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Abstract

Codes Related to and Derived from Hamming Graphs
T.R Muthivhi

M.Sc thesis, Department of Mathematics, University of Western Cape

For integers n, k > 1, and k < n, the graph I'* has vertices the 2" vectors
of F} and adjacency defined by two vectors being adjacent if they differ in k&
coordinate positions. In particular, I'} is the classical n-cube, usually denoted
by H'(n,?2). This study examines the codes (both binary and p-ary for p an odd
prime) of the row span of adjacency and incidence matrices of these graphs.

We first examine codes of the adjacency matrices of the n-cube. These have
been considered in [14]. We then consider codes generated by both incidence
and adjacency matrices of the Hamming graphs H'(n,3) [12]. We will also
consider codes of the line graphs of the n-cube as in [13].

Further, the automorphism groups of the codes, designs and graphs will be
examined, highlighting where there is an interplay. Where possible, suitable
permutation decoding sets will be given.
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Chapter 1

Introduction

1.1 Introduction and historical background

Claude Shannon’s 1948 paper “A Mathematical Theory of Communication”
gave birth to the twin disciplines of information theory and coding theory.
The basic goal of coding theory is efficient and reliable communication in an
unstable environment. To be efficient, the transfer of information must not
require a prohibitive amount of time and effort. To be reliable, the received
data stream must resemble the transmitted stream to within narrow tolerances.

Coding theory is the branch of mathematics which studies methods of trans-
mitting data as efficiently and accurately as possible across noisy channels. It
solves the problem of how to make transmitted messages easy to decipher.
This subject is totally different from cryptography, which is the branch of
mathematics which makes messages hard to decipher.

Coding theory attempts to lessen these constraints by models which are
constructed through mainly algebraic means. Shannon was primarily inter-
ested in an information theory. Shannon’s colleague, Richard Hamming, had
been labouring on error-correction for early computers even before Shannon’s
1948 paper, and he made some of the first breakthroughs in coding theory. In
the late 1940s, Claude Shannon was developing information theory and cod-
ing as a mathematical model for communication. At the same time, Richard
Hamming found the need for error correction in his work on computers. Par-
ity checking was already being used to detect errors in the calculations of the
relay-based computers of the day, and Hamming realized that a more sophis-
ticated pattern of parity checking allowed the correction of single errors along



with the detection of double errors. The codes that Hamming devised, the
single-error-correcting binary Hamming codes and their single-error-correcting,
double-error-detecting extended versions, marked the beginning of coding the-
ory. These codes remain important to this day, for both theoretical and prac-
tical, as well as historical reasons.

Codes generated by incidence matrices of combinatorial designs have been
studied rather extensively [1]; codes generated by the adjacency matrices of
graphs have had less attention. In particular, for strongly regular graphs there
is a strong relation with designs and therefore similar results may be expected.
In this thesis we study binary codes from adjacency and incidence matrices
of some classes of graphs, and apply the method of permutation decoding to
these codes.

Permutation decoding was first developed by MacWilliams [24] and in-
volves finding a set of automorphisms of a code called a PD-set. The method
is described fully in MacWilliams and Sloane [25], Chapter 16, p.513 and Huff-
man [17], Section 8. It is most useful when the code has a fairly large group
of automorphisms. Codes from strongly regular graphs (including triangular
graphs), lattice graphs and graphs from triples, were shown to be good in [21],
22], [23].

Designs have their origin in statistics. They have been used to address
the problem of designing certain types of experiments. There is an interesting
chapter on designs and error-correcting codes in [2]. Designs have also been
discussed in detail in [1] and [14]. The idea of a design can be illustrated in
the following example which we have obtained from [14]. Suppose we wish to
compare the effect of v varieties of fertilisers on different crops. We can do this
by testing each crop with each variety of fertiliser applied to blocks of land
(one for each crop) with each block having size v. This is not economical. We
can use a design where each crop is tested with only k of the varieties so that
each block now has k£ elements and any two varieties are used together on the
same crop a constant number \ of times.

One of the first results in graph theory appeared in Leonhard Euler’s paper
on Seven Bridges, published in 1736. It is also regarded as one of the first topo-
logical results in geometry, that is, it does not depend on any measurements.
In 1845 Gustav Kirchhoff published his circuit laws for calculating the voltage
and current in electric circuits. In 1852 Francis Guthrie posed the four color
problem which requires one to determine if it is possible to colour, using only
four colours, any map of countries in such a way as to prevent two border-
ing countries from having the same colour. This problem was only solved a



century later in 1976 by Kenneth Appel and Wolfgang Haken. While trying
to solve it, mathematicians invented many fundamental graph-theoretic terms
and concepts. Graphs now have applications in various disciplines including
computer science, engineering and the social sciences. In this thesis, we com-
bine the theory from graphs and that from designs to generate codes which we
examine extensively.

1.2 Overview of the thesis

In this section, we present an overall perspective of the thesis. We present the
main contributions of each chapter of the thesis. In Chapter 2, we introduce
preliminaries relating to codes, designs and graphs, necessary for the presen-
tation of what follows in the latter chapters of the thesis. Chapter 3 describes
the generalised cube H¥(n,2) and codes from the n-cube. We describe the
iterative construction of the H*(n,2) graph and we give H'(4,2) as an exam-
ple of such a graph. In Section 3.1 we describe the properties of H*(n,2) and
show that its automorphism group is given by S5 S,. We also consider the
distance transitivity of H'(n,2). We also show that H*(n,?2) is isomorphic to
Cay(F%, By), the Cayley graph defined on Fy. Further, we discuss incidence
and adjacency matrices of H'(n,2) and the dimension and the minimum words
of the codes generated by these matrices.

Chapter 4 describes the graph H'(n,3) and designs D(n,3) and D*(n, 3).
In this chapter we look at six issues; namely, the 2-rank of an adjacency matrix
and the binary codes of D(n, 3) and D*(n, 3), automorphism groups of D(n, 3)
and D*(n, 3), incidence matrices of H'(n,3), and codes from an incidence
matrix of H'(n,3). Finally, we discuss permutation decoding for these codes.

Chapter 5 describes the binary codes from the line graph L(H!(n, 2)) of the
n-cube. We discuss the binary codes in Section 5.2. In Section 5.4, we describe
codes from an incidence matrix of L(H(n,2)). We describe the automorphism
groups of L(H'(n,2)) and the hulls in Sections 5.5 and 5.6 respectively. Finally,
we focus on permutation decoding for the codes.



Chapter 2

Preliminaries relating to codes,
designs and graphs

In this chapter, we deal with introductory definitions and results relating to
codes, designs and graphs which will be required in subsequent chapters. In
addition, we introduce some general classical fundamental results that are
useful for our discussion. As far as possible, we adhere to the commonly used
notation and terminology. Most of the details can be found in [1]. General
notation for graph theory is standard and can be found in [33].

2.1 Graphs

In this section we define graphs. For our purposes, the definition of a graph is
made to reflect the pertinent characterisation of our discussion.

Definition 2.1.1. A graph I' = (V| E) consists of a vertex-set V and an
edge-set E, where the edge, denoted by [u, v], is an association of the vertices
u,v € V. If [u,v] € E, then u and v are said to be adjacent, and are called
the endpoints of [u,v]. The edge [u,v] is said to be incident with u and wv.
A graph I' = (V, F) is simple if [x,z] ¢ F and E is a set. We adopt the usual
notation V(I') for the set of vertices of I" and E(I") for the set of edges.

A path between v and v is a sequence of distinct vertices uguy - - - u,, where
uy = u,u, = v and [u;, u;41] is an edge. The length of the path wgug - - - u, is
n. A graph is connected if and only if any two vertices u,v € V are vertices
of a path in I'. Otherwise, I is disconnected. The distance between u and
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v, denoted by d(u,v), is the minimum length of all paths between u and v, if
such paths exist. Otherwise, d(u,v) = oo. The diameter of a graph is the
maximum distance between any two vertices. Furthermore, the degree or the
valency of a vertex v of I" is the number of edges with which v is incident. If
all the vertices of I' are incident with the same number of edges, then I' is said
to be regular, and the common valency is the valency of the graph. We define
the ¢th neighbourhood of v as the set of all vertices that lie at a distance ¢
from v.

The following proposition will be useful when determining the length of the
code generated by incidence matrices.

Proposition 2.1.2. [32, Proposition 2.3.8. | The sum of the degrees of all
the vertices of a graph is equal to twice the number of edges of the graph.

From the above proposition we deduce the following:

Corollary 2.1.3. [32, Corollary 2.3.10.] A graph having n vertices and
valency k has %k edges.

It is clear that the maximum valency that any graph having n vertices can
have is n — 1, when every vertex is adjacent to every other vertex. Hence the
maximum number of edges that such a graph can have is (g) Such a graph is
called a complete graph, and is denoted by /K.

Definition 2.1.4. A graph I' is bipartite if there are subsets A and B of the
vertex set V' such that
1. AN B = 0;
2. AUB =1V,
3. A# () and B # 0;
4. Every edge in I is incident with one vertex in A and one vertex in B.
A line graph of a graph I' = (V, E) is the graph L(I") with vertex set F

where e, ¢’ € E are adjacent in L(I") if and only if there exists v € V' such that
e and €' are commonly incident with v.

Let I" and I” be two graphs. A map f : V(I') — V(I") is a homomor-
phism from T" to I if it preserves edges, that is, if e = [z,y] € E(T), then

[f(x), f(y)] € E(T).



If a homomorphism is one to one, onto and its inverse preserves edges, it
is called an isomorphism. Equivalently, we have the following.

Definition 2.1.5. Let I" and I" be two graphs and consider a map f :
V(') — V(I'). We say that f is an isomorphism if the following con-
ditions are satisfied:

(i) f is a bijection;

(ii) f preserves edges, that is, if [z,y] € E(T), then [f(z), f(y)] € B(I');

(iii) f~! is a homomorphism.

If there is an isomorphism f from a graph I' to another graph I, then T
and I are said to be isomorphic and we write I' = T'. The concept of an
automorphism has been used extensively to distinguish and explore degrees of
symmetry in graphs and is a key element in defining vertex-transitive graphs.
An automorphism is an isomorphism from a graph I' to itself. The set

of automorphisms of I' forms a group under composition, and is denoted by
Aut(T).

The important concept of vertex-transitivity is defined in terms of the
automorphisms of a graph.

Definition 2.1.6. A graph I is said to be vertex-transitive if given any
vertices u and v, there exists an automorphism « € Aut(T") such that a(u) = v.

A refinement of the concept of vertex-transitivity is that of distance-transitivity.

Definition 2.1.7. A graph I' = (V, E) is distance-transitive if, for ver-
tices u, v, w,z € V(I') with d(u,v) = d(w, x), there exists some a € Aut(I)
satisfying a(u) = w and a(v) = x.

Let I" be a graph and G a subgroup of Aut(I'). The stabiliser of a fixed
vertex v in G is defined by Stabg(v) = {a € G : a(v) = v}.

Proposition 2.1.8. [3, Lemma 2.2.4 | Suppose I' is connected and has
diam(I") = d and automorphism group Aut(I') = G. Then I' is distance-
transitive if and only if it is vertex-transitive and Stabg(v) is transitive on
Li(v) fori=1,---,d and for all v € V(I') where I';(v) is the subgraph of I’
with vertexz-set V(I';(v)) = {u € V(') : d(u,v) = i}.

Proof. Suppose that I" is distance-transitive. Then I is also vertex-transitive.
Consider u, v’ € T';(v), i.e. d(u,v) = d(u',v) = i. Since I' is distance-transitive,



there exists an automorphism « € G such that «(v) = v and a(u) = «’. Thus
a € Stabg(v), and Stabg(v) is transitive on I';(v).

Conversely, suppose I' is vertex-transitive and that Stabg(v) is transitive
on I';(v) for all v € V(I'). Consider u,w,u',w’" € V(I'), such that d(u,w) =
d(uv',w") = i. Let a € G be such that a(w) = w’ and choose € Stabg(w')
so that f(a(u)) = u'. Then for the composition Soc, we get (fa)(u) = v and
(Ba)(w) = B(w') = w'. So Pa is an automorphism of I" mapping u, w to u', w’.
Hence I' is distance-transitive. ]

A crucial and extensively studied class of vertex-transitive graphs are the
so-called Cayley graphs. We now give the definition of a Cayley set, which
intrinsically defines a Cayley graph.

Definition 2.1.9. Let G be a group. A subset S of G is a Cayley set if it
satisfies the following conditions:

() the identity element 14 is not in S,

(i1) if s € S then so is s7!.

Cayley graphs are a prototype of vertex-transitive graphs.

Definition 2.1.10. Let G be a group and S a Cayley set of G. The Cayley
graph Cay(G, S) has the elements of G as vertices and [z,y] is an edge, if
there is s € S such that y = x(s), for z,y € G.

Throughout the thesis, we use graphs to generate codes. This is done
through adjacency and incidence matrices which we now define.

Definition 2.1.11. An adjacency matrix A = [a;;] of I' having vertex-set
V() = {v1, - ,v,}, is an n X n matrix with a;; = 1 if [v;,v;] € E(T), and
a;; = 0 otherwise.

Definition 2.1.12. An incidence matrix of I' is an n x |E| matrix B with
b;j =1 if v; is incident on e;, and b;; = 0 otherwise.

An adjacency matrix is determined by a vertex ordering. Every adjacency
matrix is symmetric (a;; = a;; for all 7, 7). An adjacency matrix of a simple
graph I' has entries 0 or 1, with 0’s on the diagonal. The degree of v is the
sum of the entries in the row for v.



2.2 Designs

In this section, we summarize some of the basic concepts from the theory of
designs. We first define a t — (v, k, A) design for some non-negative integers t,
v, k and A.

Definition 2.2.1. An incidence structure with point set P and block set B,
then D = (P,B,Z) is called a
t — (v, k, A) design for some non-negative integers ¢, v, k, and A, if

L |[Pl=w
2. every block B is incident with exactly k points; and

3. every t distinct points are together incident with exactly A blocks.

If |B| = |P| then the design D is said to be symmetric.

From a graph I' we obtain an incidence design neighbourhood, if the
adjacency matrix of I' is interpreted as the incidence matrix of a design.

Definition 2.2.2. An automorphism of a design D = (P,B,7) is a per-
mutation o of the points P which preserves the blocks B.

The automorphisms of D = (P, B,Z) form a group under group composi-
tion, and induce a permutation on the block set B. Linear codes will be con-
structed from the incidence matrices of the design, and their automorphism
groups will be determined.

Lemma 2.2.3. [31, Lemma 2.1] Let I' = (V, E) be a connected graph with
incidence matrix B. Then

1. ranko(B) = |V]| — 1,

2. if I' is non-bipartite and p is any odd prime, then rank,(B) = |V|.

Proof. 1. Let r < |V|. The sum of any r rows must contain at least one-
zero entry, since otherwise there would be no edge connecting any of these r
vertices, which would contradict the connectedness of I'. Hence no r rows are
linearly dependent if r < |V|. The sum of the |V| rows is 0, so the rank is
V|- 1.



Conversely if ranky(B) = |V| — 1, there are no r < |V| rows which add up
to the all-zero vector. So there are no r vertices which are not connected to
the other |V| — r vertices. Hence I' is connected.

2. for p odd, let w = Xa;r; = 0 be a sum of multiples of the rows r; of I,

where r; corresponds to the vertex i. Taking a closed path (iy,ds, -+ ,4,) of
odd length, a;, = —a;, = --- = a;, = —a;, and thus a;, = 0.

Since the graph is connected, we get a; = 0 for all 2. O]
2.3 Codes

In this thesis we will be examining codes generated by the incidence and ad-
jacency matrices of graphs.

Definition 2.3.1. Let F be a finite set, termed an alphabet, of ¢ elements. A
g-ary code C'is a set of finite sequences of elements of F| called codewords.
If all the sequences in C' have the same length n, then C' is called a block
code of length n.

Let C be a g-ary code, and ¢ and ¢ codewords in C. The Hamming
distance between ¢ and ¢, denoted by d(c, c'), is the number of coordinate
positions in which they differ. The Hamming distance is usually referred to
as the distance between two codewords. It defines a metric on the set of all
sequences of length n over the alphabet F.

The minimum distance d of a code C' is the minimum of the distance
between any two distinct codewords in C| i.e.,

d(c) = min {d(c,c/) cc,¢ € Cc# c'} :

Only linear codes will be considered in this thesis.

Definition 2.3.2. A linear code of length n over the field F, is a subspace of
Fy . If dim(C) = k, and d(c) = d then C is written [n, k, d],, or simply [n, k, d]
if ¢ = 2. The information rate is %, and the redundancy is n — k.

Let C be an [n, k,d], code. The dual code of C, denoted by C*, is given
by
Ct = {v €y : (v,c)=0,forall c € C},



where (, ) denotes the standard inner product on Fy . Furthermore, if C' C c+,
then C is said to be self-orthogonal, and if C' = C*, then C is said to be
self-dual.

Definition 2.3.3. Let C be an [n, k,d], code. A generator matrix G for C
is a k X n matrix obtained from any set of k linearly independent vectors in C.

Since the dual code C* is the null space of G, the following result is deduced:

Proposition 2.3.4. [32, Proposition 2.1.13.] Let C be an [n,k,d], code.
Then
dim(C) + dim(C*) = n.

Now if G is a generator matrix for C, then a generator matrix H for C* is
an (n — k) x n matrix that satisfies GH? = 0. The generator matrix for C*
thus provides a mechanism of checking whether or not a codeword is in C.

Any generator matrix H for C+ is called a parity-check matrix or simply
a check matrix for C.

Throughout the thesis, we consider codes generated by adjacency and in-
cidence matrices of various classes of Hamming graphs. As mentioned in the
introduction, codes constructed from designs have enriched the theory of de-
signs in that new designs have been constructed, existing designs have been
extended, and certain designs have been shown not to exist. Knowledge about
the design from which a code was constructed could facilitate efficient en-
coding and decoding. On the other hand, not all codes yield designs, and the
Assmus-Mattson Theorem (see [1], Theorem 2.11.2) gives criteria for determin-
ing whether the supports of the vectors of a certain weight yield a t-design.
The step from a design to a code can be taken via the incidence matrix of the
design.

Definition 2.3.5. Let 7 = (P,B,Z) be an incidence structure, F' any field,
and F the vector space of functions from P to F. For any X C P, let
vX denote the characteristic function on X ie. v¥(p) = 1if p € X, and
vX¥(p) =0if p ¢ X. The standard basis for F'¥ is {v? : p € P} . If no confusion
arises, the accurate use of notation may be sacrificed for the sake of readability
- the braces around the point p may be dropped as will be the case in this thesis,
where the points are either k-subsets or m-tuples.

Definition 2.3.6. Let 7 = (P,,Z) be an incidence structure, F' any field,
and F” the vector space of functions from P to F. For a block B € B,
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where B C P, the incidence vector v? is the vector associated with the
characteristic function on B and will be written

B = E vP.

p:(p,B)ET

Note that if the block B is not a subset of P, then in order to define v?, B
first has to be identified with the set of points which are incident with it.

Definition 2.3.7. Let 7 = (P,B,Z) be an incidence structure. The code
of T over a field I is the subspace of F'7 generated by the incidence vectors
associated with the blocks of T, i.e.,

Cr(T) =span{v":B € B}.

The above definition is not dependent on an ordering of the incidence vec-
tors, since any ordering of the incidence vectors will generate codes that are
isomorphic. If p is any prime and F is the field I, then Cr(7) can be written
Co(T).

Definition 2.3.8. Let 7 = (P,B,Z) be an incidence structure, and C,(T)
the code of T over F,. Then the p-rank of 7 is the dimension of C,(7) and
is written

rank, (7)) = dim(C,(T)).

With regard to automorphism groups, the automorphism group of an in-
cidence structure will be contained in the automorphism group of the code
generated by the incidence structure. Clearly, if the code generated is the full
vector space or the dual of the code generated by the all-one vector 7, then the
automorphism group of the code is the full symmetric group on the points P.
The converse is also true (see [20], Lemma 4).

As for codes generated by incidence matrices of connected graphs, we have
the following result.

Lemma 2.3.9. [13, Lemma 7.] Let T be a graph, G an incidence matriz for
[, and (P,Q, R, S) a4-cycle in T". For any prime p, if C is the code generated
by G, then

u = vlPQl p yBST_yIPST_y)l@S] ¢ ot (2.1)

In particular, for p any prime, m > 2, then for n > 2, C,(G,(m)*), the code
of the incidence matriz of the Hamming graph H(n,m), contains the weight-4
word

11



u(gj’ r+exr+ f) = U[x,x+e] _ U[z,x—i-f] _ U[:c+e+f,x+e] + U[x+e+f750+f], (22)

where x € V,,, wt(e) = wt(f) = 1, e # f. Further, Cp(G,(m))* has minimum
weight-4 for p odd, any m, and for p = 2 = m, Co(G,(m)*) has minimum
weight-3 for m > 3.

We now give a formal definition of an automorphism and the automorphism
group of a code mentioned previously.

Definition 2.3.10. Let C be an [n, k, d], code. Then any isomorphism of C
onto itself is called an automorphism of C'. The set of all automorphisms of

C form a group under composition, the automorphism group of C', denoted by
Aut(C).

An automorphism of C' is thus a permutation on the coordinate positions
which maps codewords to codewords. Hence any automorphism of C' preserves
its weight classes, and this idea is useful in determining Aut(C') in the first
place. With specific reference to the codes generated by an adjacency matrix
of graphs as is the case in this thesis, the automorphism group of the graph is
contained in the automorphism group of the code.

Even if the full automorphism group of the code has not been determined
but the automorphism group of the graph is known, then permutations which
map errors occurring at the information positions into the check positions may
still be identified. The full automorphism group of the graph may not even
need to be known. All that may be required are sets of automorphisms of the
graph.

The concept of a permutation decoding set is defined next.

Definition 2.3.11. If C' is a t-error-correcting code with information set Z
and check set C, then a PD-set for C'is a set .S of automorphisms of C' which
is such that every t-set of coordinate positions is moved by at least one member
of S into the check positions C.

For s < t an s-PD-set is a set S of automorphisms of C' which is such
that every s-set of coordinate positions is moved by at least one member of
S into C. Specifically, if Z = {1,--- k} are the information positions and
C = {k+1,---,n} the check positions, then every s-tuple from {1,--- n}
can be moved by some element of S from Z into C.

12



The algorithm for permutation decoding is as follows: Suppose S is a PD-
set for C', = is sent and y is received and at most ¢ errors occur:

1. for i = 1,--- ,m, compute o;(y), where o; € S, and the syndrome s; =
H(o;(y))T until an i is found such that the weight of s; is ¢ or less;

2. if u = wjug---uy are the information symbols of o;(y), compute the
codeword ¢ = uG,

3. decode y as o; '(c).

In the next chapter, we will discuss the generalised cubes H*(n,2) and
codes from H*'(n,2).

13



Chapter 3

The generalised cubes H"(n, 2)
and codes from H'(n,?2)

In this chapter we consider the generalised cubes H*(n,2) and codes from the
row span of adjacency and incidence matrices of the n-cube H'(n,2). Some
properties of the graphs including their automorphism group are presented in
Section 3.1. We also show that the n-cube is distance-transitive and that it
is a Cayley graph. In Section 3.2, we describe binary codes obtained from
the row span of adjacency matrices of H'(n,2), giving their dimension and
minimum words. We also describe codes of the row span of incidence matrices
of H'(n,2). Finally, we discuss 3-PD-sets for these codes.

3.1 The generalised cubes H*(n,2)

The n-cubes are a well-known and frequently studied class of graphs. They
are in fact the Hamming graphs H'(n,2). Their vertices can be regarded as
binary n-tuples, adjacent if their Hamming distance is 1. The more common
alternative construction for H'(n,2) is given recursively as follows: starting
with H'(1,2) & K,, take two copies of H'(n —1,2) which we will label H*(n —
1,2) and H'(n—1,2)". Then for each vertex v € V(H'(n—1,2)), join it to the
corresponding vertex v’ € V(H'(n — 1,2)"). Thus H'(2,2) is just the square,
H'(3,2) is what would normally be referred to as the cube, and H'(4,2).

One easily sees that cubes can be extended in quite a natural way on the
same set of vertices if one takes full advantage of the Hamming distance. The
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generalised cubes H*¥(n,?2) are defined as follows.

Definition 3.1.1. The generalised cubes H*(n,2) are graphs with vertex-set
the set of all n-tuples over Fy, and two n-tuples u and v are adjacent if and
only if they differ in exactly k coordinate positions.

Let v € V(H*(n,2)). It is clear that deg(v) = (}). By Corollary 2.1.3,
H*(n,2) has 2"7(}) edges.

For example, H'(4,2) has 16 vertices. These are 0000, 1000, 0100, 1100,
0010, 1010, 0110, 1110, 0001, 1001, 0101, 1101, 0011, 1011, 0111, and 1111. It
also has 32 edges.

We now consider the automorphism group of H*(n,2). The lemma below
was first presented in [3].

Lemma 3.1.2. [3, Lemma 5.2.1.] S35, < Aut(H*(n,2)).

Proof. Let ¢ € S}. Then o = (01,09, - ,0,) where o; € Sy. For z =
(21,29, -+ ,2n) and y = (Y1, Y2, ,Yn) such that [z, y] € E(H*(n,2)), ofz,y]
[o(x),0(y)] € E(H*(n,2)) since if z; # y; then o;(x;) # 0:(y;); the same holds
for x; = y;.

Now, consider p a permutation on n symbols, permuting the n coordinates.
So we have that x,;) # v, whenever x; # ;. Similarly, it holds for x; = y;,
so that p preserves adjacency. O]

S90S, is in fact equal to Aut(H*(n,2)). However, the permutation decoding
which is discussed in Section 3 does not employ the entire group.

Proposition 3.1.3. [6] The automorphism group of the Hamming graph H*(n, 2)
is given by (Sg X Sg X Sy X -+ X Sy) X S,,.

As for H*(n,2) being Cayley, we have the following. Let By, k > 1,
denote the set of vertices of H*(n,2) of weight k. Since for each x € F,

x + 2 =0, it is clear that By is a Cayley set of the group Fj. We show that

Proposition 3.1.4. [6] H*(n,2) = Cay(F%, By).

Proof. Define a map f : V(H*(n,2)) — F3 by f(u) = (ui,ug, -+ ,up).
Clearly, f is a bijection. Let [z,y] € E(H"*(n,2)), so that f(z) — f(y) has
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weight k. Therefore we have that b = f(z) — f(y) € Br. [f(x), f(y)] is
an edge since f(z) = f(y) +b. Hence f is an isomorphism of graphs, and
H¥(n,2) = Cay(F§, By). .

Next, we consider the distance-transitivity of H*(n,2).

Theorem 3.1.5. [3, Theorem 5.2.2.] The generalised cubes H*(n,2) are
distance transitive.

Proof. The symmetric group S, a subgroup of Aut(H*(n,2)) fixes 0 = 0000...0,
and acts transitively on N;(0), the ith neighbourhood of 0.

Also, since H*(n,2) is Cayley, the set of left translations acts regularly on
the vertices. Therefore H*(n,2) is distance-transitive.

]

3.2 Adjacency matrices and codes of H!(n,?2)

In this section we describe the form of the adjacency matrices of H'(n,2) and
their codes. We present the parameters of the codes.

3.2.1 The form of adjacency matrices of H'(n,2) and
their rank

Let D,, denote the neighbourhood design for H'(n,2). Note that D, is a 1-
design with point set V,, = V(H'(n,2)). It is a symmetric 1 — (2", n,n) design
unless n = 2k, in which case there are repeated blocks. We will denote the
block of the design D,, defined by a vertex z,, € V,, by 7,,. That is,

T, ={yly € Vo, wt(x +y) = 1}.

The adjacency matrix for H'(n,2) is an incidence matrix of D,, (including
repeated blocks in the n = 2k case).

We will use the following notation: for r € Z and 0 < r < 2" — 1 if
r = >." 727" is the binary representation of 7, then r = (ry, -+ ,7,) is
the corresponding vector in Fj. We will also use eq,es,- - , e, to denote the

standard basis for V,,, so that e¢; = 2¢!, for 1 < ¢ < n. The complement of
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v € V,, will be denoted by v.. Thus v.(i) = 1+ v(i) for 1 < i < n, where
v(i) denotes the ith coordinate entry of v. Similarly, for a € Fa, a, = a + 1.
Clearly, v, = v+ 2" — 1, i.e., v. = v + j,, where 7, is the all-one vector of V,.
Note that

@ = {y|y € Vth(x +y+jn) = 1} = {y‘y € Vth(x +y) =n-—- 1} = Tn-1,

the block of x € V,, which has supports consisting of those points which differ
with it in n — 1 coordinate positions. Hence for the design D} formed as such,
we have D, = D" L.

For example, D} consists of the following blocks. These blocks are equal
to the blocks of Dj.

0000 = {1000, 0100, 0010, 0001} ,T000 = {1100, 1010, 1001, 0000} ,
0100 = {1100,0110, 0101, 0000} , ﬂ: {1110, 1101, 1000, 0100},
0010 = {1010,0110, 0011, 0000} , 1010 = {1110, 1011, 0010, 1000} ,
0110 = {1110,0111,0100,0010} , T110 = {1111, 0110, 1010, 1100},
0001 = {1001,0101,0011,0000} , 1001 = {1101,1011, 0001, 1000} ,
0101 = {1101,0111,0001, 0100} , TT0T = {1111, 0101, 1001, 1100},
0011 = {1011,0111,0001,0010},T011 = {1111,0011, 1001, 1010},
0111 = {1111,0011,0101,0110} , 111 = {0111, 1011, 1101, 1110} .

For the adjacency matrices of the graphs, we will order the vertices, according
to the ordering of the numbers from 0 to 2" — 1, in increasing order. With
this ordering we denote the adjacency matrix of H'(n,2) by A,. Using block
matrices, we have

(A I
) o)

where [ is the identity matrix of order n — 1 in Equation (3.1). This is
consistent with the recursive definition of H'(n,2) discussed at the beginning
of Section 3.1.

Lemma 3.2.1. [10, Lemma 2] (1) A2 = nI for n > 2. (2) A, is invertible if
n > 3 is odd.

17



— o O

— o O

S - — O

Therefore A3 = (

21.

. Therefore A2 =

01010100
10100010
01010001
10101000

0001O0T1QO0T1

10001010

01000101

=11 D0==U>1 0

For Az, we have Aj

ocNOoONON O™
NoOoONOoONO MmO
ocCNONOMmMON
NOoOoONOMmMOoOdNO
NNOMmMONON
NOMmMoONOoO N O M~
Il
oMo NONON -
o)
moNoOoONO N O I
I coocococo o -
o000 O - O
OO 14O -4 O - O
cocoococo oo
O 00O - O
cCcooco -0 oo
— o000 HAO HO
coo—-oc o oo
oo HO H O —
co—Hococooo
—HO A0 O OO
o~ o0oococooco
O—HO H OO O
o000 oo o
— O 000 —A O
O~ O = O — O O o
I
OO0 A0 40 A0 0000000 Mm
O~ o000 A0 A 0000O0O0O MO
1T OO0 10O A0 0000 OMOO
cCoOoOH O A0 A0 00O MmMO OO
O A0 1000000 MO O OO
OCH O A0 0O A 0O MOOO OO
O A OO0 A0 O MOOOO OO
O~ OO0 A0 0 MO0 OO

Hence the induction hypothesis is true for n = 2, 3.
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Suppose the hypothesis holds for k£ < n.

_ [ A T _
w0l )

Ano 1 1 0

I 0 A, I
0

Ao I I 0 Ao I I 0
I A, _ 0 I I A, _ 0 I
2 _ n—2 n—2
So, A, = I 0 A,, I I 0 A, I
0 I I A,_o 0 I I An_o
n—I+T1+1 A+ A A+ A I+1
- A+ A n—2)I+1+1 I+1 A+ A
- A+ A I+1 m=2I+1+1 A+ A
I+1 A+ A A+ A (n—=2I+1+1
nl 2A 2A 21 - 2SHL Rlg BUH()
| 2a w2 24| [0 w0 0 | _
"l 24 21 nr 24| 7| 0 0 wr o |T™
21 2A 2A nl 0 0 0 nl
Note that if n is odd, then A% = I. m
Lemma 3.2.2. [10, Proposition 2] Forn > 2,
(1) ranky(A,) =2""! forn =0 (mod 2),
(2) ranky(A,) =2" forn =1 (mod 2).
01 10
1 001
Proof. Recall that for n = 2, we have Ay = 100 1
01 10

Now ry = ry, 79 = r3, where rq,---

,r4 are the rows of A, above, and we

can easily see that r; and ry are linearly independent. Therefore the rank of
Ay is 2, and the induction hypothesis is true for n = 2.

Suppose the hypothesis holds for k& < n. Consider A,, = < An ! )

Case 1. n =0 (mod 2).

I Anfl
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By the induction hypothesis A,,_; has full rank. Hence A,, = < ﬁn_l § ) =
n—1

( ABI é ) . Therefore the rank of A,, is 2" .

Case 2. n =1 (mod 2). Since A, is invertible when n is odd, the result
follows by Lemma 3.2.1. m

3.2.2 Minimum words of the code

We now describe the code Cy(D,,).

Proposition 3.2.3. Forn > 2 even, let D,, be the 1 — (2", n,n) neighbourhood
design of the Hamming graph H'(n,2). Then Cy(D,) is a [2",2" ', n]y self-
dual code. For n > 6, the minimum words are incidence vectors of the blocks
of the design.

Proof. Write C' = Cy(Ds). Let A, be an adjacency matrix for H'(n,2). By
Lemma 3.2.1, we have that if n is even, then A2 = nly» = 0, and hence the
code C is self orthogonal.

To prove that the minimum weight is n and that the minimum words are
the incidence vectors of the blocks, we use induction on n, observing that the
hypothesis is true for n = 6, as was confirmed by Magma computations done
in [11,12]. Suppose that it is true for k > 6 and k <n —2, (6 <k <n —2)
with £ even. Then

Ay I [T 0
Apy 1 I A0 1|
A"N< 0 0>N o o0 oo | M
0 0 |00

A word in C consists of the concatenation of four words w;, 1 < i < 4, from
each of the four column blocks Cj, 1 <1 < 4. Let R; and Ry denote the first two
row blocks of M. We will consider e;, the i row of the 2772 x 2"~2 submatrix /,
and b;, the i*" row of the submatrix A,,_, = A. Each b; has weight n— 2 by the
induction hypothesis. A word w in C' from the sum of » > 1 rows from the first
set Ry of 22 rows will have w;, = Y icx bi where |[K| =71, wy = w3 =) .6
and wy = 0. So if we take w; # 0 then the weight wt(w) > (n — 2) + 2r > n,
by the induction hypothesis, with equality only if » = 1. If w; = 0 then
>icx bi = 0 and it follows that >, .- e; € C(A)* = C(A), the binary code
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from the matrix A. By the induction hypothesis we have that » > n — 2, and
so wt(w) = 2r > 2n —4 > n for n > 4. Similarly for the second set Ry of 272
rOwWS.

Suppose that we have a word that is the sum of r rows from the first set, and
t rows from the second , where both r,¢ > 1. Then w; = ZJ.EJ ej + Y ek bis
Wy =D it ey by, ws = i, wa =) e, where |K| =1, |J| =t
Then wt(w) = r +t + wt(wy) + wt(wy) > n if r +¢ > n. Now suppose that
r+t < mn, and both r,t < n — 1. Without loss of generality, suppose that
r < n/2. Then r < n — 2, so that wt(}_, ;b)) > n — 2 with equality only if
r = 1. Thus we obtain that wt(w;) >n—2—tif t <n—2, and wt(wy) > 1 if
t=n—1 Nowift=n—1,r =1, then wt(w) > 1+wt(wy)+1+n—1>n.If
t <n—2, then wt(w) > n—2—t+wt(we) +r+t =n—24+r+wt(wy). If r > 2
then wt(wy) > n —2—t and so wt(w) > n. Thus pick r =1, t <n —2, and so
wt(w) > n—1+wt(wz). Then wy = e+, by, s0 wt(wz) =1if 37, ;b; =0
and wt(wq) > n—3. So wt(w) > (n—1)+(n—3) > n for n > 4. Now suppose
that > .. ;b; = 0, from which it follows that ¢ > n — 2 by using the induction
hypothesis, and hence ¢t = n — 2. Then wt(w) = wt(wy) +1+14+n—-2>n
unless w; = 0. Suppose we pick the first row of R; corresponding to the
block 0. Then, since w; = 0, the n — 2 rows of R, that we have consid-
ered are those indexed by {e; + e, 1|1 <i <n —2}. Therefore Supp(w,) =
{e;+en1+en|l <i<n—2} and Supp(w) = {e; +e,_1+e,|l <i<n} =
€,_1 + €,. Thus for n > 6 we have our result, noting that the minimum weight
is indeed 4 = n, but there are more weight-4 vectors besides those from the

blocks. n
Proposition 3.2.4. Forn > 6, n even, Aut(Cy(D,)) = Aut(D,,).

Proof. An automorphism of the code C' preserves the words of weight n. Hence
the blocks of the design are preserved. O]
Proposition 3.2.5. For n even, any x € V, = Fy, > ", v*e = 0, and no

sum of fewer than n of these words is zero.

Proof. We have to show that

Since

v = Z vrtetes (3.3)

i=1

21



substituting Equation (3.3) into Equation (3.2) we get that

n n n
T GED ) I Y
=1

i=1 j=1 i#£j

Moreover, we have that no sum of fewer than n incidence vectors of blocks is
zero since C'is a binary code obtained from the row span of an adjacency matrix
for H'(n,2) over Fy and is also self-orthogonal. Hence C' = Cy(H!(n,2)) = C*

is even. O

3.3 Incidence matrices for H"(n,?2)

In this section we describe the incidence matrix for H*(n,2) and give an ex-
ample of such a matrix.

Let G,,(2) denote an incidence matrix for H*(n,2). The 2" x 2"~ incidence
matrix G, (2) can be written in the following way: take the natural ordering
of the rows corresponding to the binary representation of the natural numbers
from 0 to 2" — 1, and divide the rows into two row blocks R;, ¢« = 0,1, where
the rows of R; are labelled by the vectors & = (x1,--- ,x,). The columns are
ordered so that we first take all the edges between vertices in the rows of Ry,
then those between the vertices in the rows of R;, and finally, those between
vertices in Ry and Ry. Thus G, (2) will have the following form:

Gn(2) = ( N Gn01(2) ) ) ’

were [ = Ipn—1 in G, (2).

Proposition 3.3.1. [15] Let G, be a 2" x 2" 'n incidence matriz for H(n, 2).
Then the rank of G, 1s 2™ — 1.

Proof. Applying Lemma 2.2.3 to the graph H'(n,2), we obtain the result. [
The proof of the following lemma is based on these facts:

1. In H'(3,2) we have six 4-cycles; namely (110,111,011,010); (110, 010, 000, 100);
(110,111, 101, 100); (000, 001, 101, 100); (001, 101, 111, 011); (000, 001, 011, 010).
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2. For any block Z, (v%, v®%+¢ 4 p@at/ y grtlatite 4 goterter)y — 9 = ()
(mod 2). Therefore the blocks containing the edges of a 4-cycle are in
Ct.

3. Each edge of H'(3,2) is in exactly two 4-cycles.

Let B, be the block-set of an incidence design of H'(n,2) .

Lemma 3.3.2. [15] Let G,, be an incidence matriz of H'(n,2). Then the
minimum words of the code are the scalar multiples of the rows in G,,.

Proof. Let w € C and Supp(w) = S, where |S| = s. Let P = [0,¢;] € S.
Suppose that in § there are k points of the type that are on a block with P,
and [ that are not. Then s = k+[+ 1. Counting blocks of B,, through the point
P, suppose that there are z; that meet § in ¢ points. Then 2y = 21 = 2, =0
for ¢ > 5, since w cannot meet a block of B,, only once, nor can it meet it more
than four times. Thusn —1 =204+ 23+ 24 and 2o +223+32zy =k=s—1—1.
Thus n — 1 < s — 1, and therefore s > n. Since there are vectors of weight
n, this is the minimum weight. Suppose s = n. Thus the inequalities above
are equalities and so z3 = zy = 0, and [ = 0. Thus S consists of [0, e;] and
points of the form [0, e}, [e1, e1 + ¢;], [e;, €1 + e;], and each block of B, meets
S exactly twice, since this argument applies to any point of §. Furthermore,
since [ = 0 for each point of &, any two points of & are on a block. n

Proposition 3.3.3. [15] For n > 3, Aut(C,(G,(2))) = S21S, = T,, X Sy,
where T, is the translation group on F3.

Proof. For n > 3 the words of weight n are the scalar multiples of the rows
of G, i.e., of the incidence vectors of the blocks of D,,, and since any auto-
morphism of the code must preserve weight classes, we see that the blocks
of the design are preserved, and therefore we have an automorphism of the
design. O]

3.3.1 Permutation decoding of codes from H!(n,2)

In this subsection we will discuss permutation decoding. Permutation decod-
ing can be used when a code has a sufficiently large automorphism group to
ensure the existence of a set of automorphisms that satisfies certain condi-
tions. Below we exhibit a 3-PD set for the code from an adjacency matrix for
H'(n,2) for n even, n > 8.
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Proposition 3.3.4. [20, Proposition 3] For n even, n > 4, the code C,
from an adjacency matriz of H'(n,2) is a [2",2"" ' n]y self-dual code with
Z=1{0,1,---,2"1—3,2" —2 2" — 1} as an information set.

If 7 is as in the above proposition, the corresponding check set is C. We
will write
7, =1{0,1,--- 21 - 3}
C,={2n"t2n"t4+1,... 2"~ 3}
I, ={2"—-2,2" — 1}
Cy={2"1—-22"1 -1}

anda=2"—2=(0,1,---,1,1), b=2"—1=(1,1,---,1,1),
A=2"1-2=(0,1,---,1,0),B=2""1—1=(1,1,---,1,0).

Notice that the points a and b are placed in Z in order to have points and
their complements in 7.

Theorem 3.3.5. [20, Theorem 4] Forn even, n > 8, letT,, = {T(w)t;lw € Fy, 1 <i<n},
where T'(w) is the translation by w € Fy, t; = (1,n) for i < n is a transposition
in the symmetric group S, andt, is the identity map. Then T, is a 3-PD-set
of size n2™ for the self-dual [2",2"7" nly code C,, from an adjacency matriz for
the n-cube H'(n, 2), with information setZ = {0,1,--- ,2"~1—-3,27—2 2" —1}.

Proof. Let T = {a,b,c} be a set of three points in P. We have to show that
that there is an element in 7,, that maps 7 into the check set C. We consider
the several possibilities for the points in 7.

If T C C, then identity map ¢, suffices. Now suppose at least one of the points
is in Z and, by using a translation, we suppose that one of the points, say c,
is 0. If 7 C Z, then T'(2"') will work. Now we consider the other cases.

1. a € Iy, b € C;. Then there are i,, i, such that 2 < i,, i, < n—1 such that
a(iy) = b(ip) = 0. If i, = i, = ¢, then Tt; C Z, unless bt; € {X,Y}, so
t;T(2"1) will work unless bt; € {X,Y}.If bt; = X, then b(1) = b(i) = 0,
b(j) = 1 otherwise. If a(1) = 0, then ¢;7(2"!) will work. If a(1) = 1,
then take any j # 1, ¢, n, and use T(2/~1),T(2"1). If bt; = Y, then
b(i) = 0 and b(j) = 1 otherwise. Here we can take any j # 1, i, n, and
use T(2771)¢,T(2"1). If @ and b have no common zero, then if b = z,
so that a + b = y, we can use T'(a)T(2"7'). If a(i) = b(i) = 1, where
1<i<n-—1,then t,7(2"' — 1) can be used.
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2. a €7y, b €Cy. Since a € Iy, a(i) = 0 for some i such that 2 <i <n-—1.
If there is a j such that j # i and 2 < j < n — 1 with a(j) = 0,
then T'(27! + 2"71) can be used. If there is no such j, then either
a(l) =a(i) =a(n) =0 and a(j) =1 for j ¢ {1,i,n}, or a(i) = a(n) =0
and a(j) = 1 for j ¢ {i,n}. In either case, take j #1i,2 < j <n— 1.
Then the map T(2/7! + 271 can be used.

3. a €y bel.

Let us consider when a = x : since b € Cy, there is a j such that 2 < j <
n—1with b(j) = 0. If b(i) =1fori # jand 1 <i <mn,orif b(1) =0
and b(i) =1 for i # j and 2 < i < n, then T'(X) will work. If there is an
i # j such that b(i) = b(j) = 0 where 2 < i, j < n — 1, then ¢;7(2" 1)
can be used.

If @ = y : this follows exactly as in the a = = case except that in the first
two cases for b use T(Y") instead of T(X).

4. a € IQ, beCy
(a): a =z, b= X :use T'(x)t T (2" 1).
(b): a=2z,b=Y :use t, 1T (Y).

() a=y,b=X:uset, T(Y).

(d): a=y,b=Y :use t;yT(1L +2"7").

5. a,b€Ca,beCy:ifa+b=7Y then T(Y) will work. Otherwise a(i) = b(i)
for some i such that 1 <i <mn —1. Again T(Y) will work unless a or
b are (0,---,0,1) or (1,0,---,0,1). If @ = (0,---,0,1) then b(i) = 0
for some ¢ such that 2 < i < n — 1. Then ;,7(2"!) can be used unless
b(j) = 1 for all j # 4, or b(1) = b(i) = 0 and b(j) = 1 for j # 1, i; in
these cases t;T(2°"! 4+ 2"71) can be used. The same arguments hold if
a=(1,0,---,0,1).
a € C1, b € Cy: since a € Cq, there is a j such that 2 < j < n — 1 with
a(j) = 0. Then ¢;7(27~* + 2"1) can be used.
a, b € Cy: T(22 4 27 1) will work.

This completes all the cases and proves the theorem. O

Note that this result also shows that the set T,, is a 2-PD-set for C,, for
n = 6. However, this set T}, with this information set Z will not give a 4-PD-set.
In the next chapter we consider the Hamming graphs H'(n, 3)
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Chapter 4

The Hamming graphs H'(n,3)
and their reflexive counterparts

In this chapter we describe the binary codes from the row span of adjacency
and incidence matrices for the graphs H'(n, 3) and the associated neighbour-
hood designs. We also consider the graph H*(n, 3), the reflexive hypercube of
H'(n,3) and its corresponding codes.

Recall the definition of H'(n,2) in Section 3.1. Tt is easy to see that
the graph can be generalised to H'(n,m) by V(H(n,m)) = F™; [z,y] €
E(H'(n,m)) if and only if wt(z —y) = 1. In particular, and we consider the
graph H'(n,3) defined by V(H'(n,3)) = F2 and E(H'(n,3)) = {[z,y] : x,y €
V(H'(n,3)),wt(x —y) = 1}. Its reflexive counterpart H*(n,3) has the same
vertices and edges as H'(n, 3) together with additional edges of the form [z, x]
for all z € V(H'(n,3)), ie.

V(H*(n,3)) = V(H"(n,3)); E(H*(n,3)) = E(H"(n,3))U{[z, ]|z € V(H'(n,3))} .

The following three properties of the Hamming graphs H'(n, 3) are imme-
diately apparent: The number of vertices is 3", the valency of H'(n,3) is 2n
and the number of edges is 3"n. So for H'(2,3) below, the valency is 2(2) = 4.
The graph has 9 vertices. These are (0;0), (0;1),(0;2),(1;0),(1;1),(1;2),
(2;0),(2;1),(2,2). It has 18 edges.
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4.1 The graphs H'(n,3) and designs D(n,3) and
D*(n, 3)

Let D(n,3) denote the neighbourhood design of the graph H'(n,3). It is a
symmetric 1 — (3", 2n, 2n) design with incidence matrix and adjacency matrix
for H'(n,3). If x € F} and we label the block it is defined by Z, where

T ={yly € F5,wi(x —y) =1}. (4.1)

Now let D*(n,3) denote the 1 — (3",2n + 1,2n + 1) design defined by
adjoining z to T, for each z € F%, we label the block defined by = € F% by T,
where

T = {yly € Fy,wt(z —y) < 1}. (4.2)

D*(n,3) is the neighbourhood design of H*(n,3). Then we order the n-
tuples according to the ordering in 3, by the rule that x < y if the rightmost
non-zero element of x is less than that of y.

Let A,, denote the adjacency matrix of H'(n,3), using this ordering of the
vertices, where n > 1. Specifically, for r € Z and 0 < r < 3" — 1, if r =
¥ 37 0 < r; <2, is the ternary representation of r, let r = (ry,--- ,7,)
be the corresponding vector in 5. We will also use ey, €9, - - - , €, to denote the
standard basis for F;. Then, for n > 2, over 5, writing A = A,,_;, we have

AT

I
A= 1 4 1], (4.3)
I I A

where [ is the 3"7! x 3"71 identity matrix. We write A* = A, + I3.. As
mentioned previously, it is an incidence matrix for D*(n, 3), and an adjacency
matrix for the graph from H'(n,3) that includes every loops.

4.2 The 2-rank of the adjacency matrix of H'(n, 3)

We now discuss the 2-rank of an adjacency matrix A, of H'(n,3). The rank
is intimately linked to the following lemma.
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Lemma 4.2.1. [12, Lemma 1] Over Fy, forn > 1, A2 = A, and (A, +1)* =
A+ 1.

Proof. We prove the lemma by induction. Note that
011

Ai=| 1 0 1
1 10

Therefore
2

01 1 011
AA=(101] =(101
110 110

1 1 1
Wealsohave A;+I = | 1 1 1 |.(A+1)* = A;+I follows immediately.
1 11

Suppose the hypothesis holds for k£ < n.

AT I AT
A, = T AT |.Sod2=|1 A

I 1 A I I
Therefore A2 = A, and (A, +1)* = A, +

Proposition 4.2.2. [12, Proposition 1] Let A, be adjacency matriz of
H'(n,3). If a, = dim(Cy(4,)) = ranks(4,), then for n > 1, a, = 3(3" —
(=1)").

Proof. From Lemma 4.2.1, A2 = A,, and hence Cy(A,)* = Cy(A,, + I). Since
A+A+1 = I, we have Cy(A,)+C2(A,+1) = F3". Hence Cy(A,)NCy(A,+1) =
{0}. Further, ranks(A;) = 2.

Thus, over Fy, writing A = A,,_1,

I I A
Ap~ | 0 A+T AT . (4.4)
0 0 0
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From this we have
an =3""1 4+ (3" —a,_1).
By the induction hypothesis
s = 53— (1)),

So we obtain

n—1 n—1 1 n—1 n—1 __ aon—1 n—1 371—1 1 n—1 __
an =3 (3 = S = (ST =3 - T () =
S (1) = CE )T = (3T (D)) = S (1)),

Corollary 4.2.3. Let A, be an adjacency matriz of H'(n,2) and A, + I
an adjacency matriz of H*(n,2). Denote the code generated by rows of A,,
A, + 1 by C = Cy(A,) and C* = Cy(A,, + I) respectively. Then C* = C+ and
cnct={0}.

4.3 The binary codes of D(n,3) and D*(n, 3)

In this section we discuss the binary codes of D(n,3) and D*(n,3) are sym-
metrics 1 — (3", 2n,2n) design and 1 — (3™, 2n 4 1,2n + 1) design respectively
as described in Section 4.1.

Lemma 4.3.1. [12, Proposition 2] Let A, be an adjacency matriz of H'(n, 3)
and A, + I an adjacency matriz of H*(n,3). Denote the code generated by the
rows of A,, An+1 by C = Cy(A,,) and C* = Cy( A, + 1) respectively. Then the
minimum words are the incidence vectors of D(n,3) and D*(n,3) respectively.

Proof. We prove by induction, noting that the base case is obvious. Recall

I I Ay
that A, ~ | 0 A,1+1 A, 1 +1
0 0 0

From the matrix A,, above, a word w € C' or C* will be the concatenation
of three components of length 3"~! which we will write as wy, ws, ws.
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We first consider a word w in C' which is a sum of r of the first block of 37~
rows will have wy = Y, e, wo = Y, €, w3 = Y,y by, where |H| =1 > 1,
and hence the word has weight at least 2r + 2(n — 1) > 2n unless w3 = 0. If
wt(w) = 2r + 2(n — 1) = 2n, then » = 1 and w is the incidence vector of a
block. If w3 = >, ;0 = 0, then Y., b7 = > . e # 0. By induction this
has weight at least 2n — 1 so wt(w) > 2(2n — 1) =4n — 2 > 2n for n > 1. For
the second block of 37! rows, if a sum of rows is not zero, then it will have
weight at least 2(2n — 1) = 4n — 2 > 2n.

By placing r rows from the first set and s from the second, and assuming
that the sum is zero, we obtain that w; = ZZ.GH €;y Wy = ZzeH e; + ZJGJ s
w3 = ZiGHbi+Zj€J b;, where |J| = s > 1, and wt(w) > 7+ (2n — 1 —
7) + t, where wt(ws) = t. If t = 0, then >, ;b = > . ;b5 = 0, since
Cy(A) N Cy(A + 1) = {0} , which contradicts the assumption that the sum
of the rows is not zero. So t > 1 and wt(w) > 2n — 1 + ¢ > 2n. Further,
wt(w) > 2n unless t = 1. If ¢ = 1, then w3 = e, = >, ;b + >, b}, s0
Wy = ey bitep D, 0F =0, then ) ., bi=>" ., e #0, and hence of
weight r > 2(n—1) by the induction hypothesis, so wt(w) > 2(n—1)+2 = 2n.
If wt(w) = 2n then r = 2(n — 1) and by induction Y .., b; = > ..y € = by
Then ws = e, = b, + Zgg]b]’ and b}, + Zjerj = e + e, has weight 2 or
0. Therefore it must be 0, so K = m. By the ordering of the vectors, we have
w the incidence vector of the block from the m™ row. If 3., bf # 0, then
wt(w) >r+2n—2+1>2n unlesbrv 1. If r =1 then wy = e;, wy = b + €4
and ws = e;. Since w3 = b; + > = e, we get ¢ = k and hence w is the

incidence vector of the " block.

jed J

Now let us consider C*. Placing r rows from the first 3"~ x 37! submatrix
of Ay, we have wt(w) > 2r4+-2n—1 > 2n+1forr > 1, unless ws = ) .., bj = 0,
in which case ), .y ei = ..y bi # 0 and hence wt(} ..y e) =7 > 2(n — 1).
Then wt(w) = 2r > 4(n — 1) > 2n + 1 for n > 3, for a non-zero sum of
rows from the second set we get weight at least 4(n — 1) > 2n + 1 for n > 3.
Now, take r > 1 rows from the first set and s > 1 from the second, and
assume that the sum is zero. Then wy = ), e, wo = > .. pyei + Z]EJ s
w3 = D ey bi + e, where |[H| = r > 1 and [J| = s > 1. We have
wt(w) = wt(w) + wt(wsa) + wt(ws) > r+2(n — 1) —r + ¢, where wt(ws) =1,
since ) ; b; # 0 by assumption. Therefore wt(w) > 2n +1if ¢ > 3.

]

The following theorem summarises the properties of the above codes.
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Theorem 4.3.2. [12, Proposition 2| If n > 4, then C = Cy(D(n,3)) is
37, 1(3"—(=1)"),2n]s and C* = C* = Cy(D(n, 3)*) is [3", (3" +(—1)"), 2n+
1o. Further C N C+ = {0} and the minimum weight words of C and C* are
the incidence vectors of the blocks of D(n,3) and D*(n,3) respectively.

Proof. By Proposition 4.2.2 we have the dimension of C' and C*. We have the
minimum words by Lemma 4.3.1. That C' N C* = {0} follows from Corollary
4.2.3. O

4.4 The automorphism groups of D(n,3) and
D*(n, 3)

We now discuss the automorphism groups of D(n, 3) and D*(n, 3) respectively.

Lemma 4.4.1. [12, Lemma 2| Let x, y be two distinct points of Fy. If x,
y are on a blocks of D(n,3) and D*(n,3) respectively then d(z,y) = 1,2. If
d(x,y) =1 then they are together on either 1 block or 3 blocks.

Proof. Consider when z, y is on a block of D(n,3) and z,y € z. Then d(z, z) =
d(y,z) = 1. From the above argument we have that d(x,y) < d(z, 2)+d(z,y) <
2. If d(z,y) = 1, and they differ at the 1 coordinate. Then they are together
on one block z for z = (z1), z1 € F5\ {z1,1}-

Now consider when z,y is on a block of D*(n,3). Suppose z,y € z. Then
d(x,y) < 2 as has been discussed in the above argument when z, 3 is on a block
of D(n,3). If d(x,y) = 1 then we get one block as in the previous discusion,
but also the blocks  and 3. Therefore they are together on three blocks.

]

Proposition 4.4.2. [12, Proposition 3] Forn # 2, Aut(D(n, 3)) =Aut(D*(n,3)) =
Aut(H'(n, 3)).

Proof. First we show that Aut(D(n,3)) =Aut(D*(n,3)). Write T = D(n,3)
and 7% = D*(n,3). We show by using the results from Lemma 4.4.1.

(i) In order to show that o € Aut(D*(n,3)), we suppose o € Aut(D(n, 3)).
If z,y € z then d(z,y) = 1,2. If d(z,y) = 1 then z,y are together on one
block of 7 and so o(x), o(y) are on one block of 7 and hence of 7*. Therefore
o € Aut(D*(n, 3)).
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(ii) Now suppose o € Aut(D*(n,3)). If z,y € Z then d(z,y) = 1,2. If
d(z,y) = 1 then z,y are together on 3 blocks of 7*, and so o(z), ( ) are on
3 blocks of T*. Since o(z), o(y) are in H'(n,3), d(o(x),o(y)) = 1 and o(x),
o(y) are on one block of 7.

From (i) and (ii) it is clearly to see that Aut(D(n,3)) = Aut(D*(n,3)).
Therefore Aut(H'(n, 3)) < Aut(D(n, 3)) = Aut(D*(n, 3)). Suppose o € Aut(D*(n, 3)),
and suppose [z,y] € E(H'(n,3)). Then d(x,y) = 1 and so z,y are together
on 3 blocks of 7*. Thus o(z), o(y) are together on 3 blocks of 7*. Hence we
have d(o(x),0(y)) = 1, and [o(x),0(y)] € E(H'(n,3)). O

Corollary 4.4.3. [12, Corollary 2] For n > 1, Aut(Cy(D(n,3))) = S5 S,.
Proof. Recall Proposition 4.3.2, it reads as follows, the minimum words are the
incidence vectors of the design, when n > 4. Then any automorphism of the

code preserve the blocks of the design, and the result follows from Proposition
4.4.2. O

In the next chapter, we will discuss the binary codes from the line graph
of H(n,?2).
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Chapter 5

Binary codes from the line
graph of H'(n,?2)

In this chapter, we consider binary codes from the line graph of the H'(n,2). In
Section 5.2 we describe the binary codes from line graph of H'(n,2). Further,
in Section 5.3 we consider codes from adjacency matrices of these line graphs,
and in Section 5.4 we focus on automorphism groups of L(H(n,2)) as well as
the hulls.

5.1 The graph L(H'(n,2))

Let L(H'(n,2)) denote the line graph of the n-cube H'(n,2). Then in L(H'(n,2)),
two distinct vertices [z,y] and [u,w] are adjacent if |{z,y} N {u,w}| = 1.
The neighborhood design D, of L(H'(n,2)) has for points the vertices of
L(H'(n,2)), i.e, the set P, of edges of H'(n,2). For each point [z,y] we
defined the block

[y = {lo, ullwi(e +w) = Lu# g} U {[ywllwily +w) = Lw £ 2} (5.1)

Hence D,, has a block set {[x, Y|z, y] € Pn}. Let G,, denote the 2" x n2"~1

vertex by edge incidence matrix of the graph H'(n,2) with the vertices (rows)
ordered in the usual standard way by the binary representation of the numbers
0 to 2" — 1, writing

Z?:_Olaﬂl = (ag, a1, , 1),
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where q; € Fy for 0 <3 <n —1.

The columns of G, representing the edges of H!(n,2), are ordered in the
following manner. Take G; = [}]. Suppose G,,_; has been defined. For G,, we
order the rows in the standard way as described. For the columns, the first
2"=2(n—1) columns will represent the edges between the first 27! vertices, the
next 2"~ ! columns will represent the edges [z, x+e,] between the first 2"~ and
the second 2"~! vertices, starting with the edges [0, e,], [e1, e1+€,], [e2, e2+€4],
and so on, i.e. ordered according to the vertices in the first set of 2=, The
final 2"~2(n—1) columns will represent the edges between vertices in the second
set of vertices, i.e. those with nth coordinate 1. For n = 3, the ordering of rows
is 0, e1, €9, €1+ €9, €3, €1+ €3, €2+ €3, €1 + €5+ €3, and the ordering of the edges is
[0, 61], [0, 62], [61, €1 +62], [62, €1 +62], [0, 63], [61, €1 +€3], [62, €2 +€3], [61 +e9,61+
€ + 63], [63, e + 63], [63, €a + 63], [61 + es, e + es + 63], [62 + €3,e1 + €2 + 63}.

Now let us consider the case for n = 4.

Example 5.1.1. For n =4, the ordering of the rows is

0, e1, €2, €1 + €9, €3, €1 + €3, €2 + €3, €1 + €2 + €3, €4, €1 + €4, €3 + €4,
61+62+€4, 634‘64, €1+63+64, 62+€3—|—€4, 61+€2+€3+64,

and the ordering of the edges is

[0,e1], [0, €2, [e1, 1 + ea], [ea, €1 + €2, [0, €3], [e1, e1 + €3], [ea, 2 + €3], [e1 +
62,61+62+63], [63,61+63], [63,62+€3], [61+63,€1—|—€2+€3], [62+63,€1—|—€2+63],
[0, €4], [e1, €1+ €4, [e2, €2 + €4, [e3,€5 + €4, [e1 + €2, €1 + €2 + €4, [e3, €5 + €],
[61 -+ €3, €1 -+ €3 —+ 64], [62 —+ €3, €2 —+ €3 -+ 64], [61 -+ ()] -+ €3, €1 —+ €9 + €3 + 64],
[64,61+64], [64,€2+64], [€1+64,61+€2+64], [€2+64,€1+62+€4], [64,63-{-64],
le1 +es,er +es +oeq], [ea +eq 0 +e3 4 ey, [e1 4+ ea +eq e + ex + €3 + ey,
[63 + €4, €1 + €3 + 64], [63 + €4, €9 + €3 + 64], [61 + €3 + €4, €1 + €9 + €3 + 64],
[62 + ez + €4, €1 + €2 + 63+ 64].
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110010000000 | 10000000 | 000000000000
101001000000 | 01000000 | 00OO0O0000000
010100100000 | 00100000 | 000000000000
001100010000 | 00010000 | 00O000000000
000010001100 | 00001000 | 000000000000
000001001010 | 00000100 | OOO000000000
000000100101 | 00000010 | OOOOOO0O0000
000000010011 | 00000001 | OOOOOO000000
000000000000 | 10000000 | 110010000000
000000000000 | 01000000 | 101001000000
000000000000 | 00100000 | 010100100000
000000000000 | 00010000 | 001100010000
000000000000 | 00001000 | 000010001100
000000000000 | 00000100 | 000001001010
000000000000 | 00000010 | 000000100101
000000000000 | 00000001 | 000000010011

With this ordering described, we see that

Thus, G4 =

e )
Gn< s o) (5.2)

Let A, be the adjacency matrix of L(H'(n,2)) with this ordering of the
edges. Writing I = Iyn-1,,,

A, = GTG, —2I

= GTL—I _[2n71 Gn_l - 2[ = Gn_l 0 Gn_l ,(53)
0 (?5_1 (¥£;1(¥n_1 0 (?5_1 A,
where
GZ—I O
G = Ipn Lo |. (5.4)
0 GT

n—1
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Let G, be the 1 — (2" 'n,n,2) design with incidence matrix G,,. Then the
point set of G, is that of D, i.e P,, and the block defined by x € V,, is given
by

r={[r,xr+¢]|]1 <i<n}. (5.5)

5.2 Binary codes

In this section we consider the graphs and designs as has been described in
Section 5.1. Note that Equation (5.3) implies that A, = GG,,. Let Cy(D,)
be the binary code from D,, and C5(A,,) the binary code from A,,.

Also, we have Cy(L(H'(n,2))) = Co(D,) = Cy(A,) and Cy(G,,) = Co(G,).
For any z € V,,, 1 <1 < n,

portel = oF 4 e (5.6)

since

[z te]=@FUTTe)\GENT &)

Lemma 5.2.1. [13, Lemma 3.] Forn > 1 and n > 2, let (G,) be the
incident matriz of the graph L(H'(n,2)). Then

(1) ranks(G,) =2"—-1,n>1
(2) ranky(A,) =2"—2,n > 2
Proof. We employ inductions. (1) For n = 1, we have G; = [}]. Now r; = ry,

where r; and ro are the rows of G; is 1 and induction hypothesis is true for
n = 1. Suppose the hypothesis holds for k& < n. Consider

( Gaa [ L | 0O
G”_( 0 12“Gn_1>'
By the induction hypothesis GG,,_; has full rank. Hence
~( Gua [ Ln1 | O

Therefore the rank of GG,, is 2™ — 1.
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(2) Let Y = Cy(GT). We define the map 7 : G,, — Ca(A,) by 7(v) = vG,
for v € Y. Since Equation (5.3) have ranks(A4,) < 2"—1 and Cy(A,,) C Co(G,),
then it is easly to see that the sum of the middle block of rows of G is the
vectors jon. Therefore jon € Y and jon € ker(7). Hence dim(Cs(A4,,)) = 2™ —2.

[
Corollary 5.2.2. [13, Corollary 4.]

Forn >4, as described from the column of matriz G, and T, =
U {20230+ 2) + 1)1 <t < 2072(i — 2)}, the columns in the set of positions
T.. Then T, are placed at the end of the matrix G,, and the first 2" —1 column
will be an information set for Co(G,,).

Proof. We consider the matrix G,, from Equation (5.2). It is easily seen Cy(G,,)
by using the inductive step. The same argument holds for Cy(A,,), so that the
first 2"~! — 1 position will be obtanained from the results for Cy(G,,). Next we
consider the matrix GI_,. Since G | has rank 2"~' —1 and 2"~! — 1 columns,
then it is easy to see that 2"~! — 1 has been taken from GZ_,. [

Proposition 5.2.3. For n > 2, Cy(A,) is a [2"'n,2" — 2,2(n — 1))y code.

For n > 4 the minimum words of Cy(A,,) are the rows of A,.

Proof. (By Induction). By Equation (5.3), when n = 4, we have

A3 GT 0
Ay=1 Gz 0 Gs |,
0 GI A,

from this matrix we have that A, have weight 2(n — 1). Suppose it is true
for n — 1. We have

A,y G, 0
A’Vl— 1 = Gn— 1 0 anl
0 6T oA

This matrix will be concatenation of the vectors, w, ws and w3 correspond-
ing to the block matrices. Label the row blocks R;, 1 = 1,2, 3.

(i) From matrix A,_; we take k£ > 1 rows from Rj, then wy; = Y;csay,
where a; is the i* row of A,_; and |I| = k. Then if g; is the i row of
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Ggﬁl, Wy = Zie[gi and a; = giGn—l‘ Also w3 = 0. So wp = U}an_l. So
wy # 0 and hence has weight at least 2, since Cy(GL ) is an even weight
code. If wy # 0 then wt(w;) > 2(n — 2) by the induction hypothesis, and so
wt(w) >2(n—2)+2=2(n—1). If wt(w) =2(n—1) then wt(w;) = 2(n —1),
so that wy = a,, = ¥;era;, by the induction hypothesis, and wt(wy) = 2. So
am = GmGn_1 = woG,_1, and thus g,, + ws = jen—1 or 0. Both g, and wy
have weight 2, so we must have g,, = w,, which means that w is a row of A,,.
If wy = 0 then wyG,,_1 = 0 50 wy = Jon—1, and wt(w) = 2"1 > 2(n — 1) for
n > 4.

(ii) If we take k > 1 rows from Ry, then wy = w3 = Y;ers; # 0, where s; is
the i'" row of G,,_1, i.e. s; = g&'. So wt(w) > 2(n — 1), with equality only if
W1 = W3 = Sy, 1.e. arow of A,,.

(iii)) When k£ > 1 rows from R3, we apply the same argument in (i).

(iv) Now take & > 1 rows from R; and j > 1 rows from R,. Here w; =
Yicr9iGn-1 + Xjess; = u+ v, wy = Yigrg;, w3 = XNjeys; = v # 0, if wy =0
then u = 0. So wt(wq) > 2. If wy > 0 then wt(w) >n—14+24+n—1> 2(n—1)
(since u € Cy(A,—1) C Co(Gy-1)). Here if wt(w) = 2(n — 1) then wt(w,) =
wt(ws) =n —1, and v = u + v = s, for some m. Thus u = ¥;c;¢:G,—1 =0
so that weG,,_1 = 0, which implies that ws = j9n—1 or 0, which gives a con-
tradiction in each case. If w; = 0 then u = v € Cy(A,,_1). Thus u # 0 and
wt(w) > 242(n—2) =2(n—1). if wt(w) = 2(n—1) then u = v = s,,, for some
m, by induction, so wy = ¢,,G,,—1 and w is a row of A,,. Next, take k > 1 rows
from R, and j > 1 rows from Rs. Here wy = X,c16:Gn—1, W2 = Xic19i + X9,
w3 = XjeygjGno1. If wy, w3 # 0 then wt(w) > 2(n —2)+2(n—2) >2(n—1)
for n > 4. If wy = 0 then X;crg; = gon—1. If wy = 0 then ¥jc;9; = Jon
and hence w3z = 0. Thus wy # 0. Since w3 # 0 (otherwise w = 0), we have
wt(w) > 2+ 2(n—2) = 2(n—1), with equality if and only if w3 = a,, for some
m, by induction. Then, as before, ¥;c;g; + gn = J2n-1 or 0. If the former then
Wy = gm, and we get a row of A,, if 0 then we get wt(wy) > 2. Similarly if
w3 = 0.

(v) Take k > 1 rows from Ry, j > 1 rows from Ry, [ > 1. Then w; =
Yic19iGn-1 + Xjeys; = u + v, wy = Yiergi + Liergr, where |K| = [, and
wy = StexGiGno1 + Yjess; = y + v If wy,wg # 0 then wt(w) > 2(n — 1)
with equality only if wy = s,,, w3 = s,, wy = 0, for some m, r. Since wy =
0 we have Yicrgi = Yiex g, and 80 YicrgiGno1 = Yiex9:Gn-1, ie. u =y
and so s, = s, and we have a row of A,,. If w; = 0 then u = v, so wy =
Yier 9iGno1 + Bicr9iGno1 = weGpn_y. If wg = 0, then wy = 0 or jgn-1, S0
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for w # 0, wt(w) = 2"1 > 2(n — 1) for n > 4. If w3 # 0 then wy # 0,
so wt(w) > 2 + 2(n — 2), with equality if ws = a,, for some m, and so
w3 = Ay = gnGn_1 = WG, _1, so that wy + g, = Jon—1, 0. Since wt(ws) = 2,
we must have wy = g,,, and again we have a row of A,,.

(vi) When k£ > 1 rows from Ry, j > 1 rows from R3, [ > 1, then we apply
the same argument in (v). O

Lemma 5.2.4. [13, Lemma 7.] If C = Cy(D,) or Cy(G,), then for n > 2,
Ct contains the weight-4 codeword

u(a’;’ y7 Z) = v[x7y} _.I_ U[I’Z] _|_ U[z-i—y—i—z,y] + /U[x'i_y'i_zvz]? (57)

where x € Vo, y =z +e, z=x+e; , 1 <4, j<n,i#j Further, C*+ has
manimum weight-4 .

Proof. The result follows from Lemma 2.3.9, ]
Lemma 5.2.5. Blocks of the design D,, meet in 0, 1, 2, or n — 2 points.

Proof. Consider the block [0, es].
(i) Take the edges|0, ;] and [0, e;], where 2, 4, j are distinct. Then these edges
(n — 2) blocks [0, e;] for k # i, j.
Similarly, [e2, e2 + €;] and [e2, e2 + €], where 2, 4, j are distinct, are on the
(n — 2) blocks [eq, e5 + €] for k # i, j, there are (n — 1)(n — 2) pairs of points.

(ii) The edges [0, ¢;] and [ez, e2 +¢;], 7 # 2, are on the two blocks [0, es] and
lei, €2 + €;]. There are n — 1 pairs of such points.

(iii) Now, we place the pair of ordering of edges [0, e;] and [e3, e2+¢;], where

2, i, j are distinct. Then there are together on the one block [0, e5]. There are
(n — 1)(n — 2) such pairs of points.

Now we consider the number of blocks that meet [0, es] :

(iv) The blocks [e;, e; + €;] and [e; + e2, e; + €3 + €;] for 2, 4, j all distinct,
meets in exactly one point. There are 2(n — 1)(n — 2) of these.

(v) The block [e;, e; + e2] meets in two points, there are n — 1 of these.

(vi) Finally the blocks [0,¢;] and [e,e; + €], for ¢ # 1, meets in n — 2
points. We have 2(n — 1) of these. Therefore it does not intersect 2" 1n — 1 —
(2n*—n—-2n+1)=2"n—-1-2n*-3n+1)=2""n—-1—(n—1)(2n—1)
blocks.

]
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5.3 Codes from adjacency matrices of line graphs

In this section we look at the codes C,(A,), where A, is an adjacency matrix
of L(H'(n,2)), the line graph of the n-cube.

Gy, = G, (2) will be a 2" x $2™n incidence matrix of H'(n,2), and GLG,, =
Ap + 2I150,,- Recall that

( Gaa [ L | O >
G”_( 0 | It | G

and

A, =GTG, —2I

Gg—lGTL—l GZ—I 0 A’I’L—l G%—‘—l 0
= anl [2"—1 anl == anl 0 anl
O Ggfl GgflGn—l 0 Ggfl Anfl
where
erlragé
Gg = ]anl IQn—l
0 Gi,

Proposition 5.3.1. [15] Let G,, be an incidence matrixz for H'(n,2), and A,
adjacency matriz for the line graph L(H'(n,2)).

(1) Cy(A,) is the subcode of Co(G,,) spanned by the difference of the rows of Gy,.
(2) C,(An) has minimum weight at most 4, and forn > 3 C,(A,) 2 Cp(Gp)*.for
p an odd prime.

Proof. (1) Recall Cy(G,,) has dimension 2" — 1. We have G- G,, = A,,. There-
fore Cy(A,) C Cy(Gp), For jon, the all-one vector of length 2", we have
anG =0.

(2) Let G be the row span of GI' over Fy. Define a map 7 : G — C by
T:9= (g1, ,9) = (g1, ,gon)Gy, so that 7(G) = C and dim(C)+
dim(ker(7)) = dim(G) = 2" — 1.
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Note that dim(G) = 2" — 1. The map 7 : G — C' is defined by a vector
g is in the kernel if and only if ¢ € G and gG,, = 0. Since jonG,, = 0. We
need to determine when jon € G. If n is odd, then jon is the sum of all the
rows of GT. Otherwise 7o» is the sum of all the rows besides those containing
Iyn-1. So dim(C) = 2™ — 2. Since this is the dimension of the code spanned by
the difference of the rows of GG,,, it follows that C' is precisely this subcode of
Cs(G,,) since C' C Cy(G,,). For p odd, since C,(A) contains all the weight-4
vectors of the form described in Equation (2.1), it follows by Proposition 3.2.4
that C,(A,) 2 Cp(Gy))*. O

5.4 Codes from incidence matrices of L(H'(n,?2))

In this section, we briefly discuss the codes from an incidence matrix of L(H(n,2)).
We also consider the row span over I, for any prime p, of L,,(2) the incidence
matrix, for the line graph of H'(n,2) for n > 1.

Consider a 2" !n x 2" In(n—1) incidence matrix L, (2) of L(H'(n,2)) with
a particular ordering on the rows and columns. Each row of L,,(2) has 2(n—1)
entries equal to 1, including the case n = 1. In this which case the line graph
has no edges.
Let G,, = G,,(2) be an incidence matrix of H'(n,2). Now for the rows of L, (2)
we use the same ordering we had for the columns of G,,(2). Call these sets R;,
Rs, R3. For the columns, we assume we have an ordering for L, _1(2), and for
the first set of columns for L,,(2) insert L,_;(2) in the rows R;. For the next
set of columns, insert L, 1(2) in Ry to show the edges between [z + e,y + e,
and [z + e,, 2 + e,], where [z,y], [z, 2] are on an edge in L(H'(n,2)). For the
next columns take all edges between those points in R and Rj3, followed by
those in Ry and R3. We need to start with Ly(2), and from our ordering for
G2(2) we can order the columns so that Ly(2) is as follows:

G9(2) =

S O = =
_— 0 O
S = O =
S = O =
_ o O =
O~ = O
— o = O

Therefore,
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1100 | 0000 | 11000000 | 00000000
0011 | 0000 | 00110000 | 00000000
1010 | 0000 | 00001100 | 00000000
0101 | 0000 | 00000011 | 00000000
0000 | 1100 | 00000000 | 11000000
0000 | 0011 | 00000000 | 00110000
0000 | 1010 | 00000000 | 00001100
0000 | 0101 | 00000000 | 00000011
0000 | 0000 | 10001000 | 10001000
0000 | 0000 | 01000010 | 01000010
0000 | 0000 | 00100100 | 00100100
0000 | 0000 | 00010001 | 00010001

For n = 4, L4(2) have 16 entries and 23.4 x 234(3) = 8.3 x 8(12) = 32 x 96,
meaning that L4(2) have 32 columns and 96 rows.

In general, for n > 2, recalling that for n = 2 the matrix L,_;(2) has no
columns,

BIKRN APEN| o
Ln(2) = 0 |L,.2)] 00 |, (5.10)
0 0 |P|Q

where N, O are 2" ?(n — 1) x 2"7!(n — 1) matrices, and P, Q are 2"~! x
2"1(p — 1) matrices. Every column of N, O, P, @ has exactly one non-zero
entry 1 in it, and every row of N and O has precisely two non-zero entries 1
in it. Row of P and @ has precisely (n — 1) non-zero entries 1 in it. Clearly
every row of L, 1(2) has 2(n — 2) entries equal to 1. We represent the column
blocks C; for i = 1,2, 3,4. The following lemma will be used as our inductive
base

Lemma 5.4.1. [15] C2(L4(2)) = [96,32,6]y. The vectors of weight 6 are the
scalar multiples of the rows of Ly(2) for all p.

Proof. Consider p = 2, from the matrix of Ly(2), w = 3} a;r; = (g + g, az+
ay, atag, as+ay) = 0for 1 < ¢ < 4. Thisimplies that oy = —a = —a3 = ay.

42



Consider L4(2), as have been discussed immediately after Equation (5.9). La-
bel the first four rows as R, the next four as Ry and the last four as R3. Then
any vector w € Cy(L4(2)) can be viewed as a concatenation of vectors in the
four column blocks. So write w = (w1, we, w3, wy) where wy, wq are in Fpl2 and
ws, wy are in F? . Wt(w) = wt(wy)+ wt(wz)+ wt(ws)+ wt(wy). To prove
that C' has dimension 32, notice that ([0, e1], [e1, e1 + €3], [e1 + €2, e1 + 3 + €3],
le1 + ea + e3,e1 + €3], [e1 + e3,€1]) is a closed path of odd length 5.

Now take w to be a sum of k£ > 1 non-zero scalar multiples of rows from R;.
Then wt(w) = wt(wy) + 2k. If w; = 0 then from the above discussion we must
have k = 6 and thus wt(w) = 12. If w; # 0 then wt(w) > 2 4 2k > 12, with
equality only when k£ = 1 and we have a multiple of a row. The same argument
applies to a sum of rows from R,, since N is equivalent to O. If w is a sum of
k > 1 non-zero scalar multiples of rows from Rg, then wt(w) = 6k > 6 with
equality only if £ = 1. If w is a sum of £ > 1 non-zero scalar multiples of rows
from R; and m > 1 non-zero scalar multiples of rows from Ry,then wt(w) =
wt(wy )+ wt(wy)+2k+2m > 2(k+m) > 12 with equality only if k = m = 1 and
w; = we = 0, and this cannot happen. If w is a sum of £ > 1 non-zero scalar
multiples of rows from R; and m > 1 non-zero scalar multiples of rows from
R3, then wt(w) = wt(w;)+ wt(ws) + 2m. If w; = 0 then k = 6 and wt(w) =
wt(ws)+2m > 12if m > 3. If m = 1 then wt(ws) > 6. So all the words we get
are of weight greater than 6. So wt(w;) > 2, and so wt(w) > 6 with equality
only if m =1, wt(w;) = 2 and w3 = 0. The latter is impossible since the rows
of N with one row of O are linearly independent, where N and O are as shown
in Equation (5.10). A similar argument applies to w a sum of rows from R
and R3. Therefore we cannot get words of weight 6 this way. Finally, take w
to be a sum of £ > 1 non-zero scalar multiples of rows from R;, 7 > 1 non-zero
scalar multiples of rows from Ry and m > 1 non-zero scalar multiples of rows
from R3. Then wt(w) = wt(wq)+ wt(ws)+ wt(ws)+ wt(wy). Denoting the 32
rows of Ly by r; for 1 <4 < 32, write w = X8 qr; + X0 Birers + 20 7ir1914
where k of the «;, m of the 8; and j of the ~; are not zero. From L, we see
that

wy = (1471, 0 +72, o +73, o+, 3+71, A3 +y3, Qaty2, cutya - -+ ). (5.11)

If w3 =0 then v, =7 = —aq; forall 1 < ¢ < 6 and hence kK = m = 6, and
wt(w) = 6. It also follows from Equation (5.11) that if w3 # 0 then wt(ws) >
2. The same argument applies to wy, so if wy = 0 then m = j = 6, and
wt(wg) = 6, so wt(w) > 6. So wy # 0 and hence wt(ws) > 2 and wt(w) > 6.
So we can assume neither ws, wy # 0. Then wt(w) > 6 if one of wy or wy is
not 0. So supposing wy, wy = 0 then kK = 6 = j, and, with a, 5 # 0,
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w3z = 06(1, 17 ]-7 ]-7 _]-7 _]-7 _]-7 _1)—'_(717727737747’71773772774) = (Oé—i_’}/laa_{—
Yo, @+ V3, &+ Yay — 1, —a+ Y3, — @+ Yo, —a + Ta).

From this we see that wt(ws) > 6. Similarly,

Wy = 5(17 17 17 17 _17 _17 _17 _1)+(71772773774771773772774) = (ﬁ+717ﬁ+
Y2, B+ 73, B4 4, =B+ 71, =B+ 3, =B + 72, =B + ).

So wt(wyg) > 6. O

Proposition 5.4.2. [15] Forn > 1, let L,(2) be a 2" 'n x 2" 'n(n — 1) in-
cidence matriz for L(H'(n,2)). For n > 4,

(1) Co(Ln(2)) = 2" 'n(n —1),2" 'n — 1,2(n — 1)),

(2) Cp(Ly(2)) = 2" *n(n —1),2" 'n,2(n — 1)],, for p odd.

Proof. (1) For p = 2, we recall Lemma 5.4.1. We therefore have the result for
n = 4. So we proceed by induction. Suppose n > 4 and that the induction
hypothesis is true for n — 1, and consider L,(2) as shown in Equation (5.10).
We use the same constructions and labelling as from previous Lemma. w =
(w1, wa, w3, wy). Let C = Cy(L,(2)). Tt is clear that dim(C') < 2" 'n — 1 since
the sum of all the rows is 0. Further, notice that any 2"~ 'n —1 rows of L,_1(2)
are linearly independent. By induction the dimension is at least this as the
rows from R; give dimension at least 2" ?(n—1)—1, and the those from R, and
R3 give dimension 2" 2(n — 1) and 2"~! respectively, since each column has
exactly one entry 1 in it, and each row has at least one entry 1. If w is a sum of
k > 1rows r; from Ry, then wt(w) = wt(w;)+ wt(ws) = wt(w,) + 2k since N
has every row containing exactly two entries 1, and every column exactly one
entry 1. If wy = 0 then k = 2""%(n — 1) and wt(w) =2""'(n — 1) > 2(n — 1).
Otherwise wt(w) > 2(n — 2) + 2k > 2(n — 2) + 2 = 2(n — 1) with equality
only if £ = 1. The same argument holds for w a sum of rows from R,. If w is
a sum of k > 1 rows from Ry, then wt(w) = 2(n — 1)k > 2(n — 1),(since P, Q
each have their rows consisting of n — 1 entries equal to 1), with equality only
if k =1 and w is a scalar multiple of a row.

(2) Now consider the cases for p odd. We prove the result using induction,
having established the induction base in Lemma 5.4.1. Suppose the statement
is true for n — 1, where n > 4, and consider L,(2) as shown in Equation
(5.10). Use the same constructions and labelling as for the proof of the case
when n = 3. Thus w = (wy, wa, w3, wy). Let C = C,(L,(2)). It is clear that
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dim(C) = 2" n since the rows from R; and R, each give dimension 2"~ !(n—1)
by induction, and those from Rj give dimension 2"~ ! since each column has
exactly one non-zero entry 1 in it, and each row has at least one entry 1. If w
is a sum of & > 1 non-zero scalar multiples of rows r; from R;, then wt(w) =
wt(wy)+ wt(ws) > 2(n — 2) + 2k since N has every row containing exactly
two entries 1, and every column containing exactly one entry 1. If £ > 2 then
wt(w) > 2n, so we only get weight 2(n — 1) when k& = 1. The same argument
holds for w a sum of rows in R,. If w is a sum of £ > 1 non-zero scalar multiples
of rows from Ry, then wt(w) = 2(n — 1)k > 2(n — 1), (since P, ) each have
their rows consisting of n — 1 entries equal to 1), with equality only if & = 1
and w is a scalar multiple of a row. If w is a sum of £ > 1 non-zero scalar
multiples of rows from R; and m > 1 non-zero scalar multiples of rows from
Ry then wt(w) =wt(wy)+wt(wy) +2k+2m >2(n—1). f wisasum of k > 1
non-zero scalar multiples of rows from R; and m > 1 non-zero scalar multiples
of rows from R, then wt(w) =wt(wy)+wt(ws)+m(n—1) > 2(n—2)+wt(ws)+
m(n—1) >3n—5> 2n — 2 for n > 4. So no weight 2(n — 1) can arise from
this combination of rows, and similarly from R, and Rj. Finally, take w to
be a sum of £ > 1 non-zero scalar multiples of rows from Ry, 7 > 1 non-zero
scalar multiples of rows from Ry and m > 1 non-zero scalar multiples of rows
from Rj3. Then wt(w) =wt(w;)+wt(ws)+wt(ws)+wt(wy) > 4(n —2) > 2n —4
for n > 4.

]

5.5 Automorphism groups of the codes and
designs from L(H'(n,?2))

In this section we consider the automorphism groups of the designs and their
codes.

Proposition 5.5.1. [13, Proposition 9.] For n > 4, Aut(L(H'(n,2))) =
Aut(D,,) = Aut(G,) = Aut(H'(n,2)).

Proof. Let H = Aut(L(H'(n,2))), H* = Aut(D,,) and G = Aut(G,).
First we need to show that H = H*. Since H < H*, we prove that 0 € H
implies that o € H*.

Suppose [z,y], [z,w] € E(H*), z = z, o([x,y]) are on n — 2 blocks for
n > 4,5. This means that o([z,y]) = [X,Y], o([z,w]) = [X,W] € E(H*).
Hence o € Aut(H*). O
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Corollary 5.5.2. [13, Corollary 10.] (1) Forn > 4, Aut(Cy(D,,)) = T x Sy,
and (2) forn >3, Aut(C2(G,)) =T % S,.

Proof. (1)By Proposition 5.5.1 above, since an automorphism of the code must
preserves the weight classes, then it preserves the blocks and hence the design.
Then the words of weight 2n —2 = 2(n—1) of Cy(D,,) are the incidence vectors
of the blocks of D,,.

(2) The same argument holds for Cy(G,,). O

5.6 The hulls

In this section we consider the hulls of the two designs D, and G,. Let
Hull,(D) = C,(D) N C,(D)*. This is also denoted by Hull(D), when p is clear

from the context.

We denote vectors of V, by the numbers 0,1,---,2" — 1 in the usual way,
and as has been described in Section 5.1. Then

E;={ejli € {l,::-sn} \{i}), (5.12)
for 1 <i<n.

Lemma 5.6.1. [13, Lemma 11.] Forn >2,1<i<mn, let

Si = {[u,u+e]|lu € E;}, (5.13)

T, ={le; +u,e; + €1 +ulju € (g5l € {1,--- ,n} \{4,i+1})}, (5.14)
(where i is taken modulo n in the definition of T;). Then, for 1 <i <mn,

Si __ T
v = EmGTiU )

has weight 2", and is in Hull(D,,). Each S; is an arc for D,.

-1 1}T T =

Proof. Let S =51 = {[2k,2k+1]|0 < k <2
:C( n)s W = Y,erv® and W = Supp(w).

|0 <
(4i+1,4i+3)j0<i<2' —1},C
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First we need to show that S C W. Now Let P = [2k,2k+1] € S. If k = 2I
then P = [41,4] + 1] € [4l + 1,4l + 3] Therefore P € W

We denote the points in terms of the vectors in V,, = F} : 4i +1 = e; +
Yr_sager, 41+ 3 = e + ey + X _sopep, and writing u = Xj_sopey, then
[4i+ 1,414+ 3] ={le1 +u,e1 +u+e]|3 <k <n}U
{ler +u,u]}U{[er +ea+u,er +ea+u+e]|3<k<n}U
{lex +e2+u, e +ul}.
If [z,y] € [4i+1,4i+ 3], and [z,y] ¢ S, then, with this notation, [z,y] =
ler +u,e; +u+eg] or [x,y] = [e1 + es + u,e; + e + u + e, for some k > 3.
On other hand, [z,y] € [e1 + (u + ex), e1 + ea + (u + €x)], i.e [z,y] is in exactly
one other block z for z € T'. Thus the points eliminate out in the sum, and we
have obtained that w = v*. Thus v* € C.
To prove that v¥ = w € C*, we show that every block of the design meets it in
zero or two points. If [u,u+e;] € Sisin [v,v + e, then [u, u+e1] = [v,v+e;]
or [u,u+ej] = [v+ep,v+e;+ e for some j#k Ifu=uv, ute =v+e,
soj=1and k # 1 and then u 4+ e = v + e, u+ e, + e = v+ e, + €1, SO
[u+ ex, u+ ex+e1] € [v,u+ eg). If another point [t, ¢+ €] € S isin [v,v + eg]
simply show that it must be one of the points. Then v € C* and S is an
arc. O

Lemma 5.6.2. [13, Lemma 12.] Forn > 3, let

wy, = Z;’/zlvm = + ¥ v (5.15)

Then w,, € Hull(D,,) N Hull(G,),
Supp(w) = S = {[e;, e; + ¢;]|1 <i,j < n} for n even, (5.16)
Supp(w) = S ={le;,e; +¢;]|1 <i,5 <n,i#j} for n odd, (5.17)

and wt(w,) = n(n — 1) for n odd, wt(w,) = n* for n even.

Proof. First we need to show that w,, € C*. Now consider the blocks [u, u + €;].
It is easy to see that w, € C' = Cy(D,,). If wt(u) > 3 and wt(u + ¢;) > 3, then
is clear to conclude that [u,u + ;] does not meet w, at all. We also apply the
same argument in order to verify that w, € Cs(G,)*. O

For the following Lemma, we recall S from Equation (5.17) and Equation
(5.18) respectively and E; for Equation (5.14).
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Lemma 5.6.3. [13, Lemma 13.] Forn > 3, if S is as in (5.17) and (5.18)
and

S ={T,(9)|lw e E},
then the points of P can be in the following number of sets in S:

Case 1: 2,n,2(n—1) for n even,
Case 2: 2,n—1,2(n—1) for n odd.

Further, Xzcsv = 0.

Proof. Consider when n even. Then we have
S = {[6,’,61' = 6j]|1 S Z,] S n} .

Now, we list and count the element of w € E; for T,,(P) € S at a point
P =[u,u+e], where 1 <i < n.le;+Xicre;, 1 +Zicreite;], 1,5 & I: Eicrey,
Yierei + ej, bringing 2 elements.

[Nicrei, e1+Yierei], 1 & 12 Sigres, Yierei+ei(i € I), Biere; +ep(k & 1,k # 1),
bringing n elements. [Y;cre;,e; + Xicre;], 7 € I, j # 10 Yieres, Yiere; + €,
Yiereitei(i € ), Yicreg, ei+e(i € 1), Sicre; +ep(k & Ik # 1), Sicre; +ep +
ej(k ¢ 1,k +#1,j), bringing 2n — 2 elements.

For n is odd. Then

S={les e +elll <ij <ni#j}.

le1 4+ Xicrei, e1+Sicre; +e5), J & I 2 Eiere;, Xiere; +e;, bringing 2 elements.
[Nicrei,e1 + Sierei], 1 ¢ 10 Yiere; +ei(i € 1), Bieres +ep(k & Ik # 1),
bringing n — 1 elements. [Yicre;,e; + Xier], j € 1, 7 # 1 : Bicre; + (1 € 1),
Yiereiteite;(i € I), Sicreiter(k ¢ Ik #1,7), Sicreit+er+ej(k & Ik #1,7),
bringing 2n — 2 elements.

O

Proposition 5.6.4. [13, Proposition 14.] (1) For n > 3, with S as in
Lemma 5.6.3, dim(v?|R € §) = 2"~! — 1. (2) dim(Hull(G,)) > 2"~' — 1 and
dim(Hull(D,,)) > 21
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Proof. (1) Firstly we need to show that the set {v?|R € S\ {S}} is linearly
independent. By using the count method from Lemma 5.6.3.

Now for n even, then u € Fy, take S, = T,,(S). Let U C E1,0 ¢ U and U # ().
Suppose L,cpv® = 0. Now let I = (), and e; € U for any i we see that from
the first case when n is even, e; +e; ¢ U for any 7 and j. Now we use this
case inductively so prove that U is empty, contrary to our assumption. Thus
the set is linearly independent.

For case when n is odd the identical argument holds.

(2) By Lemma 5.6.3 we immediately conclude that the dim(Hull(G,)) >
2"=1 — 1. For the statement concern about Hull(D,)) we need to prove that
the words vg, of weight 2! of Equations (5.14)(5.15) of Lemma 5.6.1 are in
Hull(D,,) but not in Hull(G,), so that the code spanned by the v together
with one of these words will have dimension 2"~ !. ]

It is easy to see that X7 ,v7%(5) = 0 and also v° for n even and odd respec-
tively.
Now we recall Equation (5.8) in the dual code C-. With the notation u(x,y, 2),
note that any three vectors of the set {z,vy,z,z +y+ z} are together in the
support of at most one of these weight-4 vectors.

Proposition 5.6.5. [13, Proposition 15.] For n > 3, the weight-4 vectors
U(ZE, Y, Z) span 02(gn>L'

Proof. Recall the ordering of the points of the design as has been described
in Section 5.1, with at least a leading terms 2" !(n — 2) + 1. Since this is the
dimension of Cy(G,)* and all the vectors are in Cy(G,)* by Lemma 5.6.3, they
will thus span C5(G,,)*. We refer to the leading term with this ordering. Thus
for example the leading term of u(0, eq, €3) is [0, e3].

For n > 3 we will construct a set F, of vectors u(z,y,z) that have f, =
2"=1(n — 2) + 1 leading terms in echelon array. Let [,, = 2" 'n, the length of
the code C5(G,,) or Cy(G,)*. We will order the columns as described in Section
5.1 for GG,,, and label them with the numbers from 1 to [,.

We start with n = 3. Here I3 = 12, f3 = 5, and we take J3 to consist of the
five weight-4 vectors:
u(0, e1, e3) (leading term [0, e;] at position 1),
u(0, eg, e3) (leading term [0, e5] at position 2),
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u(er, e1 + e2,e1 + e3) (leading term [eg, e; + €3] at position 3),
u(ez, €2 + €1, €3 + e3) (leading term [es, e1 + €] at position 4),
u(es, e1 + es, ea + e3) (leading term [es, e; + e3] at position 9).
Notice that we have no leading terms in the range 5 < k < 8 of length 4 = 2771,

Next we construct the set for n = 4. Here [, = 32, fy = 17, and we take
F4 to consist of the 17 weight-4 vectors:
u(0, e1, e3) (leading term [0, e;] at position 1),
u(0, e9, e3) (leading term [0, e] at position 2),
u(er, e1 + e2,e1 + e3) (leading term [e, e; + €3] at position 3),
(€9, €9 + €1, €9 + e3) (leading term [ey, 1 + e2] at position 4),
(0,3, e4) (leading term [0, e3] at position 5),
(e1,e1 + e3,e1 + e4) (leading term [eq, e; + e3] at position 6),
(
(
)
(
(

22 e g

ea, €2 + 3,63 + ¢4) (leading term [e, e5 + e5] at position 7),
e1+eg, e1+eg+es, e +es+ey) (leading term [eg + eg, €1 + €2 + €3] at position

oo <

u(es, e1 + es,e3 + ey) (leading term [es, e; + e3] at position 9),

u(es, e2 + e3, e3 + e4) (leading term [es, e + €3] at position 10),

u(ey +es,e1+es+es,e1+es+ey4) (leading term [eg + e3, €1 + e+ e3] at position
11),

u(ea+es, e1+eg+es, ea+e3+ey) (leading term [es +e3, €1 + €2 + €3] at position
12),

u(ey, €1 + ey, e3 + e4) (leading term [ey, €1 + e4] at position 21),

u(eq, 2 + €4, €3+ e4) (leading term [ey, ex + €4] at position 22),

u(e; +eq, e1+ea+eq, e1+e3+ey) (leading term [eg + ey, €1 + €2+ €4] at position
23),

u(eg + eq;=,€1 + €3 + €4, 5 + e3 + e4) (leading term [esy + ey4, 1 + €2 + e4] at
position 24),

u(es+tey, e1testey, eatesztey) (leading term [ez+ey, e1+e3+4€4] at position 25.

Notice that we have no leading term in the range 13 < k < 20 of length
8 = 277! corresponding to the middle section of G4 as given in the matrix of
Equation (5.2).
Now, suppose that n > 3 and we have constructed F,,_; of size f,_; in this
way , having the centre section of 2”2 positions with no leading terms. We
construct F,, as follows: the first [,,_; positions will all be leading terms by first
taking all the elements of F,,_; except for the last one, (X" e;, e + X715 e;, ea+
Y le;) with the right most leading term [Y77Je;, e; + XI''e;]. Then, for
each of the remaining columns in the first set of 1, _1t, for the edge [z, x + €]
where z € (|1 <i<n—1) and e = ¢;, for 1 < i < n — 1, we adjoin to
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our set F,, the word u(z,z + e,z + ¢,) which will clearly have leading term
[z,x + e]. Thus far we have [, ; elements in F,. Now, we skip the next
27! column positions, and then adjoin f,,_; words formed from the words of
Fn1 as follows: if u(x,x +e,x + f) € F,,—1 with leading term [z, x + €] then
u(z+en, x+ete,, x+ f+e,) € F, with leading term [z +e,, x +e+e,]. This
gives the required f,, = 1,1 + f,_1 words and they are in echelon form, with
the middle section of length 2"~! excluded. This concludes the proof. O]

Below, we show the 49 elements of f5 obtained in this way. Note that for
n = 5, the ordering of the rows is

O, €1, €3, €3, €4, €] + €2, €1 + €3, €] + €4, €2+ €3, €3+ €4, €3+ €4, €1 + €2 + €3,
e1textey, e1+e3teq, eat+e3+ey4, €1 +e2+e3+¢y, 65, €11+6€5, €2+¢€5, €3+ €5,
€1te5, e1+ex+¢€5, €1+€3+¢€5, €1+€e4+¢€5, e2+e3+¢e5, ea+eq4+€5, e3+e4+ €5,
€1+62+€3+65, 61+62+€4+€5, 61+€3+64+65, €2+63+64+65, €1+east+e3t+eqs+es.

and the ordering of the edges is

[0,61], [0,62], [0,63], [0,64}, [61,61+€2], [61,€1+63], [61,€1+€4], [62,61+€2],
2, ea+es), [e2, eate4l, [e3, e1+e3], [e3, eates], [es, ested], [es, e1+eq], [e4, €2+
eq), €4, €3+ €4], [e1+ €2, €1+ ea+e5], [e1 + €2, e1+ea+ey], [e1 +e3, €1+ €2+ €3],
e1+es, e1+estey), [e1+eq, er+eatey], [e14es, e1+es+ey], [eates, e1+eates),
leate3, eat+estey], [eateq, e14+ea+ey], [eatey, eates+eq], [es+ey, e1+e34€4],
[€3+64,62+€3+64], [61 +€2+€3,61+62+63+64], [€1+62+64,€1+62+€3+€4],
[61+63+64,61+€2+63+64], [62+€3+64,61+€2+63+64], [0,65], [61,€1+€5],
[62,€2+€5], [63,€3+65], [64,64+€5], [€1+€2,61+€2+65], [61+€3,61+€3+65],
le1+e4, e1+estes), [eates, eates+es], [eateq, eates+es], [es+ey, es+es+es)],
[€1+62+€3, 61+€2—|—€3+€5], [61+€2+€4,61+62+64+€5], [€1+€3+€4,61+€3+€4+
65], [€2+€3+64,62+63+64+65], [€1+62+€3+64,61+€2+€3+€4+€5], [65,€1+€5],
[65,62+€5], [65,€3+65], [65,64+€5], [61+€5,61+62+65], [61+€5,61+63+€5],
[61+€5,€1+64+65], [€2+€5,61+62+65], [€2+€5,62+63+65], [62+65,€2+64+65],
les+e5,e1+es+es), [estes, eates+es], [es+es, es+es+es], [est+es, e1+es+es)],
les + e5,e0 + €4+ €5, [eq + e5,e3 +eq +es5], [e1 + €2+ e5,e1 + ea + €3 + e5),
[€1+€2+65,61+62+€4+€5], [€1+€3+€5,61+€2+€3+65], [61 +€3+€5,€1+
€3+64+€5], [€1+64+€5,€1+62+€4+65], [61 +€4+65,61 +€3+64+€5],
lea+es+es,e1+ex+es+tes), [eat+es+es,eat+es+es+es), [ea+estes e+
62+64+65], [62+€4+65,62+€3+64+65], [€3+64+€5,€1 +€3+€4—|—65],
les + €4 + e5,62 + €3 + €4 + €5], [e1 + e2 + €3 + es,e1 + €2 + €3 + eq + e5),
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[61+€2+€4+65,61+€2+€3+64+65], [61+€3+€4+€5,€1+€2+€3+€4+€5],
lex + €3+ eq+e5,e1 + €2 + e3+ €4 + e5].

Example 5.6.6. For n = 5 note that fs =49 =32+ 17 = Iy + f4. We show
the weight-4 vectors and the leading terms and their positions in Table 5.1 and
5.2, where L. T denotes the leading term and Pos. denotes the position. The
271 = 16 positions 33 to 48 are excluded.
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Table 5.1: Basis weight-4 vectors and leading terms for Cy(Gs)*

Weight-4 vector for n = 5 Leading Term L.T. of n =5 Pos.
u(0, e1, e3) 0, €] 1
u(0, ey, €3) [0, €3] 2
u(er, e1 + e, €1 + e3) [e1, €1 + €3] 3
u(eg, ea + €1, €3 + €3) [ea, €1 + €3] 4
’LL(O, €3, 64) [0 € ] 5
u(61,61 +€3,€1 +€4) [61,61 + 63} 6
u(eg, eg + €3, 69 + €4) [ea, €2 + €3] 7
u(e; + e, €1 + €2+ e3,e1 + €2 + €4) [e1 + eg, €1 + €2 + €3] 8
u(es, e1 + es, e3 + €y) les, e1 + e3) 9
u(es, es + €3, €3 + €4) [es, €2 + €3] 10
U(Gl+€3,61+62+€3,€1+63+€4) [61+63,61+62+63] 11
U(€2+€3,61+€2+€3,62+63+€4) [€2+€3,61+62+63] 12
u(0, ey, e5) [0, e4] 13
u(e €1 +€4,61 +€5) [61,61 —|—€4} 14
u(es, ea + €4, €9 + €5) [ea, €2 + €4) 15
u(es, ez + ey, €3 + €5) les, €3 + €4) 16
u(ey + ea, €1 + €3 + €4, €1 + €2 + €5) [e1 + e, e1 + €2 + e4] 17
U(Gl+€3,61+63+€4,€1+63+€5) [61+€3,61+63+€4] 18
U(€2+€3,62+€3+€4, (€2+€3+€5)y [€2+€3,62+63+€4] 19
u(el+€2+€3,61+€2+63+€4,€1+62+63+€5) [€1+€2+€3,€1+€2+€3+€4] 20
u(e €1 1+ €4, €4 +€5) [64,61 —0—64} 21
u(e4, €9 + €4, €4 + 65) [64, €9 + 64} 22
u(eq, e3 + €4, €4 + €5) leq, €3 + €4] 23
U(@l+€4,61+62+€4,61+64+€5) [61+€4,61+62+64] 24
u(el+€4,61+€3+€4,€1+64+€5) [€1+€4,61+63+€4] 25
u(eg + eq,e1 4+ €9+ ey, 69 + €4 + €5) [ea + €4, €1 + €2 + ey] 26
u(eg+€4,€2+€3+€4,€2+€4+€5) [62+€4,62+€3+€4] 27
U(€3+€4,61+€3+64,63+€4+65) [€5+€4,61+€5+64] 28
u(es + eq, €9 + €3 + €4, €3 + €4 + €5) les + €4, €2 + €3 + €e4] 29
u(er +ex+eg,61+ex+es+eq,e1+eat+eg+es) | [en+ea+eq,e1 +ea+e3+eq | 30
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Table 5.2: Basis weight-4 vectors and leading terms for Cy(Gs)*

Weight-4 vector for n = 5 Leading Term L.T. of n =5 Pos.
(61+€3—|—64,61+€2+63+64,€1+63+64+€5) [61+63+64,61+€2+63+€4] 31
U(62+€3+64,61+€2+63+64,€2+63+64+65) [€2+63+€4,€1+62+63+€4] 32
u(es, e1 + €5, €4 + €5) les, €1 + e5) 49
u(es, s + €5, €4 + €5) [es, €2 + €3] 50
u(es, e + €5, 64 + €5) [e5, €3 + €3] 51
u(e; + es, €1 + €2+ es,e1 + €4 + €5) ler + e5,e1 + eg + 5] 52
u(ey + es,e1 + €4 + e5,e1 + €3 + e5) leq + e5,e1 + eq + 5] 53
U(GQ+€5,61+62+€5,62+64+€5) [62+65,61+62+€5] 54
U(€2+€5,€2+€4+€5,€2+€3+€5) [€2+€5,62+64+€5] 55
u(es + es, €1 + €3+ es,e3 + €4 + e5) les + e5, €1 + €3 + €3] 56
u(es + e5, €3 + €4 + €5, €9 + €3 + €5) les + e5, €3 + €4 + €3] 57
u(eq + es,e1 + €4+ e5,e3 + €4+ €5) les + €5, €1 + €4 + €3] 58
u(es + €5, €3 + €4+ €5,€9 + €4 + €5) les + €5, €3 + €4 + €3] 99
U(@l+€2+65,61+€2—|—63+€5,61+€2+64+€5) [61+62+65,61+62+63+€5] 60
u(er +es+es,e1+ex+es+ese1+es+eqgtes) | [er+es+es, e +ex+es+es] | 61
ules +eg+es,e1+ea+es+es,e1+es+eqs+es) | [en+es+eser+ex+eq+es) | 62
u(eg +e3+e5,e1+ex+e3+e5,60+e3+eq+es) | [ea+es+es e +ex+e3+es) | 63
u(ea +eq+e5,e1+ex+ep+eseatestes+es) | [eat+eqs+es,e1+ex+eq+es5] | 64
u(es +eq+e5,61+e3+es+e5,60+e3+es+es) | [es+es+es e +e3+eq+es) | 65

The set of weight-4 vectors

n

Wn:Uu(x,x—Fe,x—i-ei):Wn_lU U

u(z,x +e,x + e,),

=2 [x,2+e]€Pn_1

have precisely the vectors in C, as the right-most terms in the echelon array.
If we are reading to the right, the ordering is according to that of the columns

of G,,.

Lemma 5.6.7. [13, Lemma 16.] Forn > 3,

(1) dim(Cy(G,) + Co(Gn)*) > 2" 1 (n — 1) + 1.
(2) dim(Cy(D,,) + Co(D,) ) > 27" H(n —1).

Proof. (1) The statement concern the achelon form from the code Cy(G,,)* has
been obtained in Proposition 5.6.5, we show that the first 2"72(n — 1) posi-
tions are all leading terms and that the middle Section of 27! positions has no
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leading terms. In a generating matrix for Cy(G,) + C2(G,)*, now, we reduce
the first 2"~2(n — 1) position to 0, and obtained leading terms for all the next
2"~1 without disturbing the remaining leading terms for C5(G,)*. This pro-
vides 2"t (n—2)+1+2""! = 271 (n—1)+1 leading terms for Cy(G,)+Ca(G,)*.

(2) For Cy(D,,) + Co(D,)*+, we use a similar argument that we have been
used in (1), but for the form of the matrix A, in Equation (5.3). We have
the first 2" 2p — 2772 = 2"72(n — 1) leading terms from Cy(D,)*, of G ;.
Therefore, we have 2"} (n—2) +1+2""!—1=2""1(n—1) leading terms. [J

Corollary 5.6.8. [13, Corollary 17.] Forn > 3,
(1) dim(Hull(G,)) = 2! — 1, dim(Hull(D,,)) = 2!
(2) Hull(G,,) C Hull(D,)).

Proof. (1) By Lemma 5.6.7, dim(Hull(G,)) < 2" ! and dim(Hull(D,)) <
2"~1—1, and also by Proposition 5.6.4 dim(Hull(G,)) > 2"~ !'—1 and dim(Hull(D,,)) >
2"~! Therefore we have equality.

(2) Since the words v® of Proposition 5.6.4 which span Hull(G,,) are in Hull(D,,),

then we have inclusion. O
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Chapter 6

Concluding remarks

In this Chapter, we discuss the overall chapters of the thesis and give indication
of future work.

In Chapter 3, we describe the generalized cube H*(n,2) graph and its codes.
The iterative construction of the H”(n,2) graph has been described and we
also present H'(4,2). In Section 3.1, we describe the properties of H'(n,2)
and we show that its automorphism group is given by S5 .5,. Permutation
decoding has been discussed.

In chapter 4 we describe the graph H'(n,3) and its designs. Chapter 5
describes the binary codes from the line graph L(H'(n,2)) of the n-cube.

What is clear is that there is need to explore codes generated by adjacency
matrices of higher cubes.
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