take expectation and note that E[M;] = 0. Thus we obtain

0 < E[V(Q0). (1), (1), A(t))]
< E[VA(Q(0), 100), J0), AO)] + E[ [ { = 201 — ) (@(w)* ~ 7

—bs (1 + ko + o) J(u) — by(pn + 6) A(u) + 2b103K2}du}

(1 - TRo)

5 Bil(u)

which gives

E[/Ot {21)1(” — 02)(Q(u)? + 7r<1_2RO)51[(u) - bs (1 s+ @) T (w) + ba (1 + 5)A<u)}du}

< E[V3(Q(0), I(0), J(0), A(0))] + 2b,02K>t.

Therefore,

(1—-"TRy)

lim sup 1E[/Ot {2()1 (,u—ag)(Q(u))Q—HTT

t—o00

Bll(u)+b5(u+k2+a)J(u)+b4(u+5)A(u)}du}
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S 2b10’8K2.

We take 6 as in the formulation of the theorem, and then it follows that:

: 1 ¢ 2 S
lim sup E{/ {(S(T) —K)*+1(r)+ J(1)+ A(T)}dT} < 2b1007.
0

t—o00

The proof is complete.

Remark 4.5.2. Theorem 4.5.1 asserts that under the given conditions if the stochas-
tic perturbations are small, then in the long term the sample paths of a solution of the
stochastic system (4.3) will tend to stay within a certain neighbourhood of the disease-free

equilibrium of the deterministic model.

4.6 Simulations

We present some numerical simulations in order to illustrate the analytical results of
stochastic model (4.3). Regarding the parameters we note the following. The parameters
have been chosen so as to be applicable to Southern' Africa, mostly taken from [9]. We
expect to see a value of [y significantly 'bigger than' i, since the more advanced the
infection has become, the probability of disease transmission in the symptomatic phase
exceeds that of the asymptomatic phase. In [40], the parameter ¢ is assigned values
ranging from 1 to 2 for the average number of sexual partners per given time. In our case
we take ¢ = 3 in order to avoid addressing a problem that is simpler than the actual one.
The value of K is the size of the population and does not have an effect on the relative
sizes of the different classes. Consequently we regard K as nominal. In order to illustrate
the results, we vary the values of 5, and (5. The parameter values of the model are given

in the table below.
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Table 4.1: Description of parameters and their values for model system 3.1

Parameters Value Source

0.02  [9]
o 0.33  [9]
ky 0.125 [41]
ko 0.1 9]
c 3 cf. [40]
o 0.333 [9]
K 6.5 Nominal

with the initial conditions: Sy =40, o= 1; Joy=10.6;; 40 = 0.4. In each graph we
show four trajectories, the S-class and the J=class of the stochastic model (one sample

path) and of the underlying deterministic model.

Population dynamics
T

— - — - Deterministic S(t)
2r — — — Deterministic J(t) | ]

population in millions

. . . . . .
[0} 50 100 150 200 250 300 350 400
time in years

Figure 4.1: A case with Ry > 1 and Ry = 2.938838313
Chosen Values:

By = 0.002; 35 = 0.005; 09 = 0.001; 07 = 0.05; 55 = 0.05; 53 = 0.05; Ry = 2.938838313.
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Population dynamics
T T T

— - — - Deterministic S(t)
— — — Deterministic J(t) ||

population in millions
o [ N w N [ o ~
T
L

. . . .
200 250 300 350 400
time in years

(=}
a
o
i
ol
(=}
i
a
(=}

Figure 4.2: Theorem 4.5.1 guarantees stability in the mean.
Chosen Values:

By = 0.00067; By = 0.001675; 09 = 0.01; 01 = 0.1;05 = 0.1; 03 = 0.1; Ry = 0.9845108347.

Population dynamics
T

— - — Deterministic S(t)
— — — Deterministic J(t)

population in millions
o [ N w » 4 o ~
T
L

. L . 1
200 250 300 350 400
time in years

o
a
o
[
ol
o
i
a
o

Figure 4.3: A case with Ry = 1.043287601 and o = 0.
Chosen Values:

By = 0.00071; By = 0.001775; 0 = 0 01 = 0.05; 09 = 0.05: 03 = 0.05; Ry = 1.043287601.

In Fig. 4.1 we have Ry = 2.938838313 > 1, i.e., the basic reproduction number happens to
be higher than unity, while 02 < . The requirements of Theorem 4.5.1 are therefore not
satisfied, and there does not seem to be convergence. In Figure 4.2 the basic reproduction
number R is found to be less than one and the requirements of Theorem 4.5.1 are fulfilled.
It can be seen that the stochastic solution remains close to the disease-free equilibrium
of the underlying deterministic solution. In Fig. 4.3 we increase the value of 3; and fs,
and we let g = 0. In this case the requirements of Theorem 4.5.1 are not satisfied but
the stochastic solution remains close to the underlying deterministic solution. It may be
that the condition o9 = 0 permits a stability theorem stronger than Theorem 4.5.1, (cf.
[107]). We also noticed that in most of the simulations (not presented here), when the

intensities of the noise are not too large, then the stochastic solution remains close to the
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underlying deterministic solution. Otherwise strong noise may cause divergence between

stochastic and deterministic behaviours.

4.7 Concluding remarks

Explicit inclusion of stochasticity into epidemiological models by way of Brownian motion
provides further insight into the problem since randomness does feature in real life. In
this chapter, for a treatment model of HIV/AIDS with stochastic perturbations, we have
shown that there are solutions that are feasible (almost surely) in every sense that we have
explored. We also investigated the asymptotic behaviour of the solutions with respect to
the disease-free equilibrium of the underlying deterministic model 4.3. It is important
that even when we would opt to work with the underlying deterministic model, then
there is the assurance that minor random noise will not be catastrophical. There are even
indications that noise on the system may enhance the extinction of the disease. Both
models 4.4 and 4.5 need further investigations meanwhile a model similar to model 4.5

has been studied in Chapter 7.
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Chapter 5

A stochastic model for HIV epidemic

with treatment and inflow of HIV

infectives!

5.1 Introduction

In this chapter, we introduce inflow of infectives on the stochastic compartmental model
of Chapter 4. We present a theorem'on almost sure'exponential stability of the disease-
free equilibrium. We also study the long term behaviour of the solutions to the stochastic
model around the endemic equilibrium of the underlying deterministic model. Our theo-

retical results are illustrated by simulations with parameters applicable to South Africa.

The dynamics of HIV/AIDS in the context of Southern Africa present serious challenges
due to its complexities and therefore requires interventions. Mathematical modeling in
epidemiology has been utilized to assess the impact of the disease on the population, to

identify key disease drivers and to make future projections. Parameters involved in epi-

' A modified version of this chapter was published as:
M.U. Nsuami, P.J. Witbooi. A STOCHASTIC MODEL FOR HIV EPIDEMIC WITH TREATMENT
AND INFLOW OF INFECTIVES. International Journal of Applied Mathematics, 31(5), (2018) 545-568.
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demic models may not be absolutely constant, due to inhomogeneities and environmen-
tal perturbations. Many authors investigate asymptotic behaviour of stochastic systems
around the equilibria of the underlying deterministic models and examples of those can
be found in [28, 51, 57, 114, 117]. In the papers by [26] Dalal et al. (HIV), [38] Gray
et al. (SIS), [16] Chen et al. (SIR), and [105, 106] Witbooi (SEIR), it is proved that
stochastic perturbation actually enhances stability of the disease-free equilibrium for the

specific models. In this chapter we make another contribution in this regard.

We introduce the inflow of infectives on a deterministic compartmental model, and there-
after we impose the stochastic perturbation in such a manner that the total population
size itself is perturbed by white noise. We study-the long term behaviour of the sde model.
We prove a result on almost sure-exponential-stability-of the dfe, in the absence of inflow
of infectives and with no perturbations-on the class of susceptibles. We introduce an ana-
logue of the basic reproduction number and we link it to almost sure exponential stability
of the dfe. Here we note that for an sde system the concept of almost sure exponential sta-
bility is very similar to global asymptotic stability when working with ordinary differential

equations. For the case of inflow of infectives we investigate for a type of stability in mean.

The remainder of this chapter is set up as follows. In Section 5.2 we give some prelimi-
naries. In Section 5.3 we present the model and we study the existence of global positive
solutions. Section 5.4 covers a theorem on almost sure exponential stability of the disease-
free equilibrium. We present numerical simulations to illustrate the results. Section 5.5
deals with asymptotic behaviour of the solutions to the stochastic model around the en-
demic equilibrium of the underlying deterministic model. Again we provide numerical
simulations to illustrate our theoretical results. In Section 5.6 we continue to discuss the
long time behaviour of the stochastic system. In Section 5.7 we present some concluding

remarks.
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5.2 Preliminaries

Let us denote by R’ (resp. R’ ) the set of points in R having only non-negative (resp.

strictly positive) coordinates.

The following observation which we quote from [108] is useful when dealing with expo-

nential stability.

Lemma 5.2.1. For k € N, let X(t) = (X1(t), Xa(t), ..., Xx(t)) be a bounded R*-valued
function and let (to,) be any increasing unbounded sequence of positive real numbers.
Then there is a family of sequences(ty,)-such that for each | € {1,2, ...k}, (tin) is a
subsequence of (ti_1,) and the sequence X(t,,) converges to the largest limit point of the

sequence Xi(ti—1.n)-

5.3 Stochastic HIV Model

Let W(t) = (Wy(t), Wi(t), Wa(t), W3(t)) be a 4-dimensional Wiener process defined on
this probability space. The components of W are assumed to be mutually independent.
The non-negative constants og, o1, 02 and o3 denote the intensities of the stochastic per-

turbations.

The parameters 1, Q)s denote the inflow of infectives into the asymptomatic class and
into the symptomatic class respectively. Based on the above assumptions, we then present

the following stochastic model:
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dS = [uK — (Bl + B2J)S — pS] dt + o0 SdW(t),

dIl = [Q1+ (il + Bo])S — (n+ k1) + aJ]dt + o1 IdW; (1),

dJ = [Qa+ kil — (p+ ke + )| dt+ o2 JdWs(t),

dA = [koJ — (u+ 8)A] dt + o3 AdWs(t). (5.1)

In what follows we show that solutions of (5.1) exist globally and are positive.

Let

RY ., = {z € RYa;>0foralli=1,2,..,n}. (5.2)

Theorem 5.3.1. For model (5.1)-and-any-initial-value-(:5(0), 1(0), J(0), A(0)) € Ri.,
there is a unique solution (S(t),I(t),J(t),A(t)) on t > 0 which remains in RY, with

probability one.

Proof. Consider the function Vj below as defined inithe proof of Theorem 4.3.1.

Vi(S, T, 7, A) — <S—a0—aoln8) 4 (I—l—ln[) + (J—l—an)

Qg
—l—(A— 1 —lnA).

By applying 1t6’s formula we have,

dVi(S, I, J, A) = E‘/idt + (S - ao)UQdWD(t) + ([ — 1)0’1dW1(t)
H(J = 1)oadWa(t) + (A — 1)o3dWs(t), (5.3)

where
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o= (1= 0) (uk = e(Bil + 5o = uS) |+ [(1 = ) (@i + (BT + 52)3S
—(p+ k)T + on)} + {(1 - }])(Qz e d — (4 ko + oz)J)}

1 1
+ {(1 — Z)(k:QJ — (u+ 6)A)} - §(aoa§ + 01+ 03 +03)

IN

pK — pw(I+ J) + apc(Bil + Bod) + (3 +ag) + k1 + ks +a+6

1
+Q1 + Q2 + 3 (GOUS +oi+05+03).

We choose aq sufficiently small such that:

apcfrl — pl =1 (apefy — ) < 0 and agefod — pd = J (agefa — p) < 0.

Therefore

LV, < C,

where C' = pK +pu(34ao) +ki ko +a+0+Q1+Qa+ 3 (ayog + of + 03 + 03) is a constant.

The rest of the proof comes readily, as_ in the proof of Theorem 4.3.1. Therefore, the
solution of model (5.1) is positive and will not explode in finite time, with probability

one. This completes the proof. O

5.4 Almost sure exponential stability

We investigate the behaviour of the model system (5.1) under small perturbations, with
o9 =0, and @)1 = @2 = 0. Note that we adopt condition oy = 0 and (); = Q2 = 0 for two
reasons: (1) This is the only condition to obtain a disease-free equilibrium in the case of a
deterministic system by the definition. (2) Convergence of S becomes smooth graphically
and not too complicated. Under these two conditions then, the disease-free equilibrium
Ey = (K,0,0,0) exists. The basic reproduction number of the underlying deterministic

model is computed by
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CK[Bl(,u + k’Q + CY) + 52]{31] .

R pu—
" (k) (k) +ap

The following subset ® of sample paths will be of interest.

¢ = {w € Q| (S(t,w), I(t,w), J(t,w), A(t,w) € R}, forall t > 0}.

From Theorem 5.3.1 it follows that P(Q2\®) = 0. In the remainder of this section we

assume that sample paths are restricted to ®.

Proposition 5.4.1. If (5(0), I(0),;J(0); A(0)) € RE then-almost surely, S(t) < K for
all't > 0.

Proof. Given any path (in @), then
d(S — K)

dt
Therefore S(0) < K implies that S(t) < K for all £ > 0. O

= —u(S T K) = (BT + BTN <L (s - K). (5.4)

The following numbers will play a key role in our study of exponential stability. Let

o0, &1, &9, &3 and &4 be non-negative numbers, chosen as follows.

& = Bi(p+ ko + o) + Bok,

& = Pra+ Ba(p + k),
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§a= (u+ k1) (e + k2) + pa.

The numbers &, and &3 will be chosen later. For now we just bear in mind that they are

both non-negative.

We continue by preparing notation and concepts for our theorem on almost sure expo-
nential stability. Recall that we work with sample paths in ®. This implies in particular

that if Z(t) is defined as below, then Z(t) > 0 for all £ > 0. Thus we define

Z(t) = (K = S(t) + & I(t) + &J(t) + EA(L) (5.5)
and let
V(eI L),

For a stochastic process x(t) we write

1 rt
s ;/0 z(s)ds:

In the following we build a proposition according to definition 2.8.1.

Proposition 5.4.2. The disease-free equilibrium of System (5.1) is almost surely expo-

nentially stable if
limsup (LV2(X)), <0 (a.s.).

t—o0
Proof. We start off by noting that
t
Va(X (1) = Va(X(0) + | LVA(X (w)du + M,

where

J(u)
2(X(w))

M, = / <_goaos<wdwo<u>+smzz<u> Wi (u) + &0, AV (1)

S(X (W) X ()"
Alu)

2(X(u))

+&303

de(U))
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The strong law of large numbers for local martingales, see [60, p12] for instance, implies

that

.1
Jim ;Mt =0 (a.s.).

Also, we observe that

lim 23(X(0)) = 0.

t—oo ¢

Therefore

t
lim sup 711/2()((15)) = lim sup)lf ; LV5(X (u))du = limsup (LV5(X)), (a.s.).

t—o00 t—o00 t—00

This completes the proof.

We now calculate £V5.

LV, = & (WK — (Bl + B2 J)S — juST + 3

7 7
622[klj_(u+k2+a)J]+§ZS[/fzJ—(u+5)A]

Goi I\ A E303A4\°
(17) +(57) - (57 |

By Lemma 5.2.1 we can find, for every sample path w, a sequence t,, which is increasing

[c(B1] + B2J)S — (1 + k1)] + o]

1
2

and unbounded, such that

limsup L(Va(w)), = lim L{Vi(w))

t—o00 n—00 b

and for which we can define the following limits:

. . . 1 . ) J , A
s Jim (S =i (F) i Jm () o= jm(F)

tn tn tn
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and

o (K-S
1= .55\ 72

tn

In particular we note that yq + &7 + &7 + &a =1 and yq, &14, &7, E3a € [0, 1.

We define F(§) as:

F(&) = F(&,&,6, &) = litn sup (LV3),. (5.6)

Then F(&) takes the form:

F(&) = &o[—ng welBrikpaj)s| + ErleBit=FHej)s — (1 + ki1)i + aj]
+&a [k17 — G hoga) g +E3 [hag —(p1 + d)a]
—; {(51012')2 =+ (5202j)2 * (5303@)2} | (5.7)

An invariant R, of the model (5.1):

Let us define a function h : [0,1] — R as follows:

. glgg (0’1U)2 + 0'3(1 — 'U,)z
M) = Y B (1 — ) (58)

Then h is continuous and positive. Therefore h has a minimum, which we shall denote

by h,. Note that h, > 0. In the final theorem we use the following number R, which we
define to be:

_ cK[Bi(p+ kg + ) + Boki]
Ro= Gt k)t ko) + ot B’ (59)

Theorem 5.4.3. If R, < 1, then restricted to the subset ®, I and J almost surely

converge exponentially to 0.
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Proof. For &, & and & as above (and for § = & = 0), we define Zy = &1 + &J and
Vo = In Zy. It suffices to prove that lim sup,_, .. (LVy), < 0. Also, we let Fy = F'(0,&1,62,0).
We need to prove that Fj < 0.

From (5.7) it follows that

Fo <& [e(Bui+ Bag)s — (i k)i + ag]+&a [kri — (o + ko + a)j]—; [(glalz’)2 + (5202;')2} :

This can further be simplified to yield

Fo < &GeK(Bri+ Pog) — Ea(Bui + Baj) — ; {(51012')2 + (52023')2} ~ (5.10)

Now we note that

= (£1019)% + (£2027)°

511: 1 52] (61Z + 52j)7

(&1011)° + (£202))

and since &j =1 — &7, we have

Fo < cK&(Bri 4 Bo)'— &l Bri+ Pag) —"h(&148)(Bri + Pa).

This leads to the inequality below:

Fo < cK&(Bui+ Bag) — Ea(Bri + Baj) — ha(Bri + Paj) = §a(Ro — 1)(Bri + P2j) < 0.

This completes the proof.

We now prove the main theorem.

Theorem 5.4.4. If R, < 1, then the disease-free equilibrium is almost surely exponen-

tially stable.
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Proof. The proof is by contradiction. From Theorem 5.4.3 we know that lim; o, I(t) =0
(a.s) and lim;_, J(t) = 0 (a.s). Let us now suppose, contrary to the claim of this theorem,

that for some subset © of ® with P(0©) > 0, on © we have:

lim [(K — S(t)) + A(t)] # 0. (5.11)

t—o00

Now let Z be as in (5.5) and F(§) as in (5.7). In particular we choose {y = & = & =
&3 =& = 1. Then in view of (5.11) and by the definition of ¢ and j, on © we have i = 0
(a.s) and j = 0 (a.s). Thus, from (5.7) it follows that

F(&) < —pa — (n+ 0)a— 5(30)” (a5,

Therefore, F' < 0 (a.s). Then by Proposition 5.4.2 it follows that on ©, we have that
lim; oo (K — S(t)) = 0 (a.s) and lim; o0 A(£) = 0 /(a.s). This is a contradiction, and it

completes the proof. O

5.5 A case study of HIV/AIDS in South Africa.

The parameters such as ¢, «, kq, ko found in [9, 41, 40] are applicable to Southern African.
We also assign nominal values to certain parameters. In [40] for instance, the average
number of sexual partners per given time denoted by ¢ has been assigned values ranging
from 1 to 2 for a specific case. In our case we take ¢ = 3 in order to avoid addressing
a problem that is simpler than the actual one. We expect the following inequality holds
B1 < P2, knowing that the probability of disease transmission in the symptomatic phase
far exceeds that of the asymptomatic phase. In the year 2016, the life expectancy in
South Africa was estimated at 62.4 years, see for instance in [90]. The mortality rate u
is simply the inverse of the life expectancy given by 62% yr~—!. The disease induced mor-

tality rate ¢ is found in [90]. The parameter K is the size of the population and does not
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complicate our task. We estimate values for the inflow of infectives ()1 and ()5 since they

are not easily obtainable. The parameter values of the model are given in the table below.

Table 5.1: Epidemiological data used to estimate initial values for model (5.1)

Parameters Value Source

a 033 [9]

by 0.125  [41]

s 01 [9]

c 3 cf. [40]
m g7z [90]

5 0.279190]

Regarding the initial conditions, we start off by 2016 in order to do our projection. Ac-
cording to the South African 2016 mid-year population-estimate [90], the total population
which we denote by N(ti6) = S(tig) + 1 (tis)+J(tis) + A(tie), and where ti6 is the time
on 25 August 2016 was 55.91 millien, - An estimated- 7.03,million of the total population
were infected with HIV/AIDS in 2016. This means that the classes of I(t15), J(t16) and
A(tig) add up to 7.03 million. We shall then use the parameters listed in Table 1 to
find a suitable equilibrium point to split the numbers between the classes of I(t6), J(t16)
and A(t1s). We keep vary the value of 5; and (3, in order to vary the value of the basic

reproduction number.

Let us denote the force of infection by

A =c(Bl + B2 ).

We note that with inflow of infectives, we find the following equilibrium values for I and

J:
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oA +p) Qa4 (et p+ ko) (KAp+ (A+p) Qi)

= Ot ) (ot Fa) (ot ) + o)
and
_ 1 o (A+p) @+ (a+p+ k) (KAp+ (A +p) Q1)
J—(Oé+u+kz) lQﬁkl( A+ ) ((p+ k1) (u+ ko) + ap) )]

This consideration leads us to assign initial values to Iy and Jy, and thus our initial state

is taken as:

So = 48.88, Iy = 5.22, Jo = 1.46, Ay = 0.344.

We present some simulations in order-to illustrate the analytical results of stochastic
model (5.1) and the underlying deterministic system. For simplicity we use one common
value for o1, 09 and o3 (call it.) while g5 = 0. In each graph we show trajectories of J(t)
for the stochastic model and of J(t) for the underlying deterministic model with respect

to time in years.

————— Stochastic J

"
:‘(/
—

Papulaton dynamics in milions
_

g

o s0 100 150 200 250 300 350
time in years

Figure 5.1: A case of R, < 0, Theorem 5.4.3 guarantees stability.
Chosen values: 5; = 0.000176, 35 = 0.00037, u = 0.9, ¢ = 0.03. Calculated values:
Ro = 0.967734, R, = 0.9557, h = 0.000272349.
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Population dynamics in milons

o 50 100 150 200 250 300 350
time in years

Figure 5.2: Improving stability in the case R, < 0 and o = 0.05.
Chosen values: 5; = 0.000176, 35 = 0.00037, u = 0.9, ¢ = 0.05. Calculated values:
Ro = 0.967734, R, = 0.9350, h = 0.000756524.

i Deterministic J(0
Stochastic Jm

Papulation dynamics in millon
poR R
B N M O

—

=

0 o0 0 0
oN X 0 B

0

50 100 150 200 250 =00 350
time in years

Figure 5.3: Stability obtained beyond Ry < 1 while R, < 1.
Chosen values: 81 = 0.000186, 85 ='0.00039, u = 0.9, ¢ = 0.06. Calculated values:
Ro = 1.022, Ry = 0.9702,"h =:0.00108939.

In Figs. 5.1 and 5.2 we use 5, = 0.000176 and By = 0.00037, but with different values of
o. In both cases R, is found to be less than 1. In these cases Theorem 5.4.3 assures us
that the disease-free equilibrium is almost surely exponentially stable. Indeed the graph
shows that over time, the state of the system converges to disease-free equilibrium. It
is also noticed that the convergence to the disease-free equilibrium is faster in Fig. 5.2
than in Fig. 5.1, in line with a lower value of R,. In this case, we have expected the
convergence to be faster for a smaller value of R,. Fig. 5.3 shows that for small values of
the perturbation parameter there is convergence to disease-free equilibrium for a bigger

range of values of the basic reproduction number of the underlying deterministic model.
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5.6 Asymptotic behaviour around endemic equilib-
rium of the underlying deterministic model

For oy # 0 the model system (5.1) has no endemic equilibrium, but we can investigate
the asymptotic behaviour around the endemic equilibrium of the underlying deterministic

model system.

Before stating the main theorem, let us first define these positive numbers:

2u+k + k) (2n+k
B, =1+ H Q,BQZM+<M 1)((){/1 2)’
k1)(2u +k 2+ k 2B
33:2M+(M+ 1) 2p kg (20 + 2)7 B, - 2B (5.12)
a & ¢t

Theorem 5.6.1. Let (S(t), (%), J(1), A(f)) be the solution of system (5.1) with any initial
value (S(0), 1(0), J(0), A(0)) € RY, .| Let E* = (S%,I*,J*, A*) be an endemic equilibrium
point of the underlying deterministic model. | If Ry > 1, and the following condition is
satisfied:

2(u+5)—]{32>0,

then the solution of model (5.1) has the property:

1 ¢ B
limsup <E [ [(S(r) = 8% + (I(r) = 'V + (J(r) = J')* + (A(r) = 4] dr < 2.
t—00
where
0 = 2min {,LLBl, BQ, Ly 2<M + (5) - k?g} ,
and

1
By = K*(02B, + 02By + 02 + 202) + 5B (S*08 + 21"} + Ay J*03).
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Proof. We note that at the nontrivial equilibrium point E* = (S*, I*, J*, A*) we have,

pK + Q1+ Qy = pS™ + pul™ + (u+ ko) J”
pK +0Qy = pS*"+ (p+k)I" —aJ
J*

(W+6) = ka'p. (5.13)

Consider the following function
Va(S,1,J,A) = Vi+ Vs + Vs + V2
where

Vi = (=S 0 = T9=T=d)]",

(2p + k)
(0]

Vs = [(81— 81+ (7 1)1 | Ve [z 2(A — A7),

Vi =By (S—S*—S*lni) +28y (I—I*—I*ln%) +1A42B, (J—J*—J*lnj)

J*
with
200 RS
2T ke I* '
Then
t t
/ﬂ%@LLm::/c%m+m
0 0
t
:‘/mm+c%+£%+cwuu+&
0
where
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Ry

_ /Ot (S — §%) + (I = I*) + (J = J)|(06SdWo (1) + o1 TAW: (u) + 52 JdWa(w))

+ [ t 2W[<s — ) 4 (1 = I)](00SdWo(u) + o Id WA (u))
+ A(A = AV osdWy(u) + / "Bu(S — S )oodWa(u) + / 9BA(T = I)ordW (u)

t
+/0 AsBa(J — J)oedWa(u).

We expand the LV terms as follows

LV,

LV;

LVs
LV7

= 2[(S =5 + (I — I =T W=l S=8= (I — I") — (u + k) (J — J*)]
( S2+01 +0'2J2)
2“;_]@)[(5— SV (T POI[= (S 415" 8 (i + k)T = ') + a(J — )],

= 2(
20+ k
+7( 2)(0352—1—0%[2),

= 4(A— A)ka(J — J*) = (u+ 0)(A — A")] + 202 4%,

" S S* S* v o i 5
_ MSB4<2—S—S>—B4<1—S>cﬁ1(15 IS)+QB4(2 - I)Ql
B, (1 - i,) Ba(JS — J*S*) + 2Bychy (I — T*) (S — )
+2B, (1 - I) B2 (JS— J*S*]*> L 9B,a (1 _ ff) <J_ J]I)
J* J J J
(- 5) a2 am o 4 T

1
+5Bi (S*op + 200} + Ay 03) .

Let us compute LVy, LV5 and LVj in detail.
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LV, = —2u(S — S —4u(S — S*)I —I*) — 22 + k) (S — S*)(J — J*)
—=2(2u+ k) (I = I*)(J = J*) = 20(I = I")* = 2(u + ko) (J = J*)?

+(035% 4 01 1? 4 03J%)

(2p + ko) o+ k) (2p + k)
a

LVs = —2pu (5 — 572 — 2t :

22+ k) (S — ST — J*) + 2020 + ko) (I — I7)(J — J%)
+(2M + k2)

(=1

(035" + 01 1?)
LVs = 4dko(A— AT = J*) —4(u+ ) (A — A*)* 4 205 A2,

Thus we have,

LVs = —2uBi(S — S*)? = 2By(I —I*)? = 2(p+ ko) (J — J*)?
—2B3(S — S*)(I {1 4kd(A HANT —J) — 4(p + 6)(A — A*)?

+028%By + 01’ B) + 03J° + 205 A% + LV; (5.14)

where By, By and Bj are as in (5.12).

Following the inequality (4.2) in remark 4.2.3, regarding the second term in line two for

equation (5.14) we get
204 — AN (J = J*) < (A= A+ (J — T2

Now from (5.14) we obtain the inequality:

LVs < —2uB; (S — 8% —2By (I — I')?* — 2u(J — J*)?
—2(2(pu + 8) — ko) (A — A*)? + K2(02By + 02 By + 0% + 2073)
—2B3(S — S*)(I — I') + LV:
< A, (5.15)
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where

A= LV; —2B3(S — S —I') + K*(02 B, + 02 By + 05 + 203).

Then
) s s s o I
A = uS 34(2—5*—S> —B4<1—S>CB1(IS—I s )+QB4<2—[*—I>Q1

_B, (1 - *Z) B JS — J*S*) + 2By (I — I*) (S — )

r o r T
+2B, (1_1> B (JS—J s [) +2Bia (1—1) (J—J 1>

J* J I

+AyB, (1 _ J) <k1] _ klf*J*) + A,B, (2 - - J) Qs
+;B4 (S*US + 2007 + AQJ*O'%) T KXGEByA4 02B) + 02 + 203).

Letting si =z, IL =, % = z, it follows that

1
A = S Bt 2BIY(2p 5 pE)t 2Bi0 (2 N y)

T gk 1
+ByScpsJ* (3 o HE S Q) + 2B, <2 - = —y> o
Yy < Yy
1 1
+§B4 (S*O'g + 21*0'% + AQJ*O-S) + A2B4 (2 - ; — Z> QQ
+K*(05 By + 01 By + 05 + 203).

Note that since the arithmetic mean is greater than or equal to the geometric mean, it

follows that

1 1 1
Sqy>2 —4a>2 c4lso 4 Vs
Y T Yy 2 T Y z
We now have
1
A< 5B (S708 +2I"07 + AsJ"03) + K*(03 By + 01 By + 03 + 203). (5.16)

85



Substituting (5.16) into (5.15), it follows that

LVs < —2uB; (S — 8% —2By (I — I')? —2u(J — J*)?

—2(2(pu + 8) — ko) (A — A*)? + K*(02By + 02 By + 0 + 2073)
1
—|—§B4 (S*O'g + 2[*0'% + AQJ*O'S) .
Hence
t t
/ dvy < / [—2uBy(S — §%)2 — 2By(I — I*)? — 2u(J — J*)?
0 0

—2(2(p+0) — ko) (A — A*)? + K*(05 By + 01 By + 03 + 203)

1
—|—§B4(S*a(2] + 2o AL oo dut R .

We take expectation and note that E[R:] =0. Thus we obtain

0 < E[V3(S(¢), 1), (), AN <E[5(5(0).2(0), J(0), A(0))]
+E /Ot[—2uBl(S TSR RIBTY 1)k 2u(J — J)?
—2(2(pu + 0)' % Ka) (A=A % Byl du, (5.17)

which gives
E | 2By (S(u) — 8 + 2B, (I(w) — I + 20 (J () — J°)?

+2(2(n + 0) — ka) (A(u) — A*)?] du
< E[V3(5(0), 1(0), J(0), A(0))] + Bot.

Therefore,

1. st
lim sup ;E [2MB1 (S(u) — S*)* + 2By (I(u) — I*)? 4+ 2p (J (u) — J*)?
t—o00 0
+2(2(1 + ) — ka) (A(u) — A")*] du < By,
We take 6 as in the formulation of Theorem 5.6.1, and then it follows that:
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lim sup 11@ / (S() = S 4 (1) = IV 4+ (J(7) = ) + (A7) — 4] dr < 22,

t—o00

This completes the proof.

By
0

]

Remark 5.6.2. Theorem 5.6.1 states that for small values of the perturbation parameters

the solutions of the stochastic system (5.1) will eventually stay very close to the endemic

equilibrium of the underlying deterministic model.

We present numerical simulations in the general case as well as in the case the South-

African historical HIV data with parameter values given in Table 5.2.

Table 5.2: Parameters estimates for the simulation of model system 5.1 in the general

context.

Parameters —Value  Source
0.021+ (8]

ol .33 4%

Ky 0.125  [41]

ko 0.1 8]

c 3 Estimate

o 0.333  [§]

b 2.5 Estimate

K 6.5 Nominal

with the initial conditions: Sy = 4.5, I =1, Jy = 0.6, Ay = 0.4. In each graph we

show two trajectories of the stochastic model (one sample path) and of the underlying

deterministic model.
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Figure 5.6: 8 = 0.00254, Q1 = Qy = 0.005, 0y = 0.25, 01 = 0.28, 05 = 0.22, 03 = 0.02,

Ro = 1.574, By = 1.42, By = 0.0815
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0.00550, Q1 ="Q3 = 0; 69 = 0.25,"d1, = 0.25, 05 = 0.25, 03 = 0.2,

In the special case, the initial state is taken as:
So = 48.88; Iy = 5.22; Jy = 1.46; Ag = 0.344.

We present numerical simulations in order to illustrate the results of Theorem 5.5.1 with

parameter values given in Table 1.
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Figure 5.8: The dynamics of model system (5.1) without the inflow of infectives:

Chosen values: 3 = 0.0002904, 8 = 0.00061,Q; = Q2 = 0,00 = 0.005, 51 = 0.004, 05 =
0.009, o5 = 0.01. Calculated value: Ry = 1.595, A = 0.009527, S* = 35.04, [* = 6.88, J* =
1.92, A* = 0.65.

In Fig. 5.8 the basic reproduction number Ry is bigger than one and the stochastic so-
lutions remain close to the endemic solutions of the underlying deterministic model. We
observe a similar pattern in these graphs. In Fig. 5.9 all the parameters and their values
have remained unchanged, except that the inflow of infectives )1, Q)2 now are taken as
positive. In the case of the underlying deterministic model, the inflow of infectives lead to
increasing the values of the force of infection A, I, J and A while decreasing the value of

S. In the stochastic case, the fluctuation in each graph is higher than the fluctuations in
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Figure 5.9: The dynamics of model system (5.1) with inflow of infectives:

Chosen values: B8; = 0.0002904, 5. = 0.00061,Q, = Qs = 0.005,0, = 0.005, 0,
0.004, o5 = 0.009, o3 = 0.01. Calculated value: Ry = 1.595, A = 0.01022, S* = 34.12, [* =
7.37,J% = 2.077, A* = 0.70.

Fig. 5.8 due to the inflow of infectives. In Fig. 5.10, for )y = Q)2 = 0.005, we increase the
values of stochastic perturbations. In this case, strong perturbation has led to a strong
divergence and we do not expect the stochastic solutions to be close to the endemic solu-

tions of the underlying deterministic system.
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Figure 5.10: The dynamics of model system (5.1) with big stochastic perturbations:

Chosen values: ; = 0.0002904, 85 = 0.00061, Q1 = Q> = 0.005, 0y = 0.04, o7 = 0.03,
oy = 0.06, 03 = 0.06. Calculated value: Ry = 1.595, A = 0.01022, 5* = 34.12,[* =
7.37,J" =2.077, A* = 0.70.

5.7 Concluding remarks

We have presented an sde model of HIV, which we showed to have well-behaved solu-
tions. In the special case that we have no inflow of infected individuals into the system
and o¢ = 0, Theorem 5.4.3 describes convergence to disease-free equilibrium. In particu-
lar, the theorem asserts that for sufficiently small values of the perturbation parameter,

stability of the disease-free equilibrium is obtained for a bigger range of values of the
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basic reproduction number Ry of the deterministic model, i.e., beyond the range Ry < 1.
This is sufficiently significant that it can be observed in simulations. The almost sure
exponential stability is a fairly strong type of stability, it being a stochastic version of
global asymptotic stability. For the public health authorities it is comforting to know that
the presence of minor stochasticity on their model will not be a hindrance if eradication
strategies should be launched. However, although South Africa has more people infected
with HIV, the country has kept many HIV infected people alive, due to it being among
countries having the largest ART programmes in the world. The ART treatment has
improved the lives of many individuals with HIV in the world and particularly in South
Africa, but it is known that treatment without behavioural change may even lead to high
prevalence of AIDS. With respect to the general model, we have been able to describe
the long-term behaviour of solutions-in-comparison-with that of the deterministic model,
in Theorem 5.6.1. The theorem asserts that asymptotically the stochastic solutions stay
within a certain bound from the (non-trivial) equilibrium point of the underlying deter-
ministic model. This is very well observed in simulations. Further it is also investigated
that the positive flow of infectives could affect the stability and also lead the dynamics
of the model system from stable to the mnstable situation. Our sde model has revealed

some new phenomena and is useful when planning intervention strategies.
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Chapter 6

A model of HIV/AIDS population

dynamics including ARV treatment

and pre-exposure prophylaxis1

6.1 Introduction

We investigate a deterministic compartmental model for HIV/AIDS epidemic model in-
cluding ARV treatment and the use of oral prophylaxis.. Antiretroviral treatment (ART)
and oral pre-exposure prophylaxis (PrEP) have recently been used efficiently in manage-
ment of HIV infection. Pre-exposure prophylaxis consists in the use of an antiretroviral
medication to prevent the acquisition of HIV infection by uninfected individuals. We pro-
pose a new model for the transmission of HIV/AIDS including ART and PrEP. Our model
can be used to test the effects of ART and of the uptake of PrEP in a given population,
as we demonstrate through simulations. The model can also be used to estimate future
projections of HIV prevalence. We prove global stability of the disease-free equilibrium.

We also prove global stability of the endemic equilibrium for the most general case of the

' A modified version of this chapter was published as:
M.U. Nsuami, P.J. Witbooi. A model of HIV/AIDS population dynamics including ARV treatment and
pre-exposure prophylaxis. Advances in Difference Equations, 2018(1), (2018) 11.
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model, i.e., which allows for PrEP individuals to default. We include insightful simula-

tions based on recently published South-African data.

The aim of this chapter is to demonstrate the extent to which PrEP can possibly reduce
the prevalence of the HIV in a large population such as South Africa, in the presence
of treatment. We introduce a model with two stages of infection and we assume that
susceptible individuals have access to PrEP to prevent themselves from HIV. Such indi-
viduals become exposed to HIV once they stop taking oral PrEP. The model allows for
individuals in the asymptomatic phase to move back to the asymptomatic phase after

successful treatment.

The remainder of this chapter is set ip-as follows:-In Section 6.2 we present the model.
We calculate the basic reproduction number and prove existence of positive solutions.
Section 6.3 covers both global stability of the disease-free and endemic equilibrium. In
Section 6.4 we provide numerical simulations to illustrate our theoretical results and the

utility of the model. In Section 6-5we offer some concluding remarks.

6.2 The model

6.2.1 Model description

We consider a population with homogeneous mixing of individuals, of size N(t) at time
t. The total size N(t) is assumed to be sufficiently large in order to approximate the
population as a continuum of points. These are general assumptions for modeling with
ordinary differential equations, see for instance [3] of Anderson and May. For this model,
the population is subdivided into the classes of susceptibles S(), the asymptomatic phase
I,(t) of HIV, the symptomatic phase I(t), the AIDS patients A(t) and the individuals
under PrEP E(t), so that

N(t) = S(t) + L(t) + L(t) + A(t) + E(t).
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Figure 6.1: Flow diagram of HIV/AIDS model with PrEP

Our model is then constructed by considering the appropriate in-flow and out-flow rates

of as in the diagram above

dS

e pK —c(Bili + Bol2)S — (n+ ¢)S + OF,
dl

d_tl = c(Bily + Bola)S — (u+ k1)1 + aly,

dl

d_tZ = k‘lfl — ([L + k’g + Oé)]g,

dA

A - A

o kaoly — (1 +0) A,

dFE

P ¢S — (n+0)E ; (6.1)

S(O) =5y > 0, ]1(0) = ]1’0 > 0, .[2(0) = 12’0 > 0, A(O) = A() > 0, E(O) = FEy > 0.
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The functions S(t), I1(t), Is(t), A(t) and E(t) are assumed to be continuous. We introduce

the following parameters that appear in the model equations:

i Birth and mortality rates by natural causes,

K The size of the total population when disease-free,

¢ The average number of sexual contacts of one individual with others, per unit time,
B1 The probability of disease transmission in the asymptomatic phase,

B> The probability of disease transmission in the symptomatic phase,

¢  The proportion of susceptible individuals under PrEP,

@  The proportion of susceptible individuals who default PrEP,

ki1 Progression rate from I to I,

ko  Progression rate from the symptomatic-phase I, to A,

«  The rate of transfer from I3 to I; due to ARV treatment,

Disease induced mortality rate:

The model system (6.1) permits a disease-free equilibrium ¥y = ( ((;i‘:;fg) ,0,0,0, %)

and an endemic equilibrium X, = (S*, I7, I, A*, E*) with the coordinates

o pK (p+6)

(k+ )N+ p) + pg’
o A(p + kg + o) pK (p + )
' (14 Fea) (i + k1) + pal[(+ 0) (A + ) + pg)
o ki ApK (4 6)
? (14 ko) (i + k1) + pa[(+ 0) (A + ) + pg)
4 - kikoAuK (1 + 0)

[(1+ E2) (1 + k) + po][(n + ) (A + 1) + 1)
o pi

(+0)(A+ 1) + po
where
= c(BiI} + Buly).
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Following the method expounded in [98] the basic reproduction number of the model is

calculated as

C(M + H)K(Bl(/l + ]‘CQ + Oé) + 621{?1)

R0 = Gt 6+ 0)((u+ k)it k) + o)

6.2.2 Feasible solutions

Let us introduce the set €2,

Q:{xeR51xi>0, z':1,2,3,4,5andx1+x2+x3—|—x4+x5<K}.

Theorem 6.2.1. Assume that X () is a solution of the system (6.1) with X(0) € .
Then X (t) € Q for all t > 0.

Proof. The proof is by contradiction. Let X (¢) be a solution of the system (6.1) where
X(0) € Q. Suppose to the contrary that there exists a to > 0 such that X (ty) ¢ €. Let
T =inf{t > 0: X(t) ¢ Q}. Since 2 is an open set due to continuity of X (t), T is strictly

positive.

Choose ag > 0 sufficiently small in order to have agcf8y < p and agcfBy < . Consider the
function Vi defined by
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Vi(t) = <S—a01nS>+<11—1n11)+<12—1n12>

+<A —1In 1:>0 + (E —1In E) (6.2)

Note that for every T < t, each of the five bracketed terms on the right hand side of

equation (6.2) are positive while (S, I, I», A, E) € Q.

Now we find an upper bound for the set

G={Vi(t):0<t<T}.

We note that for any 0 <t < T,

Vi(t) =

<

[(1 - @) (uK — (@il =+ Bsl5)S = (= ®)S QE)} + [(1 - l) (c(Bily + BaT2) S

S I
—(p+ k)11 + a[z)} + [(1 - Iiz)(lcll1 S ko + a)lg)]
+[(= D)l — (u+ ) A)] + [(1 = )65 — (4 +0)B)
ukK — %MK —uS+L+ L+ A+ F)— %GE + aog(p + @) + apc(BiIy + B21s)
—J_llc(ﬁll1 + Bol5)S + (1 + k1) — Illalg +(u+ ko +a) — ikQIQ + (u+9)

1
—E¢S +(n+0)

pK — p(Iy + 1) + aoc(Bidy + Bolo) + 4+ ao(p+ @) + ki + ke +a+ 5+ 6.

Note that by the choice of ag we have:

apcPrly — ply = Ih (apgefy — p) < 0 and agefals — pls = I (agefe — p) < 0.

Therefore

Vi(t) < C,

where C'= uK +4p+ ao(pe+ @) + k1 + ko + a+ 5 + 6.
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Integrating from 0 to ¢ yields

Vi(t) = Vi (0) + /OtVl(s)ds < Vi(0) + Ct < Vi(0) 4 CT. (6.3)

However, we note that for any positive constant g,

lim (m—qln:;) = 0.

z—0t

Now further, due to positivity of the bracketed terms on the right hand side of equation
(6.2), it follows that

lim Vi (t) = oo. (6.4)

T
The equation (6.4) is in conflict with-the inequality(6.3). Thus we have arrived at a

contradiction.

6.3 Stability analysis

6.3.1 Global stability of the disease-free equilibrium

The following positive numbers are useful in the proof of the global stability of disease-free

equilibrium.

§1=u+kz+a+k1gj7 £2=a+§i(u+k1), §o=(p+k)(p+ ko) + ap

Theorem 6.3.1. If Ry < 1, then the disease-free equilibrium g of system (6.1) is globally
asymptotically stable.

Proof. We introduce a number A as:

(n+0)K

Cut o+ 0
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Assuming that Ry < 1, it is possible to find positive numbers &, and &3 sufficiently small

such as to have the following inequality:

Cy = ocfalh + E3ko + E4(Ro — 1) < 0.

Using such & and &3, together with the numbers &; introduced already, we define a function

V5 as follows.

Va(t) = &o[K — (S + E)] + &y + Solz + GA. (6.5)

The time derivative of V() is given by:

Vo(t) = &[—u(K — (S + BYFeBili + Bol)SEErfe(B1 ) + Boly)S — (u+ ki) Iy + ady]

+&o [kl — (p + ko A=a) lo] 4 &3 [ka Ly — (. 4-0) A] .
Grouping some terms we have:

Va(t) SCHK S (S B E)] F G L+ 62l + C5A

where

Co = —po <0,

Cr = LA+ &ebih — (p+ k)& + Sk,

Cy = &ocfolh+ Eicfo\ — (+ ko + )& + Eska + &1,
C3 = —(u+9)&<0.

Now we show that the coefficients C, C; are also negative. Firstly, it is easy to see that
—(p+ k)& + &k = =& = —((n+ k) (1 + k2) + ap).

It follows that
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C1 = oA+ &icfiA — &4 = EoeiA 4+ E4(Ro — 1) < 0.

Further, notice that

~ b+ )+ i =~

Thus, we have

§1cBe\ — §— = 54(720 - 1)~

1

Therefore,

CQ = 50062/\ =+ §3k2 -+ 54(730 — 1) < 0,

confirming that V5 is a Lyapunov function. This completes the proof. O

6.4 Global stability of the endemic equilibrium

We investigate global stability of the endemic equilibrium of model (6.1) in the general

case, that is when 6 # 0 and in particular case, when 6 = 0.

Theorem 6.4.1. Assume that Ry > 1 and 0E* < c¢f117S*. Then the endemic equilibrium

Y. of system (6.1) is globally asymptotically stable .

Proof. Consider a function V3 of the form:
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I
Vs(t) = (S—S*—S*lnS>+D1<[l—11*—[1*ln 1)
+D2(12—1;—12*1n I2>+D3<A—A*—A*lnA>
+D4<E—E*—E*ln>,

where Dy, Dy, D3 and D, are positive constants, to be determined at a later stage.

S* L

LI A
E*

E

The (endemic) equilibrium values of the system (6.1) satisfy the following equations:

K

(1 + k2 + a)
(1 + k1)

(1 +0)

(1 +0)

S*(ﬁlfl* -+ 52[2*)0 + (u + ¢)S* — GE*
;=

k

1]2*

BT BT T o
fIg 111 212)C Oéj.l*
]’*

W2

2A*

S*

b

The time derivative of V3(t)is given by

*

V() = of, (1 - S) (I:5* — 1,S) + cBy (1 _ *Z) (I:5* — I,S)

S
S 5

*

+ (2 i S) S*(p+ o) + ( - ?) Dycfy (IS — IS™)

1
I

+ ( - Il) DicBy (1S — I35 1) + (B — E*) 6 (
2 I

A A
+Ds (1 - A) ks (12 - I;‘A*> + D, (.h _

(D) E)o

S L P A
T -1

:§7y:[f7Z:EaU_A*7

Let

105



Then (6.6) becomes

Vi(t) = S*(u+ o) (2 — i — x) + DycBi 17 S* (1 — ;) (xy —y) + D1cfB215S* (1 — ;) (xz —y)
+Dsy 17 ky (1 - i) (y — 2) + D35 ks <1 - 11)) (z—v)+aD I (1 — ;) (z—vy)
Dk (1 - i}) 65 (x — ) + AL S (1 - 516) (1 - ay)
1 1
FeB LS (1 _ I) (1—a2) + (1 - x) (x — 1)OE". (6.7)

This equation informs a choice of values for the numbers D;, in order to render V3 a
Lyapunov function. For making our choices, we require the numbers D; to satisfy the

following equations.

(D;—1)=0

—DyITky + aDy 15 + Dslo ks + ¢Be 155" =0

—DycB IS — Drefoly S + Doliky— aDyE + cf 15" =0
— DB IS + DikapS +0E: =0

This leads to the following D;-values:

C/BQS*[Q* + OJIQ* Dlefik — (CBQS*[Q* + Oé[;)
1=1, D % ;s g
D, — cOrIfS* — OE*
kot S*
Substituting back the D; terms in (6.7), we have
) = S+ (2- 5 —a) +emsh (3o -2 Y
x r Yy oz

1

This complete the proof. ]
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In particular, we have the following corollary:

Corollary 6.4.2. If 6 =0, then the endemic equilibrium %, of system (6.1) is globally

asymptotically stable for Ry > 1.

6.5 Numerical simulation

The model can be used to test the efficiency of a given intervention. In particular, au-
thorities may want to see the effect of, for example, expanding the use of PrEP. Thus,

simulations in this context will also be shown.

We illustrate the analytical results by way of numerical simulations with the parameters

applicable to South Africa as in Table 1 below:

Table 6.1: Estimating initial values for model system (6.1) based on parameters and their

fixed values

Parameters Value Source

a 0.33  [9]

ky 0.125  [41]

ko 0.1 9]

c 3 cf. [40, 71]
o 0.279  [90]

1 @1 190]

0] 0.01  Nominal

0 0.001 Nominal
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6.5.1 Details on the description of parameters and their values

In [40, 71] for instance, the average number of sexual partners per given time denoted
by ¢ is determined; values ranging from 1 to 2 for a specific case. In our case we find it
convenient to take ¢ = 3. We expect the following inequality, 81 < B2, to hold since the
intensity of disease transmission in the symptomatic phase exceeds that of the asymp-
tomatic phase. In the year 2016, the life expectancy in South Africa was estimated at
62.4 years, see for instance [90]. The mortality rate p is simply the inverse of the life

expectancy, and thus g = o year™'.

The parameter K is the size of the population
when it is free from HIV. According to [90], in 2016 South Africa had an estimated total
population 55.91 million. Thus we consider it reasonable to choose K = 56 million. We
assume that 1% of the susceptible individuals take PrEP, that is, ¢ = 0.01 and the default

rate takes the value 8 = 0.001.

6.5.2 Initial conditions

For initial conditions, we first refer to the South African statistical release [90] of 2016 in

order to do some projections. Let us denote the time 25 August 2016 by t5. We note that

N(to) = S(to) + L1 (to) + I2(to) + Alto) + E(to).

An estimated 7.03 million of the total population were infected with HIV/AIDS in 2016.
This number can be split between the classes of I1(ty), I2(tp) and A(ty). We shall then
use the parameters listed in Table 1 below to find a suitable equilibrium point to split the
numbers between the classes of I1(tg), I>(to) and A(tp). In this process we keep varying
the value of 5; and [, in order to vary the value of the basic reproduction number. This

method leads to the following initial values for our simulations:

Lio=511, Iyg=143 Ay=048.
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We note that in endemic equilibrium,
E* = 9 S*.
w0
Therefore, we consider it reasonable to use the initial value

_1 ¢
*5ou+es(t°)'

This consideration leads us to assign initial values to Sy and Ej, and thus our initial state

E(to)

for these two initial values are taken as:

So=46.18, Ey=1.12.

6.5.3 Simulations on the effect of PrEP

In the following we show the trajectories of i(t), Is(t),'A(t) of the model for ¢ = 0.01
in Fig. 6.1, and in Fig. 6.2 the trajectories of I(t) for different values of ¢, ¢ =
0.01, 0.02, 0.03. For the different values-of ¢, the corresponding value of Ry will be
denoted by Ry (o).

Papulaton in milions
O Fr N W M O O N 0O O

o s0 100 150 200 250 300 350
time in years

Figure 6.2: Population dynamics of the model for the case ¢ = 0.01.

In both Figure 6.1 and Figure 6.2 we have chosen the values: p; = 0.000481, 3y =
0.000581. In figure 6.1 we compute the basic reproduction number, Ry(0.01) = 1.401 > 1.
The trajectories show that the disease is prevailing at the endemic level. We also compute
the endemic equilibrium points I7 = 5.28, I; = 1.48 and A* = 0.50 (in millions). In Figure
6.2, we show the graph of I5(t) with different values of ¢. In the case ¢ = 0.02, the basic
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Symptomatic Papulaton in milon
/
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Figure 6.3: Comparing the class of symptomatic infectives, I, for different values of ¢.
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Figure 6.4: Population of susceptibles and individuals with PrEP
Chosen values: ; = 0.000481, B3 = 0.000581, ¢ = 0.01. Calculated values:
Ro(0.01) =1:414,S* ="251157, E* = 14.7739.

reproduction number reduces to R((0.02) = 1.021. This is due to increasing uptake of
PrEP from 0.01 to 0.02, and we observe the increase in the uptake of PrEP has decreased
the basic reproduction number and the class of I5(t). The equilibrium value is computed
by I; = 0.12. The same scenario is also very well observed in the simulation for the
case where ¢ = 0.03. In this case, the basic reproduction number is found to be below
unity, that is, R(0.02) = 0.8039. The class of I5(t) converges to zero. We note I} is a
decreasing function of ¢. We note that also the long term (or asymptotic) values of I
and A are decreasing functions of ¢. In Fig. 6.3 we show the dynamics of the population

of susceptibles and of the individuals with PrEP.
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6.6 Concluding remarks

In this paper, we have investigated a model describing the population dynamics of HIV/AIDS
including treatment and pre-exposure prophylaxis (PrEP) in the context of South Africa.
We proved global stability of disease-free and endemic equilibria, Theorem 6.3.1 and
Theorem 6.4.1 respectively. Our analytical results and our sample simulations are quite
meaningful as we work with the current HIV trend in South Africa. We showed the
substantial impact that treatment has on the incidence, prevalence and mortality due to
AIDS. Managing HIV with early treatment can decrease transmission and possibly de-
crease the number of AIDS related deaths. Our model quantifies how the use of PrEP can
potentially reduce the number of new HIV infections, and this has been well observed in
the sample simulations. South Africa has.a-wide range of its population being exposed to
HIV. Its high-risk sections of the population-include-adolescent girls and young women,
sex workers, men who have sex with-men (MSM), discordant couples and truckers, all of
whom face various barriers to access including stigma, criminalisation and lack of sup-

portive service delivery infrastructure [21].
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Chapter 7

A Stochastic HIV /AIDS epidemic
treatment model with saturated

incidence rate

7.1 Introduction

Mathematical modeling of epidemiological phenomena hasbecome an important issue for
modern society. The needs of this modeling has far increased recently. Most of these
models are crucial and necessary to inform planning and policy formulation. In the
mathematical study of epidemiological problems, the incidence rate that measures the
rate of new infection is considered to be a very crucial parameter. It is assumed to be, in
most classical disease transmission models, of mass action type with bilinear interactions
given by 8S1, where (3 is the per capita contact rate, and S and I represent the susceptible
and infected populations, respectively. However, the actual incidence S and I may not be
linear relationship. In [15], the following nonlinear incidence rate is used g(I) = 24— to

(T+al)

the modeling of cholera. Nonlinearities can be approximated by a variety of forms %

where kI measures the infection force of the disease and m describes the psychological

or inhibitory effect from the behavioural change of the susceptible individuals when the

112



number of infectives is very large (k, @ > 0). We investigate the stochastic dynamics of an
HIV/AIDS epidemic treatment model with saturated incidence rate and we will restrict

our attention the following saturated incidence rate and we refer to [48]

)\sat = Bz)\
where
_ Bl + Ba))
(I+o(I+J))
and with ——— measures the inhibition effect from behavioural change of susceptible

(I+o(1+J))

individuals when their number increases or from the crowing effect of the infective indi-
viduals [112]. The constant parameter ¢ measures the extent of psychological or inhitory
effect (detriment effect if 0 < ¢ < 1, beneficial-or positive effect if ¢ > 1) [48]. For a very
large number of infective individuals, the force of infection may decrease as this number
increases due to the fact that in the presence of large numnber of infectives, the population

may tend to reduce the number of contacts per unit of time [112].

7.2 Preliminaries

Let us denote by R" (resp. R ) the set of points in R having only non-negative (resp.

strictly positive) coordinates.

Throughout this paper we assume to have a complete probability space (€2, F,P) with a
filtration, {F;}+>0, that is right continuous and with F, containing all the subsets having

measure zero.

Remark 7.2.1. We study the effect of stochastic noise in the transmission of HIV by
adding randomly fluctuation affecting directly the deterministic model. Suppose that infec-

tion rate 31 and By are stochastically perturbed with 5, — (£, —i—aW(t) and By — Bg—i—JW(t).
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7.3 HIV/AIDS stochastic model

Model system (7.1)

c(I+J)So

dS = [puK —\S — uS]dt — ()

AW (t)

clSo
dl = NS —(u+ k)l +aJ|dt+ dW (),
cJSo
dJ = [kl —(pu+ke+a)J]dt+ dW (1),
dA = [koJ — (u+ 9)A]dt. (7.1)
Let us define the following sets:
A = {xeRle: x1 >0, 29 >0, 23>0, 24 >0, andx1+x2+x3+x4§K}

Qo = {weQ A(t,w(t)) >0 for all t >0}
O = {weQ| (St wd), tawt) JEtwt))Altw(t)) € A for t > 0}.

Remark 7.3.1. Let us write N(t) = S(t)+ I(t) + J(t) + A(t). Then N(t) is the total

population size, and satisfies the ordinary differential ‘equation

K~ N(1) = (K — N(1) ~ 5A(1).

Therefore it follows from solving the ordinary differential equation, that for any sample

path w € §, if we have N(0) € A then N(t) € A. Note also that 3 C Q.

Theorem 7.3.2. For model (7.1) and an initial value (S(0),1(0),J(0), A(0)) € A with
all coordinates positive, there is a unique solution X (t) = (S(t),1(t), J(t), A(t)) with
X(t) € A for all t > 0 with probability one.
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Proof. The coefficients of the system (7.1) are locally Lipschitz continuous. Thus there
exists a unique local solution on ¢ € [0, 7., ), where 7., is the explosion time. Suppose that
we choose a number my € N sufficiently large so that S(0), 1(0), J(0), A(0) all lie within

the interval (mio, K). For each n € NN [mg, 00), let us write

D, {t Cl0,7): S <L or I(t) < i or J(t) < i or Alt) < :L}

SRS

Then we define stopping times 7,, and 7., by taking 7,, to be the infimum of D,, if D,, # ()

and otherwise 7,, = oo . The set D,, and the random variable 7., are defined as:

Do = {te€|0,7en):SH)<0o0ori(t)<0orJ(t) <0or A(t) <0}

Too = lim 7, =inf Dg.
n—o0

For each v > 0, let () be the subset-of ©-defined below.

Oy = {w € Q@) < 7}

We shall prove by contradiction that 7., = oo (a.s.). So let us assume to the contrary

that there exists 7,C € R with C' > 0, and with T" < 7, such that P(Q)) = C.

Let us define the function V(X), for X = (S, 1, J, R), by the formula:

4
V(X)=1In (S?JA) :lnE—FlnE#—lnE—I—lnE

S I J A
By remark 7.3.1, each of the four terms of V(X (¢)) are non-negative for every t € [0, 7).
We set up a contradiction by calculating upper and lower bounds on expectations of V.

Firstly we calculate an upper bound. For every u € [0, 7., A T') we have:
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1 ) el + J@)So
W) = g { I = XS - ps] i s o
L[ + Iw)PS o
B | 6T £ G| 7 (M5
G kTG + 0] du o SIS
l Arse ),
WYEL u) (1+ o(I(u) + J(u)))?
L O T () dug cJ(u)S(u)o "
70 { ~ et ke Tl et G S+ g >}
! [ P(w)S(u)0? 1 N
270 [T o) 67
o a0 — (s DA (72)

Removing some of the negative terms-on the-right hand side, we obtain the following

inequality.

W(X(w) < [A( Rerre e ma ORI 0) i

201 (I(u) + J(u)))?
6252(u)0
N RSO A
c(I(w) +J(w)os cS(u)o )
*[um(() @) AT eI + oy | (78

Note that since

! <1 ! < K J < K

A+ o((w) +J(w) " A+eU(w)+J(w)) " (1+o((u)+J(u)))

, then (7.3) becomes

c(I(u) + J(u))o cS(u)o

VX)) < pde | G oTw + T 20+ 60 w) + I(@)

where
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1
p = cK(Bi+B) +dpu+ki+ky+a+6+ 58(2}()202 + AK?0?

= cK(B1+ B2) +4p+ ki + ky+a+6 + 32K 07,

and for ¢t € [0, 7o AT, let M(t) be as below.

Iy cS(u) .
M=o | l(1+¢(l(u)+J(U))) 0+ olt(w + oy |

Now we have the following inequality:

/ "AV(X(u) < pt + M(1).

Therefore, for any k € N N [mg; 00) we have

V(X(tAT)) = VX)) <plt A1) £ M(tAT) (as.)

The stochastic process M (t) is a-local martingale and therefore for any m € NN [my, c0)

we have E[M (t A 7,,)] = M(0) =0. Consequently,

EV(X(T A1) < p(T' A1) + V(X(0) < pT' + V(X(0)),

and we have the upper bound which we set out to find. We now search for a lower bound

for E[V(X(T A7y))]. Note that if w € Q1) and we evaluate V(X (()) for ¢ = w(7), then

we get:

V(X(C)) = In(mK).

We can deduce the lower bound:

E[V(X(T A 7y))] > Cln(mK).
These two bounds yield
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Cln(mK) <E[V(X(T A1) < pT + V(X(0)).

We can choose a value of m sufficiently big, so that

Cln(mK) > pT + V(X(0)),

leading to a contradiction. Therefore we must have 7., = 0o almost surely. This complete

the proofs.

7.4 Exponential stability under large perturbation

Theorem 7.4.1. Assume that f-=-max{B, fa}. If %a2 b %, then disease-free equi-

librium Ey = (K,0,0,0) is almost surely exponentially stable in A.

Proof. Let (So, Iy, Jo, Ag) € A. In-virtue-of theorem-7.3:2, the solution of the system 7.1

remains in A. Then let us define the function

Vo=In[(K—8)+T+.J+A4].

With the application of the multi-dimensional 1t6’s formula, it will result in the following

1
dVy = [(K—S)—|—[+J+A][ dS +dl +dJ + dA]
1, c(I+J)S
27 ([(K S)+T+J+ AL+ oI+ J) ) dt
1, clS dt
T\ (K =S)+ I+ T+ AL+ + )
1, cJS
27 ([(K S)+1+J+ A1+ oI +J) ) at (7:5)
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Further we have

P _[u((K—S)+(I+J+A))+5A]_102< (I +J)S >2dt
2 (K —S)+1+J+ A 20 \[(K—8)+1+J+A[L+¢(I+J)
—102< cl5 >2dt
2 (K=S)+1+J+A[1+¢(+J)]
—10'2< cJ5 >2dt
2 (K =9)+1T+J+A[1+o(+J)]
20c¢(1+ J)S IW
(K S)+1+J+ A1+ oI+ J)]
i < 2¢(Bil + B2J)S ) dt
K—-S)+1+J+A[1+¢({+J)
_ (K =8)+ (I+J+A))+5A]_1U2< o(I+.J)S >2dt
= (K =S)+1+J+A4] 20 \[(K=8)+1+J+A[1+¢(+J)
N 20c¢(1+ J)S T
(K —85)+ 1+ JA+0ol +.J)]
2¢(B1 L+-PaI)S
+([(K—S)+I+J+A][1+¢(I+J)]>dt (7.6)
Letting Z = ([(K—S)+Iigiﬁ]?l+¢(I+J)])' Then 'we write 7.6 by
v, < —;0222 +opz — UE (;(S_) ;)(i J}ijf)/)ﬁ M]] dt + 20 ZdW
< {—50222”52— (u+6)] dt + 20 ZdW. (7.7)
where

/6 = maX{ﬁl; 62}

2
Thus since —30°2% + 287 — (u+6) = —30° (Z - 3—?) + W, it can be deduced
that

dV < 22U | og 7w

and integrating we get

In[(K —S(t) + I(t)+ J(t) + A(t)]
<In[(K — So) + I + Jo + Ag] + 252Uy 4 [t 7q1y,
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Note that the quadratic variation of the stochastic integral [j Z(s)dWy(s) is [y Z%ds < Ct;
for some constant C'. Then by the strong law of large number for local martingales, see

[60], we have

im > [ Z(s)dW(s) = 0 a.s. (7.8)

t—oot Jo

Therefore, it can be concluded that

1
Jim sup In[(K —S())+1(t) + J(t) + A(t)] <
This completes the proof. O

Remark 7.4.2. Assuming that'¢ = g = 0, then the model system has the same basic

reproduction given in (3.3).

Theorem 7.4.3. If Ry < 1, then I(t), J(t) and A(t) converges exponentially to (0,0,0).

Proof. Let (5(0),1(0),J(0), A(0)) € A. Since Ry < 1, let # > 0 such that
9]{72 < 7T(1 — Ro)ﬁg

where 7 = (u+ k1) (pu + k2) + ap.

Consider the following

Vs = In(6,1() + &J(1) + 0A(L)) (7.9)

where & and & as defined in chapter 5.

By It6’s formula, we have the following
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1
dvy = S0 + &I () + 0A®) [§1dI(t) + §2dJ(t) + OdA(1)]

1

2{[GI(t) + &I () + 0AW)[L + o(T + J)]}2
1

2[ET(1) + &I (1) + AR+ o1 + )]}

1
& I(t) + EJ(t) + OA(t) [§1dI(t) + &dJ(t) + 0dA(t)]
1
ST £ 6700 1 oA TR = DT+ 52]) + 6dA())
oc(&l + &J)S
[E01(t) + &J(8) + A1+ ¢(I + J)]

1
& I(t) + &J(t) + 0A(t) [—7m(1 = Ro)IB1 — (7(1 = Ro) P2 — Oka)J — (v + ko)0A]
oc(&1 + &.J)S

[E01(F) + &2J () + FADI +-oUE+ )]

_ i
S U T T &) T PAGI e e &) (7.10)

Where 6 = max(7(1 — Ro)B1, (7(1 — Ro) Bz — 0ks), (1 + k2)6). By integrating we check

(&0¢IS)”

(&0¢J8)°

IN

IA

aw

IA

i

In(&11(t) + &J(t) + 0A(Y))
< 1H(£1]0 + £2J0 + 9140) — Q_t

oc 51 s)+&J(s))S(s)
+/ 6 105) + 6aJ(5) + 0A(I + o(1(3) + T &) (7.11)

We note in particular that in view of the strong law of large number for local martingales

[60], the last terms of (7.11) will vanish a.s.

Therefore, we can deduce that

Jim supi In(& 1(t) + &J(t) + 0A(t)) < —0 < 0.
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This complete the proof.

7.5 Numerical simulations

We present some numerical simulations and we refer to the table 5.1. In order to find the

equilibrium point, let us first consider the following equilibrium values for I and J:

I — (a+u+k2)K)\,u
A+ p) (e + k) (o4 k2) + o)
and
. 1 Iz (Oé+[t+ k’z)KA[L
(@ + i+ kg N @) (b o) (it 2) + ap)
where

(B + Ba)
TVERGI D)

Thus, our initial state is taken as:

Sp =49.12, I, = 5.11, Jy = 1.35, Ay = 0.23.

3(D Deterministic

3 Stochastic

Symptomatc populaton

) 50 100 150 200 250 300 350
time in years

Figure 7.1: Stochastic perturbation with ¢ = 0.90
Chosen values: 31 = 0.000176, 55 = 0.00037, 0 = 0.03. Calculated value: Ry = 0.9616.
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Figure 7.2: Decreasing ¢ by 0.20
Chosen values: #; = 0.000176, 85 = 0.00037, 0 = 0.03. Calculated value: Ry = 0.9616.

In both figures 7.1 and 7.2, we choose the same value of stochastic perturbation ¢ = 0.03.
The basic reproduction number is found to be Ry < 1. In this case, the disease-free
equilibrium is almost surely exponential stable. It can be seen that the number of infected
individuals in figure 7.2 is higher-than in figure-7.1-due to decreasing the value of ¢ by

0.20, but in both cases the requirements of Theorem 7.4.1 are satisfied.

7.6 Conclusion

This paper presents a stochasticimoedel describing the population dynamics of an HIV/AIDS
epidemic. Our aim is to study. the effect. of stochastic noise and that of the saturated in-
cidence rate in the transmission of HIV, i.e., stochasticity associated with the parameters
B and (5. We proved the almost sure exponential stability of the model system under
suitable conditions. In particular, we proved that the stochastic perturbation does not
destabilize the disease-free equilibrium, that is to say, whenever Ry < 1, then the disease-
free equilibrium is almost surely exponentially stable. Our future work should analyze
other types of stability such as the pth moment exponential stability and in more complex

compartmental models.
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Chapter 8

Exponential stability of a
disease-free for an HIV epidemic

model with the use of prophylaxis

Submitted for publication.

8.1 Introduction

Pre-exposure prophylaxis has become a very promising approach for the HIV prevention
from infected individuals. However, the risk infection with HIV after exposure to a virus
can be better understood through a stochastic framework. In this research, we present a
stochastic model for HIV/AIDS epidemic with the use of prophylaxis and we show that
the model with random perturbation has a unique global positive solution. Thereafter, we
introduce an analogue of the basic reproduction number, call it R, to support a theorem
on almost sure exponential stability. The latter asserts that the disease free goes extinct
exponentially almost surely whenever R, < 1. The results show that small stochastic

perturbations predict disease extinction rather than persistence.
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The following papers, see for instance in [26, 38, 105, 106, 16] show that stochastic per-
turbations can further improve the quality stability of the disease-free equilibrium for
the specific models. However, stochastic models of HIV/AIDS population dynamics in-
cluding ARV treatment and Pre-exposure prophylaxis have not been intensively studied.
The current paper aims to demonstrate how the use of PrEP may lead to reducing new
infections for instance, and even in the presence of minor stochastic perturbations. Our
motivation in this chapter comes from the fact that stochastic framework may have the

ability to predict efficacy of prophylaxis against HIV.

In section 8.2 , we show the model and prove positivity. In Section 8.3 we present a theo-
rem on almost sure exponential stability. We provide-numerical simulations to in Section

8.4 . In Section 8.5 we present some concluding remarks.

8.2 HIV stochastic Model

Throughout this paper we assume to have a complete probability space (2, F,P) with
a filtration, {F;}¢>0, that is right continuous and Fy containing all the subsets having

measure zero.

Let B(t) = (By(t), Bi(t), B2(t), Bs(t), B4(t)) be a 5-dimensional Wiener process defined
on the given probability space. The non-negative constants oq, o1, 02, 03 and o4 denote
the intensities of the stochastic perturbations. We shall assume that the components of
the 5-dimensional Wiener process B; are mutually independent. In the model, we also
introduce two positive constants r and ¢ such that 7?> +¢> = 1 and r > g We have the

following model system:
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dS(t) = [uK —AS(t) — (u+ ¢)S + 0E]dt + 0S(t)dBy(t),

dI;(t) = [AS(t) — (u+ k1) 1(t) + ala(t)]|dt + oyrIi (t)d By (t),

dl(t) = [kLy(t) — (1 + ks + @) L(t)]dt + o2qLy(t)dBy(t),

dA(t) = [kaly — (pu + 0)Aldt + o3 A(t)dBs(t)

dE(t) = [6S — (u+ 0)E]dt + 04 E(t)dBy(t) (8.1)

where

A= c(Bili(t) + Bola(t)).

We now show that solutions of (8:1) exist-globally-and -are-positive, but first let us write:

R}, ={z e R"|@; >0 forall 1= 1,2, ..,n}. (8.2)
Theorem 8.2.1. For model (8.1) and any initial value (S(0), I;(0), I2(0), A(0), E(0)) €
RE)

> 4, there is a unique solution (S(t), (1), I2(t), A(t), E(t)) on t > 0 which remains in

R’ , with probability one.
Proof. Consider the function V; as defined below

%(S,[l,IQ,A,E) = (S—ao—aoln5> -+ <[1 —1 —hlIQ) -+ <[2 —1 —hlIQ)
0

+(A—1—1nA)+<E—1—lnE>.

By applying 1t6’s formula as in the proof Theorem 4.3.1, we have:

dVi(S, Il, IQ, A, E) = L‘/ldt + (S - CL(])O'()dBo(t> + (Il - 1)T'O'1dBl<t>
+<[2 — 1)(]0’2d32(t) -+ (A — 1)03d83(t>
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where

LV, = [(1 — %?) (#K —c(Brly + Bo13)S — (p+ ¢)S + 0E>} + [(1 - Ill) (0(51[1 + P2l2)S

~(p+ k) + al)| + (0 [12)(k1[1 (-t ks + D)

+[<1 _ il)(kzzj (et 5)A)} + [(1 - ;
1

+§ (aoag + 7’20% + qzag + a§ + Ui)

(S = (u+ 0)E)]

= pukK — %MK —pu(S+L+L+A+E) - %HE + ao(p + @) + agc(Sr1 11 + B2ls)

1 1 1
_70(51[1 + B212)S + (p+ k1) — 70412 +(p+k+a)— ZkQJ + (1 +9)
1 1

1
—EgzﬁS + (n+90).

Now we note that we have an upper bound for £V

LVy < puK —p(h + L) + age(Bily + folo) + 4+ ao(pp+ @) + ki + ke +a+ 5+ 0

1
+3 (a003 + 1207 + ¢?03 + 03 + 03).

We choose ay > 0 sufficiently small in order to have

apcPrly — ply = I (apefy — p) < 0 and agefoly — puly = Iy (agefa — ) < 0.

Therefore
LV, <C,
where C = K +4p+ao(p+ @) + ki + ko + a+ 6+ 0 + 5 (agog + r’0f + ¢*03 + 03 + 03)

is a constant.

The rest of the proof follows readily. ]
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The following subset ® of sample paths will be of interest.

® = {w € Q(S(t,w), Li(t,w), L(t,w), A(t,w), E(t,w)) € R, forall t > 0}.

From Theorem 8.2.1 it follows that P(Q2\®) = 0. In the remainder of this section we

assume that sample paths are restricted to ®.

8.3 Almost sure exponential stability

In the following, we introduce some more coneeptsleading to the preparation of our main

theorem on almost sure exponential stability.

Let us first assume that og = o4 = 0, then the model system (8.1) exhibits a disease-free

equilibrium £y = (((:figfg) 0,0,0,

— +9)) Note that condition o0y = 04 = 0 is also in line

with section 5.4. In this case the|basic reproduction mumber is computed by

C(/L + Q)Kﬁlbl

Ro= o100,

(8.4)

where

Ba
A

Remark 8.3.1. The function that we now introduce links Ry and R,. Let us define

by = (u+ko+a+ki—=), by = ((p+k)(p+ k) + ap).

1
h:R,. — Ry by the rule x — ;[r%zbf + (1 — bia?)] (8.5)

with by as in (8.4).
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fr=q= ?, then h(z) = 13@ In this case h tends 0% as x approaches +oco. In our proof,

we omit the case where both are equal. Further, it is easy to see that for r # ¢, then h

tends +o00 as x tends +o0o; h tends to 400 as = tends to 0F. Therefore, h'(z) is continuous
2

on R, , and has the following root denoted by zy = W%. Therefore, h”(xy) > 0 to

indicate that h(z) has a minimum given by

b1T2
2r2 — 1

At the end of the proof for our main theorem, we shall use the fact that

h(r*) =

(U + H)Kﬁlbl
" (n+ ¢+ 0)(bs + min{od, 03 h(r))
Proposition 8.3.2. If (S(0), [;(0), I5(0)sA(0), £(0)) € R’ , then almost surely, S(t) +

E(t) < K forallt > 0.

(8.6)

(e

Proof. Given any path (in @), then

d(S+FE)-K)
dt N

—p((S+ E) — K) — (Bl + p212)S < —p((S + E) — K).

Therefore S(0) + E(0) < K implies that S(t) + E(t) < K for all ¢t > 0.

m
Consider the numbers by, b1, bs, b, by and by
where
by = (u —|—k2+a+klﬂ2) by = 62( + ky) + bs
5 51
1-R
= b4w’b4=((u+k1)(u+k‘z)+au)
2
1—
by = ﬂ. (8.7)
k1

129



Note that we choose by sufficiently small such that

b
bocBiA + 54 (Ro—1)<0

and

boCﬁgA — bS(M + ko + Oé) < 0,

(p+0)K
(u+o+0) "

where A =

Using the numbers b; introduced, we can now define a function Z(t) below. Recall that

as we work with sample paths in @, this implies in particular that Z(¢) > 0 for all ¢ > 0.

Thus we define

Z(t) = bo(K — (S(t) + E(t)) + b1 (t) + bola(t) + b3 A(t) (8.8)
and let

AL

For a stochastic process x(t) we write

(x), = 1/0ta:(s)ds.

Proposition 8.3.3. The disease-free equilibrium of model system (8.1) is almost surely

exponentially stable if

limsup (LV2(X)), <0 (a.s.).

t—o0

Proof. We start off by noting that

t

V(X () = Va(X (0)) + [ £Va(X (w)du + M,

where
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_ (- (TM u TUM u UM u
M, = /0 ( bo Oz(X(u))dBo( )+ b1 lz(X(u))dBl( ) + baq 2 X (0 dBs(u)

E(u)

AW B ) — by E
oy T W)

The strong law of large numbers for local martingales, see [60, p12] for instance, implies

i (w))

that

't
tlgcr}o EMt =0 (a.s.).

Also, we observe that

lim —V5(0)) = 0.

t—oo

Therefore

lim sup 1VQ(X(t)) = lim Sup% Ot LV, (X (u))du = limsup (LV5(X)), (a.s.).

t—o0 t—o00 t—o00

This completes the proof.

We now calculate LV5.

K- (S+E) I

— —ub -

LV, HOo 7 +Z
I

+ 100 + b)eBS + biar = bl + K + @) + boks]

[(bo + b1)cB1.S — bi(p + k1) + boki]

A 1
—bs(p + 5)5 ~ 57 (7“%%0%]12 + @505 13 + b§0§A2)
A 1

(K — (S+ B)] I I
+ Ol? + OQZ + C’gZ - — (T%%Jf[? + q%%agfg) :

<
< G 7 972

By Lemma 2.3 in [106], we can find, for every sample path w of the Wiener process W (t),

there exists an unbounded increasing sequence t,, of positive time values for which
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lim sup LV(t, w) = lim LVa(t,, w),

t—o00

and for which we can define the following limits:

. . _ I . . I . A
s = Jim (8),,, = Jm <Z> 0= lim <Z> o= lim <Z> ’
tn tn tn
and
: K—(S+ E)>
-
— 7 "
In particular we note the identity
boq + blZ.l + bgig i bga == (89)

and

boq, b1, bagy bsa € 10,1].

We define F'(b) as:
F(b) = F(bo, bl, bg, bg) = lim sup ﬁ%(t)

t—o00

Then F'(b) takes the form:

1
F(b) = Coq+ Cyriy + Cyig + Cza — 3 (7”26%0%@% - q2b§a§z’§)
1
< Cog+ Cuir + Caia + Caa — 5 min{o3, 03} (r0%it + ¢*63i3)  (8.10)

(ut0) K

(roi8) = A and where

with s <
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Co = —bu<0

C1 = bocBiA+b4y(Ro— 1) + kibs
= boc/r A+ b;(RO -1)<0

Cy = bocBaA + by(Ro — 1) + kobs — bs(p + ko + )
= bocfoA —bs(+ ke +0a) <0

Cg = —(u+5)b3<0

Remark 8.3.4. From the identity (8.9), we also have the inequality

(boiz)? (b}

IN

and with h(.) being the function as in equation (8.6), then the last term of (8.10) can be

written as:

(r*b2i3 +.4°b3i5) = i1p(d).

Therefore from C we have the inequality

1
bocSi A + 5[()4 +min{oy, o5 }h(r*)] (R, — 1) < 0.

Theorem 8.3.5. Assuming R, < 1, then (I,(t), I2(t), A(t)) almost surely converge expo-
nentially to 0.

Proof. Note that by the choice of by, it follows that

LeK(p+6)b 1, 1
le (4 0)by — ~by — = min{oy, o3 }h(r*) < 0.

bocBiA + - KT YL
I N (I e s L

Thus
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1
F(b) < —b(]/Lq + il[bocﬁlA + 5(()4 + min{a%, U;}h(r*))(Rg - 1)] - 22b5(,u + ]i?2 + Oé)

This completes the proof. n

8.4 Numerical simulation

We use parameters and initial states values given in [70]. The parameters values are as

follows:

Table 8.1: List of parameters and their values-chosen to simulate the model system (8.1)

based on the South African historical HIV-trend:

Parameters Value | Source

« 183 1 9

ky 0.125 [41]

ko 0.1 9]

c 3 ct. [40]

d 0.279  [90]

1 w1 190

0] 0.01  Nominal
0 0.001 Nominal
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We assign the following initial values:

So=56.18, Ey=112, I,o=>511, Ly=143 Ay=0.48

In the following we only show the trajectories of I5(t) for different values of ¢, ¢ =

0.02, 0.021. For the different values of ¢, the corresponding value of Ry will be denoted
by Ro(9).

N
[

Deterministic | )
Stochastic 1,

N

T
=
S

"
[ n
=
<
%

Symptomatic populaion in millon

0
[

[¢]

o]
a
0
n
0
0

150 200 250 300 350
time in years

Figure 8.1: Convergence beyond Ry (¢) < 1.
Chosen values: 3; = 0.000481, B3 = 0.000581, o1 = 0.03, 0o = 0.03. Calculated values:
Ro(0.02) = 1.021, R, = 0.726

1.8

1.6 —/j\pN\vﬁ
1.4 N
izl \
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o.a V\,\
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Deterministic | RO
Stochastic I,

Symptomatic population in milon

time in years

Figure 8.2: Convergence to the disease-free equilibrium.
Chosen values: 5; = 0.000481, 35 = 0.000581, 01 = 0.03, 05 = 0.03. Calculated values:
Ro(0.021) = 0.9975, R, = 0.7124.
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Figure 8.3: Improving stability of the disease-free equilibrium.
Chosen values: 8; = 0.000481, B3 = 0.000581, 01 = 0.04, 05 = 0.05. Calculated values:
Ro(0.021) = 0.9975, R, = 0.5872.

In Figure 8.1, for ¢ = 0.02 and 07 = 03 = 0.03, R((0.02) = 1.021 while R, = 0.726 < 1.
In this case, Theorem 8.3.5 guarantees almost sure exponential stability. Indeed there
is convergence to the disease-free equilibrium even-beyond R(¢) < 1. The substantial
change which occurred in the value of the basie reproduction number is due to both in-
creasing uptake of PrEP and the stochastic perturbations, which led to decreasing the
value of the the class of I5(t). In Figure 8.2, for gy = 0o = 0.03 and an increase in
the uptake of PrEP to ¢ = 0.021 results in decreasing the basic reproduction number to
R(0.02) = 0.9975 < 1 while R, [=10.726 < '1.] The disease-free equilibrium is almost
sure exponentially stable. In Figure 8:3; we increase the values o; = 0.04, 0, = 0.05 and
R, = 0.5872 < 1. In this case, we have expected the disease to converge faster to zero

according to the theorem.

8.5 Concluding remarks

In this chapter, we investigated a stochastic model describing the population dynamics
of HIV with pre-exposure prophylaxis (PrEP). We proved existence of solutions which
are almost surely global and positive by using Lyapunov techniques. We also proved a
theorem (Theorem 8.3.5) on almost exponential stability. From the main theorem (The-

orem 8.3.5), we found that the disease-free equilibrium is almost surely exponentially
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stable whenever the requirement is fulfilled. The simulations show that minor stochastic
perturbations on the model may not always be catastrophic, and this has been observed
in the simulations. Thus, minor environmental perturbations may not stop public health
authorities from deciding on launching of a certain programme. Our model has attempted
to show how the use of PrEP can potentially reduce the number of new HIV infections,

and even when minor stochastic perturbations are considered.
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Chapter 9

Concluding remarks and scope for

future research

It has been shown throughout the literature that the greatest burden of HIV/AIDS is
still in sub-Saharan Africa and in this region, especially women are severely affected.
South Africa has more people infected with - HIV, but the country has kept more HIV-
infected people alive than any other. country by proyiding access to anti-retroviral therapy
(ART) in the public sector and. negotiating drug prices [104]. Anti-retroviral Treatment
(ART) can help to reduce HIV transmission. The substantial impact of treatment on
the incidence, prevalence and mortality shows how it is imperative to make ARV treat-
ment available to everyone, regardless of CD4™" cell counts. It is also known that early
ARV treatment eliminates HIV transmission and possibly eliminates AIDS related deaths.
Thus, HIV/AIDS can be considered as a chronic manageable disease rather than a fatal

one.

However, the HIV/AIDS epidemic addresses a complex challenge to the public policy of
South Africa, with implications for some of the government’s key policy objectives (no-
tably health, education, social development), and impacts on public finance and macroe-

conomic. There is a range of fiscal consequences resulting from HIV/AIDS beyond the
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costs of the policy response. An important aspect of the fiscal costs of HIV/AIDS is the
fact that the costs of HIV/AIDS impacts and its national response are highly persistent-
not only absorbing a considerable share of fiscal resources at present, but projected to

continue doing so over many years [24].

Our dissertation deals with stochastic modeling an HIV/AIDS epidemic disease with
treatment. The dynamics of the model are also studied when there is a massive inflow of

HIV infectives.

We start off with the underlying deterministic model in Chapter 3. We extend the paper
of cai et al. [14] and we prove both global stability of endemic and disease-free equilibrium
with and without the inflow of infectives respectively..We prove existence of the endemic
equilibrium as well. We carry out with stability analysis and we support our theoretical
results by way of numerical simulations. Through the numerical simulations, we show the
impact that the inflow have on the transmission of HIV. The disease in this case remain

at the endemic level and the model system does not exhibit a disease-free equilibrium.

Explicit inclusion of stochastic perturbations-intoepidemiological models by way of Brow-
nian motion shows much insight into the problem since randomness does feature in real
life. Stochasticity has been introduced in various biological models such as for instance,
natural resource management or the ecological studies or the epidemics in human popu-
lations. In Chapter 4, a stochastic model for the population dynamics of HIV/AIDS is
introduced and we show that there are feasible solutions (almost surely) in every sense
that we have explored. We also investigate the asymptotic behaviour of the solutions
with respect to the disease-free equilibrium of the underlying deterministic model. Our
results have shown that minor random noise predicts extinction of the disease rather than

persistence.

In Chapter 5, We have presented an sde model of HIV with inflow of infectives. In the
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special case that we have no inflow of infectives into the system and oy = 0, and for
sufficiently small values of the perturbation parameter, stability of the disease-free equi-
librium is obtained for a bigger range of values of the basic reproduction number Ry of
the deterministic model, i.e., beyond the range Ry < 1. This is sufficiently significant
that it can be observed in simulations. The almost sure exponential stability is a fairly
strong type of stability, it being a stochastic version of global asymptotic stability. For the
public health authorities it is comforting to know that the presence of minor stochasticity
on their model will not be a hindrance if eradication strategies should be launched. In the
case of stochastic HIV/AIDS model with inflow of infectives, we have been able to study
stability in the mean. The theorem asserts that asymptotically the stochastic solutions
stay within a certain bound from the (non-trivial) equilibrium point of the underlying

deterministic model.

In Chapter 6, we have established a model describing the population dynamics of HIV/AIDS
including treatment and pre-exposure prophylaxis (PrEP) in the context of South Africa.
Our analytical results and our sample simulations are quite meaningful as we work with
the current HIV trend in South Africa, Our model quantifies how the use of PrEP can
potentially reduce the number of new HIV: infections; and this has been well observed in
the sample simulations. South Africa has a wide range of its population being exposed to
HIV. Its high-risk sections of the population include adolescent girls and young women,
sex workers, men who have sex with men (MSM), discordant couples and truckers, all of
whom face various barriers to access including stigma, criminalisation and lack of sup-
portive service delivery infrastructure [21]. If they are to be the focal point for PrEP, it
will be imperative to assess how best to introduce PrEP into programmes where these

high risk sections of the population can be supported [22].

The incidence rate that measures the rate of new infection is considered to be a very
crucial parameter. In Chapter 7 we introduce a stochastic model for HIV/AIDS with

incidence rate., stochasticity associated with the parameter 5. Thus by constructing
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suitable Lyapunov functions and applying It6’s formula, some other properties such as
existence of global positive solution, convergence, almost sure exponential stability are
proved. Our theoretical results are supported by ways of numerical simulations. Our
results show stochastic perturbation can predict extinction rather than persistence. We
also show that when inhibitory effect from the behavioural change of the susceptible in-

dividuals is large then the force of infections becomes small.

In chapter 8, we present a stochastic model for HIV/AIDS epidemic with the use of
prophylaxis and we show that the model with random perturbation has a unique global
positive solution. Our motivation in this research comes from the fact that stochastic

framework may have the ability to predict efficacy of prophylaxis against HIV.

The effects of different environmental noises-from the-underlying deterministic model may
lead to different dynamical outcomes. In the case of HIV models, we may have to extend
to the approach in [84] to illustrate the different dynamical outcomes of two stochastic
differential equation models-based on simulation-observations and the theorems obtained
from previous sections. Following the approach for instance in [84], then the HIV/AIDS

perturbed can be written as

dS = [uK — c(Bily + B215)S — puS] dt + 090SdWoo(t) + 001 LdWor (t)
+002lodWoa(t) + 093 AdWos(t)

dly = [c(frli + B2l2)S — (4 k1)1 + als] dt + 010SdWio(t) + 011 11dW14 (1)
+012l2dW1s(t) + 013 AdWi3(t)

dly = [kiDy — (0 + ks + @) D) dt + 090SdWag(t) + o1 [ dWay (£)
+020lodWas(t) + 093 AdWos(t)

dA = [koly — (4 6)A] dt + 030SdWao(t) + 051 [,d Wiy (t)
+032l5dW3s(t) + 033 AdWss(t).
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where 0,5,1,7 = 0,1,2,3 are real constants and known as the intensity of environmental
fluctuations, W;;(¢),4,7 = 0,1,2,3 independent standard Brownian motion. For simplic-

ity, the dynamics of the model can also be studied when the values of 0;; = 0,7 = 0,1, 2, 3.

Mathematical modeling has been such an important approach to control the population
dynamics of infectious diseases. Optimal control has been applied by many mathemati-
cians in the analysis and control of infectious diseases both qualitatively and quantita-
tively. In particular, the study on optimal control aims to determine the best method
of controlling the outbreak of certain disease for instance within a specific time frame.
Our future work will formulate an optimal control problem for both deterministic and
stochastic cases where the objective would be to determine the ARV treatment strategy
and PrEP strategy that minimize the class of individuals with HIV as well as the costs
associated with ARV treatment. and -PrEP. The-outbreak.of HIV/AIDS has led to an
increasing awareness among economists of the need-to'study their impact on the economy
in terms of the resources allocation and cost. This question arises when the resources
available for public healthcare are strictly limited. If resources are unlimited, then the
optimal way to allocate prevention funds is to spend enough to eradicate the disease. An-
other approach that we aim to research on is'the cost-effectiveness analysis (CEA). CEA
is a type of economic analysis where beth the [cost and thejoutcome (impact, result, effect,
benefit, health gain) of an intervention are evaluated and then expressed in the form of a
cost-effectiveness ratio. The numerator of the cost-effectiveness (C'E) ratio represents the
cost of the intervention associated with one unit of outcome. The denominator is the unit
of outcome. It can be expressed using many types of measures including: years of life
gained, quality-adjusted life years gained (QALY's), new diagnoses, infections averted,
and deaths averted. C F'A is usually conducted on interventions that are known to be ef-
fective. In recent years, mathematical models with the inclusion of latent infected T-cells
have been developed to investigate the models behaviors. Many of these models do not
consider the effect of stochastic fluctuation factor which is such an important component
in epidemiological modeling. Research related to stochastic differential equation model of

the dynamics mechanism of HIV virus can be very meaningful with experimental data.
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Stochastic models of HIV co-infection with malaria, Tuberculosis or flu will also be at
centre of our future research. Another version of stochastic model can also be formulated
by using the continuous-time discrete state Galton-Watson branching process (GWhbp).

The branching process helps to determine disease invasion and extinction probabilities.
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